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ASYMPTOTICALLY OPTIMAL ADAPTIVE CONTROL WITH
CONSISTENT PARAMETER ESTIMATES*

H. F. CHENt AND L. GUOY

Abstract. For the discrete-time linear stochastic systems with unknown coefficients we give an adaptive
control by which both strong consistency of the parameter estimates and asymptotic optimality for the
tracking system are achieved simultaneously. This is done by disturbing the signal that is to be tracked, and
the disturbance consists of a sequence of random vectors with covariance matrices tending to zero. The
main result is essentially based on some criteria for consistegcy of parameter estimate for the system without
monitoring, which are also demonstrated in the paper. The existence of adaptive control is also discussed.
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1. Introduction. Since Astrom and Wittenmark [1] introduced the self-tuning
regulator, much work has been devoted in recent years to the parameter-adaptive
control and to the related parameter estimation problem. For the adaptive tracking
problem, Goodwin, Ramadge and Caines [15] and Sin and Goodwin [21] have
established the global convergence of the system and the asymptotic optimality of the
tracking error by use of the stochastic gradient and the modified least squares
algorithms, respectively. On the other hand, for linear stochastic systems without
monitoring there are different conditions guaranteeing the strong consistency of esti-
mates for the unknown system coefficients by invoking various approaches such as the
probabilisitic method (Ljung [18], Moore [20], Solo [22]), the ordinary differential
equation method (Ljung [19], Kushner and Clark [17]) and the combined treatment
(Chen [5], [6], [8]). But the crucial point in these different conditions is almost the
same fact—the persistent excitation condition, which means that for the matrix
Z,L, @«p; consisting of the stochastic regressors ¢; the ratio of its maximum to minimum
eigenvalues is bounded. Unfortunately, it does not always take place for the system
with asymptotically optimal adaptive control given in Goodwin, Ramadge and Caines
[15] and Sin and Goodwin [21], as shown in Becker, Kumar and Wei [2].

In order to get the consistent estimate for unknown parameters the adaptive control
law is disturbed by a random noise introduced artificially (see Caines and Lafortune
[3], Chen [7], Chen and Caines [9]). With such a treatment it turns out that the estimate
is strongly consistent but the tracking error differs from its minimal value by an
additional term caused by the random noise added to the adaptive control law.

However, all these facts do not mean that there is no adaptive control law forcing
the long run average of the tracking errors to be minimal and, at the same time, making
the parameter estimate strongly consistent, since the asymptotically optimal adaptive
control law is not unique.

In this paper, we first give an adaptive control by which both strong consistency
of the estimates and optimality for the tracking system are achieved simultaneously.
The main idea is that the asymptotically optimal adaptive control is disturbed by a
random vector sequence with vanishing covariance matrices, in contrast to the work
of Caines and Lafortune [3], Chen and Caines [9] and Chen [7], where the disturbance
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is of constant covariance matrix. As a result the matrix ZLI o] mentioned above is
ill-conditioned; hence no persistent excitation-like condition can be applied to guaran-
tee consistancy for estimates. However, recently the authors have obtained some new
results (Chen and Guo [10],[11], [12]), establishing the strong consistency of parameter
estimates for systems with Y|_, @7 ill-conditioned, and it appears that they are suitable
to the analysis of the case of adaptive control with vanishing disturbances and make
the system asymptotically optimal and the parameter estimates strongly consistent.

2. Statement of the problem. Let (Q, &, P) be a probability space with a family
{#.} of nondecreasing sub-o-algebras. Consider the following stochastic control
system:

(21) yatAYaat - tAY., =B+ -+Bu,_,+w,+Ciw,_;+ -+ Cw,_,

where y,,, u, and w, are the m-, I- and m-dimensional output, input and driven noise,
respectively, and p=1, g=1, y,=w,=0, u,=0 for n<0. A, B, C, (i=1...p,

j=1...q,k=1...r) are the unknown matrices.

Assume that u, and w, are %,-measurable and
(22) E(wnlgn—l)=0’ E("wnllzlgn—l)écorfl—l

with constants ¢,>0, € €[0, 1) and r,_, defined later on by (2.9).
Let z be the shift-back operator and set

(2.3) A(z)=T1+A;z+---+A,z%,

(2.4) B(z)=B,+Byz+- -+ Bz,

(2.5) C(z)=I+Cyz+---+Cz,

(2.6) 0"=[-A, - —-A,B, - B, - C]l
Denote by 6, the nth estimate for 6, and let 6, be given by

@7) Bre1= 0yt (V1= 070,)

with

(28) ‘P; = [y;’ y;—l’ Y, y:—p+la u: Tt u;—q+la y; - ‘P:—lon—l P y;—r+l _‘P;—ron—r]’
(2.9) rn=1+Y |el? ro=1.
i=1

The initial values 6, and ¢, are arbitrarily chosen.

Under reasonable conditions Goodwin, Ramadge and Caines [15] proved the
global convergence and asymptotical optimality of the tracking system with u, defined
from

(2.10) 07Pn=Yr+1s
ie.,
—13 2 w13 2
(2.11) lim = ¥ |l <oo, lim— Y [|y:><o as.
n>0o N ;= n>on -1
l n
(2.12) lim— ¥ (y:—yH—-yH)" =R a.s.

n>o© N -1
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However, in this case the estimate 6, may be inconsistent (Becker, Kumar and
Wei [2]). It can be easily explained by the following example. Let y =0 and 656,> 676.
Then we have

T T +$Pn -
0n¢nEO’ on(0n+1_0n)=0"7yn+150;

n
hence

o:lan = 9;—19n-1 +(0n - on—l)T(on - on—l)
=000+ Y (6;—0,_,)7(6;—6;_,) = 0560,> 076.
i=1

In order to achieve strongly consistent parameter estimates, Caines and Lafortune
[3], Chen [7] and Chen and Caines [9] added a disturbance with covariance matrix
R,>0 to the reference sequence {y*}. In this case 6, tends to 6 but the long run
average of the tracking errors differs from its minimum value R by an additional term
R;:

.1 ,
lim = % i=yHi—yH"=R+R, as.

It is natural to ask: Is it possible to achieve simultaneously both asymptotic
optimality of the adaptive tracking system and the strong consistency of parameter
estimates? To answer this question is the topic of the paper.

3. Main result. We first define adaptive control for the tracking system. Let {¢;}
be an m-dimensional i.i.d. sequence which is independent of {w,} with properties
Eeel=1, E| &’ <.

Without loss of generality we assume %, = o{w;, i=n; ¢, j=n}.

Unlike (2.10) we define adaptive control from the equation

(3.1) 0r@n=yhiit v,

where {y¥} is a bounded deterministic reference sequence and

3.2) v,=0, v,,=—-f—78-; Vn=2.

log
(The existence of u, satisfying (3.1) or (2.10) is discussed in Appendix 1.)

The disturbance v, in (3.1) is designed to have a vanishing covariance matrix in
order to make tracking error asymptotically minimal, but for this the system loses the
persistent excitation property which is of crucial importance in the analysis of Caines
and Lafortune [3], Chen [7] and Chen and Caines [9]. To overcome this difficulty is
the main task of the present paper.

We need the following conditions:

(A,) C(z)—3I is strictly positive real,

(A;) B, if of full rank and zeros of det By B(z) lie outside the closed unit disk;

(As) B7A(z) and Bj B(z) are left-coprime and By B, is of full rank;

(A;) {w;} is a mutually independent sequence with Ew,=0; sup; E || w|

for some & >0 and

|4+8<w

1 n
(3.3) lim— Y ww/=R>0 as.

n>©n =
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THEOREM 1. For system (2.1)-(2.2) let the parameter estimate be given by (2.7)-(2.9)
and let the control be defined by (3.1) and (3.2). If conditions A,-A, are fulfilled, then
the tracking system is asymptotically optimal and the estimate is strongly consistent, i.e.,
(2.11) and (2.12) take place and 6, — 6. a.s.

The proof of this theorem is given in § 5. For this we need some criteria for strong
consistency of parameter estimate for systems without monitoring.

4, Parameter estimation for systems without monitoring. In contrast to ¢, we define
an estimate-free vector ¢5:

(4.1) Pa=lyn  Vaoprs Un Un_grr, Wn o W]
and set

(4.2) &a=Yn—Wa— 00 1Pn_y,

(4.3) en=[0---0,0---0,£ - &1l

Then we have

(44) @n=Pnteh

(4.5) Vo1 =07Q0+ Wiy,

and

¢ r T T
0.01-4—1 = 0,, +Tn(¢2 0+ Wni _¢n0n)
n

¢ T T T T
= 9n+_n(‘Pno - ‘Pfu 0+wp,— ‘Pnon);

Tn
hence
T &
(4.6) Brer = (1-%) R
with
(4.7) 0,=06-9,.
Let the matrix ®(n, i) be recursively defined by
(4.8) d(n+1, i) =(1—%) ®(n, i), @G, i)=L
Then from (4.6) it follows that
n o0& n .

(49) 6, =®(n+1,0)0,+ ¥ q>(n+1,j+1)£L:9Le— q>(n+1,j+1)%w;+,,

j=0 i Jj=0 J

from which we see that the behavior of ®(n, 0) is of great importance for consistency
of parameter estimates.

LeEMMA 1. For the system and algorithm defined by (2.1)-(2.2) and (2.7)-(2.9) if
condition A, holds, then

o 2
(4.10) Z "EIH-IH <00 a.s.;
n=0 I'n
moreover, if conditions A, and A, hold and (2.10) or (3.1) is satisfied, then r, > %, and
1 n
(4.11) o L el —o0.



Downloaded 07/10/20 to 124.16.154.245. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

562 H. F. CHEN AND L. GUO

Proof. In Chen and Caines [9] and Chen [7], (4.10) and (4.11) are proved for v,
with the constant covariance matrix, but they can be verified by the same argument
used there. 0O

LEMMA 2. For the system and algorithm defined by (2.1)-(2.2) and (2.7)-(2.9) if
condition A, holds then ®(n,0) —= 0 implies 6, —=2 0 a.s. for any initial value 6,.
For the special case of r=0, the converse assertion is also true, i.e., if 0, —=20as
for any 6, then ®(n,0) —= 0 a.s.

Proof. The first step is to show
(412) 5 ®(n, i+1)e|?

i=0 r;

=d

for any vector sequence {¢,} with ®(n, i) and r, related by (2.9) and (4.8), where d
is the dimension of ¢,.

Then by (2.2) and (4.12) we can prove that the last term of (4.9) goes to zero if
®(n, 0) — 0. Finally, by (4.10) and (4.12) the second term on the right-hand side of
(4.9) also converges to zero if ®(n, 0) —= 0. This is just a sketch proof for the first
conclusion. For detailed proof we refer to Chen and Guo [12]. The second conclusion
can be easily seen from (4.9). O

LEMMA 3. If r, =2 %, Tim, o0 74/ 7n—y <0 and there exist quantities N, and M
possibly depending on w such that

A:‘Iﬂx
(4.13) o< M(logr,)"* as VnzNy;

n
)‘min

then ®(n, 0) —= 0, where Amax and A, denote the maximum and minimum eigenvalue

of the matrix ¥_, ¢ip; +(1/d)I respectively and d denotes the dimension of ¢,,.

Proof. We only give a sketch of the proof and refer readers interested in details
to Chen and Guo [10], [11].

The key point is to find a function m(t) such that m(t) —— o and

2
||(I>(m(N+ka),m(N+(k-1)a))||§\/1—-zB—k Vkz1
1

for some N, a >0, >0 and c¢,> 0. If it has been done, then

(n(N+ka), 015 IT [B(m(N +ia), m(NG=Da)] - [9(m(N), O

<[ _B_2>]”’ .
=[il;ll(1 ¢ -"T")O’

hence ®(n, 0) —= 0 since [|®(j+1,j)|| =1 for all j.
1t appears that the following defined function can serve as the desired one:

m(t)=max[n: t,=t],

2l ]
" i=2"i(108’i)1/4'

Remark 1. Lemma 3 is a purely algebraic result, namely, it is true for any vector
sequence {¢,}, only if ®(n,0), ¢, and r, are related by (2.9) and (4.8).
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Remark 2. There exists an example (see Chen and Guo [13]) showing that Lemma
3 is no longer true if condition (4.13) is replaced by a more general one:

’\:mx/Amm= M(log r”)l+a a>0.

This means that, in order for the estimate given by (2.7) to be consistent, the condition
number of Y|_, o7 +(1/d)I is allowed to diverge at a rate of (logr,)"*, but not
faster than (log r,)'**.

LeMMA 4. Let {¢L}, {¢2} and {y,} be the vector sequence satisfying conditions
@n=@nty, and

0 2
(4.14) ¥ I 'f" I <00,
n=0 Tn

Then ®,(n, 0) —= 0 if and only if ®,(n, 0) —= 0, where by definition

d?i(n+1,0)=( "’"“’")cp(nO) ®,(0,0)=1,

rm=1+ L llojl’, ro=1, i=1,2
F-

Proof. Without loss of generality we assume that ||| # 1.
Suppose ®,(n, 0) =2 0; then from the following chain of equalities:

det ®,(n+1,0)=det H &, (i+1,i)= 1-[ det( (0.1(,0}")

i=0 ryi
IR JPI 1
=1 == -llesl) =—@0-llesl*
i=1 Iy I'in

we see that ry, —2 .
By (4.14) and the Kronecker lemma we have

4.15) ran_rw=25L el S Ml
T'in I'in n-co

and by (4.14)

© 2
(4.16) S Wal”_

n=0 TI2p
We immediately verify that

1
¢2(n+1 O) (I)l(n+l 0)+ 2 ®1(n+l ]+1) (ll @2(1’0)
Jj=0 lj

+ Z <I>1(n+1,1+1)-LL-<I>z(J, 0)

Jj=0

+ Z ®,(n+1, ]+1)¢’; 1y "1 ‘P q)z(Ja 0)
172 \’ \/ 1/2 .
ji=0 ryj raj

By using (4.12) and (4.14)-(4.16) it is not difficult to conclude that ®,(n, 0) —= Oimplies
®,(n, 0) —= 0. The converse implication is proved in a similar way. [
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THEOREM 2. For the system and algorithm defined by (2.1)-(2.2) and (2.7)-(2.9)
if condition A, holds and if r, —— o,

Tim r,/ sy < and A%p/AMin=M(log r,)"* ¥Ynz=N

(or ry—= 0, im, .o ra/ -y < and Aqiey/ Ain < M (log )% for all n= N) with N
and M possibly depending on w, then
6, —> 0 a.s.
n-»oco

for any initial value, where o, A%, denote the maximum and minimum eigenvalue of

Y @9l +(1/d)I, respectively, and ro=1+3"_, |@}||* with ¢ defined by (4.1).

Proof. Since (4.4), (4.10) and Lemma 4 can be applied with ¢5 = ¢,, 2= ¢ and
¥n = ¢4, hence ®(n, 0) — 0 if and only if Bo(n, 0) —> 0, where Do(n, 0) is defined
by (4.8) with ¢, and r, replaced by ¢, and r%, respectively. Then the conclusions of
the theorem immediately follow from Lemmas 2 and 3. 0

5. Proof of Theorem 1. To begin with we prove the following lemmas.

LEMMA 5. Let {v,} be defined by (3.2) and let Hy(z) =Y., H;(N)z' be the matrix
series in shift-back operator z, where the matrix coefficients H,(N) may depend upon o,
but there are constants (independent of ) k,>0 and k,> 0 such that

|H:(N)|| =k, exp (ki) Vi VYN==0.

Then

1/4 N
tim 22N 5 (Hy(2)0,)(Hy(2)0)"

N-~>oc0 N n=1

.. log”* NN . (N )
_-1!]1_1;130 EOH,'(N)Hi(N) j§21031/4j .

Proof. See Appendix 2.

LEMMA 6. Let condition A, except (3.3) be held and let H (z)=2?°=0 H:z' and
G(z) =Y., Giz' be matrix series in shift-back operator z with | H;|| + || G;|| = k, exp (—ki)
for all i=0, for some constants k,>0, k,>0. Then there exists y e (0, 1) such that for
alll1z0, m=0,

1 N
im — ¥ (H(2)War1-)(G(2)Vp-m)"=0 as,

(.1) I!J—»oo N” .2,
1N .
(5.2) )!}_lgomngl(H(z)Wnﬂ—l)nn:O a.s.

for any bounded deterministic sequence {n,}, and

(5.3) Ilzn_g:-i? ngl |H(2)Wpsri]* <0 a.s.
Proof. See Appendix 2.
Set

(5.4) H\(z)=[BiB(2)]"'B{ A(2),

(5.5) Hy(z)=Hy(z) ~[B{B(2)]"'B{ C(2),

(5.6) Yi= [J’ff T y;l::p+la (Hl(z))’):ﬂ)# T (Hlvéz)y’»‘;—q+2')’f]r
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and
(5.7) Z,=[vn-1 " vnp, (Hi(2)v,)" " -+ (H(2)Vp—gs1)]"

In the following, by Amin(X) (Amax(X)) we mean the minimum (maximum)
eigenvalue of the matrix X; we have the following.
LemMMA 7. Under conditions of Theorem 1 if

1/4 N N
(5.8) lim Amm(log T (v* Y’,’,"+Z,,Zf,)) £0 as.
N> N n=1
then

6,— 0 as
n—-»

Proof. By Theorem 2 we only need to prove ®(n, 0) ——= 0 a.s. From (2.1) we have

(5.9) u, =[ By B(2)]7' B{ A(2)Yn+1~ [BY B(2)]7' By C(2) Wn1

then by (3.1), (4.2), (5.4), (5.5) and (5.9), ¢% defined by (4.1) can be written as
(5.10) Pu=@nt iy

where

(5.11) g =[€n, -+ Enprrs (Hi(2)€0rd)™ - - (Hi(2)€n—g42)70 - - - O,

(512)  en=enten,

(5.13)  gh=[wn Wi pur, (Ho(2)Waid) " (Ho(2)Wa_gi2) s W+ W]
(5.14)  @i=[Y¥"+Z,,0---0]"

By (4.4), (4.10), similar to (4.15) we have
=230 elef+3L Jefl

rn rn n->o

(5.15) 1.

Then by the Schwarz inequality it follows that

2 H@enl 218
A ) P Il 5l Z IHull - neramill?

n=0 n n=0T", i=0

” §n+l I— "

n

=ko Z | Hll Z

where the last inequality is obtained because & =0 for i <0 and the coefficients in
Hy(z)= Z‘:io H,;z' have the estimates | Hy;|| = k, exp (—ki), forall i= 0, (k,> 0, k,> 0)
by condition A,. Thus we have established

2
ol _

0
o Iy

(5.16)

itMs

and by Lemma 4 we conclude that ®(n, 0) — 0 iff ®,(n, 0) —=20.
Next, we prove that

. og N4 ae
(5.17) lim A Y @nen | #0 as.

N> N n=1
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If for some we) (5.17) were not true, then we would find a subsequence of
eigenvectors [ ”"] for matrix (log"/* N/ Ni) Tk, oLl with N =2 %, ay, € R™*H,

B Rmr d

(5.18) lan 12+ 1Bn 1> =1
such that
log”* N, % (a”k>
. r g )8 Nkt 1 0.
(5.19) (@, BR) = — L onon Br,) T

Without loss of generality we always assume that this fixed o does not belong to
a possible exceptional set of probability zero. Obviously, ay, and By, would be
w-dependent but not necessarily measurable.

Utilizing Lemma 6 one can easily be convinced of the fact

1081/4N Ny s

(5-20) Z @nn =20,

then (5.19) is reduced to

log"* Ny X, , (GN)
5.21 NoBN)— p * 0,
(5.21) (ah BTN X, #n® Bn.) om
r logl/" Nk N,
(5.22) (o, BR) = L 93 —o0.
BNk k>0

In view of Lemma 6, (5.8) implies

1/4 N
RN T rezviez))

n=1

(523) h_m Amiﬂ(

N->o

Paying attention to the fact that the last mr elements in ¢? are zeros, by (5.22)
and (5.23) we conclude that

(5.24) an, 2 0;

hence, recalling (5.18) we have

(5.25) 18n | — 1.

Let
Xn= [W; cte w:l~p+1a (HZ(Z)er-l)T' vt (HZ(z)wn—q+2)f]T’
xp=[wn - wi ]

Then ¢2 =[x}, x2"]" and (5.21) implies
1 N T 1 T 2112
(526) Z "akan+Bkan" > 0.
Nk n=1 k—>co
Further, we have

=1 N 12
(5.27) I!IIEON,EI |x5]° <00 a.s.
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by Lemma 6, and
N R 0
(5.28) lim % D xﬁx§f=[ ]>o

by ergodicity.
Thus from (5.24) and (5. 26)—(5 28) it follows that

lim — i BkazxifﬂNk

k->c0 Nk n=1

which leads to Bn, 7= 0 by (5.28). Comparing it with (5.25) we obtain a contradiction,
which shows the truth of (5.17). Therefore, there exist ag>0, N, such that

(5.29) .m(2¢m )i;%—WOVnzM»

By (5.12) and Lemma 6 it follows that

(5.30) lugo . z lle! ||2>hm Z |will>=tr R>0
and
(5.31) hgnzn¢W<w as.

From (5.30) and (5.31) it follows that there are positive quantities 8 = a > 0 such
that

(5.32) an=r,, = Bn,
which, together with (5.29), yields
A AN =Mlog*r, VYn=N, withsome M>0

where A}m and AL, denote, respectively, the maximum and minimum eigenvalues of
Zigl ¢i9i"+(1/a)I Then we obtain the required assertion ®,(n, 0) —= 0 by Lemma

3and Remark 1. 0O
Proof of Theorem 1. Since ¥|_, (vv] — (1/10og"* i)I)/i is a convergent martingale,
by the Kronecker lemma it follows that

1 1 1
. I w1 =i ———1=0.
(5.33) lim — El v} =lim — IZZ g 1
Similarly we have
1
(5.34) lim — E wvi_, =0.

n-oon i=1
From (3.1) and (4.2) it follows that

(5.35) Ynt1= énnr +}’;':+1 + Wyt U,

Then (2.11) and (2.12) follow immediately from (4.11), (5.9), (5.33)-(5.35) and condi-
tion A,.
Thus we only need to prove 6, —=> 6 a.s. By Lemma 7 it suffices to verify that

1/4 N
(5.36) lim A (1"“—’5 ) znz;) %0 as.
N-oo N n=1
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If (5.36) were not true, then there would exist a subsequence of eigenvectors
N, € R™*" for matrix (log‘/4 N/ N) LY, Z,Z7 with N == © and

(5.37) lan)l=1 Vk=1
such that
1/4
(5.38) aNkl"gN N & Z,Zjan, — 0.
k n=1 k>0

Without loss of generality we suppose ay, .52 «. Write ay, and a in the
component form

an, =[al(Ni) * - api (N, a=[a]---ap,]
with &;(N,), a; being m-dimensional and a,.;(Ny), a,.; l-dimensional vectors, i =
1...p,j=1...q'

Set
Hy (z)=ai(Ng)z+- - -+ay(Ny)z?
(5.39) +ap (N H (2)+ -+ apeg(N) Hy(2) 277!
& ¥ hN2,
(5.40) H(z)=ajz  -+ajzP+a), Hi(2)+ - -+ aj, Hy(z)z?"

4% hiz.
=0

We note that ay, and hence Hy, (z) may depend on w, but by condition A, and
(5.37) it is clear that there are constants ¢, > 0, ¢,> 0 such that ||h,(Ny)|| = ¢; exp (—¢yi)
forall i =0, for all k=0. Then Lemma 5 can be applied, and from (5.38), (5.39) we have

. log"* N Ne . .
0=’l€1m_N—. Z [al(Nk)vn l+ +ap(Nk)vn—p+ap+1(Nk)Hl(z)un+
k n=
+ a5, (N ) Hy(2) 0,11
. log"* N, . .
=llcl_£130 SN * i [(ai(Ni)z+- - +ap(Nk)Zp+a;+1(Nk)H1(Z)+' e
+aj. (N Hy(2)29 v,
. log"* N N .
= lim ——%—— i (Hn,(2)0,)(Hy, (2)1,)
>0 k
. log'4 N N
=,lc1m gN k z hr(Nk) i l 1/4 h(Nk),
—>00 k i=0 n=2

which implies that
N,
,lcl_f?o }_fo 1B (N)|?=0

and hence Y, ||;||* =0 by the dominated convergence theorem; therefore H(z)=0.
Setting z =0 and paying attention to the fact that H,(0)(= BY) is of full row rank we
see a;.,BY =0 and so a,,;=0. Then it follows directly from (5.40) that

(5.41) (a]j+ajz+-- ~+a;z""')= —(apst-- -+a;+qz"_2)Hl(z).



Downloaded 07/10/20 to 124.16.154.245. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

ADAPTIVE CONTROL WITH CONSISTENT ESTIMATES 569

In view of condition A;, applying Lemma 6.6-1 of Kailath [16] to (5.41) we know
that there exists a polynomial with vector coefficients f(z):

f2)=fitfoz+ - +f2*7Y,  s=z=1,
such that
(aprattap,z97%) =f7(z) By B(2)
=(fi+---+fIz"")BfB,+---+BBgz?™").

From here it is easy to conclude that f;=0 (1=i=s) since B} B, is of full rank
by condition A, then a,.; =0 by (5.42), and then a;=0by (5.41) (1=j=¢q,1=i=p).
Thus a =0, and ay, 7= 0, thus contradicting (5.37). Hence (5.36) holds. O

(5.42)

6. Concluding discussion. In order to get optimality in both tracking and estimating
we have added to {y}} a random disturbance with covariance matrix tending to zero,
but, intuitively, the disturbance may harm the tracking if time is bounded. However,
all assertions of Theorem 1 can remain valid for u, defined from (3.1) with v, deleted
(i.e. from (2.10)) if the reference signal y? itself is “complicated” enough in the sense
that

log/* N X
(6.1) lim Ami,,( % _2 % yx Y:’,") #0.
N> N n=1
This remark can easily be seen from Lemma 7.
For the single-input and single-output system it is easy to show that for (6.1) it
suffices to require condition A; and

log"* N N .
( F Do yh ek v anr]) 0.

(6.2) lim Apin

N->oo

N n=1

Recently, for multidimensional and random {y}} we have obtained conditions
similar to (6.2) in order that all conclusions of Theorem 1 hold by applying u, defined
from (2.10). It will be published elsewhere.

Appendix 1. Existence of adaptive control.
LeEmMMA. (1) Let A and B be two matrices of dimensions m X n and n X m, respectively.
Then the following equality takes place

det (I,,+ AB)=det (I, + BA)

where I, means the n X n identity matrix.
(2) Provided x, and x, are independent random variables, then

sup P(x,+x,=a)=min { sup P(x,=a), sup P(x,= a)}.
aeR! aeR! aeR!

Proof. (1) By taking determinants for both sides of the following matrix identity:

[1,,, -A ] _[ I, o] [I,,,+AB —A] [1,,, o]
0 BA+I,] L-B I, 0 I, B I/
the desired equality is immediately verified.
(2) Denote by F(x), F,(x), F;,(x) the distributions of x,, x,, x, + x,, respectively.
Clearly we have

Fiy(x) = j Fi(x—y) dF,(y)

—0o0
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and

o0

F12(x+)=j Fi((x—y)+) dF,(y)

by the dominated convergence theorem.
Then for any a€ R’

o

P(x,+x2=a)=F,2(a+)—F12(a)=J [Fi((a—y)+)—F(a-y)] dF,(y)

o

= I P(x,=a-y)dF,(y)= sup P(x,=a) J dF,(y)
= sup P(x,=a).
aeRl

Similarly, we have

P(x;+x,=a)=sup P(x,=a)
acR!

and thus the desired result follows. 0O

THEOREM. Assume m =land {w,} and {v,} are two sequences of mutually indepen-
dent random vectors and the components of w, are independent and with continuous
distribution functions. Then for any n=1 there exists u, satisfying (3.1) if the initial
values are appropriately chosen. Further, this u, is unique if and only if m =L

Proof. Let A;,, Bjn, Cin, i=1---p, j=1---q, k=1---r be the matrix com-
ponents of 6,, i.e.,

o:l =[—A1n tee _ApnBln e Bqncln e Cm]’

Set
0n=[~Ain" " —ApOBy, -+ BguCrp* -+ Cprl,
and
En=[yn Ynopr1s O tny U g1, Y= @niOnrst Yaor1 — @nrOn ]
Equation (3.1) is equivalent to
(A1) Bythy = Y1t 00— 0,6,

First let m =l For this case we only need to prove that B,, is invertible a.s. In
fact, if this is true, then from (A.1) u, is uniquely defined by u, = B1, (y¥.,+ v, — 67.8,),
which obviously is %,-measurable. (In adaptive tracking cases we take %, 4
o{w;, v;, i=n}.)

From (2.7) and (4.2) we obtain

1
(A2) Bip+1= By, +r—(§n+l+wn+l)u;'

It is easy to take initial values ¢,, 6, such that B, is invertible; for example, take
uo=0 and B,, invertible.
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We now inductively prove that B,, is nondegenerate for any n = 0. Assuming B,,
is nonsingular a.s., we show that B,,., is also. In other words, we need to prove that
P(N)=0 implies P(DN¢) =0, where

N2{w|det B;,=0}, D#2{w|detB,,.;=0}
Suppose that the opposite were true, i.e., P(N) =0, but P(DN°)>0.
From (A.2) we have
1
det (Bl,,+~r—(§,,+l+w,,+1)u;> =0 VwEDNc
but det B, #0 for w € DN°; hence

1
det (I +r—B,_,f(§,,+,+ w,,H)uI,) =0 VweDN°

or
1
det (1 +7-uf,B,‘,}(§,,+, + w,,H)) =0 Vwe DN°*

by part (1) of the lemma.
Then we have

(A3) unBia(£ns1t War1)=—1, Vo€ DN*
and consequently,
(A.4) upB,,#0 VYwe DN°
since r,=1.
We denote by ;(w) and w,., ; the components of u},B;,} and w,, respectively, i.e.,
(A.5) upBi,=[a)(@), ", am(®)],
(A.6) Woe1=[Wnir1, 5 Warrm]™

Then from (A.3), (A.5) and (A.6) we have
(A7) z ai(w)wn+l,i+rn+u;Bln£n+l=0 VwEDNc'
i=1

From (A.4) and the assumption P(DN°)>0 we would have some «;(w) and a
subset D; c DN° such that
(A.8) a(w)#0 VweD,, P(D,;)>0.

Without loss of generality, we assume i =1, and define the random variable z(w):

1 [Z ai(w)wn+li+rn+u;lBl_nlfn+l:|’ (I)GDI,
z2(w) =1 ay(w)Li2 ’
0, w e Dj,
which is clearly independent of w,.,;. By part (2) of the lemma, it follows that
(A9) P(Wpi11t2(w0)=0)=0.
However, (A.7) and (A.8) would yield
(A.10) P(Wy41,t2(w) =0)= P(D,)>0.
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The contradiction obtained proves P(DN ) = 0, and hence the nonsingularity of B, ..,
a.s.

Now assume m <1,

Let

From (A.2) we see

1 T
Bin+1 = Bin+r_(§n+l + Wn+1)“:: .
n
By an argument similar to that given for the m = I case we can prove that Bj, is
invertible a.s. for any n = 1 if ¢,, 0, are adequately chosen. Then (A.1) is equivalent to

(A.11) (L, (Bi.) "Bl Ju, = (Bin) ' (¥he1 + 04— 0,60)
or
up+(Bi,) ' Biaua=(Bi,) " (Vi1 t va— 0,6,).
Obviously, the solution of (A.11) can be expressed by
y = [(Bin)“(yifﬂ +0,— 076, — B?,,uf.)]

2 a.s.

Un

with any (I—m)-dimensional and %,-measurable u2. This means that for the case
m <[ the control u, satisfying (3.1) exists but it is not unique. 0

Remark. Recently Caines and Meyn [4] also have shown the existence of u,
satisfying (2.10) for a one-dimensional case but under conditions different from those
imposed here.

Appendix 2. Proof of lemmas.
Proof of Lemma 5. Due to the assumption v, =0 for n <0, we have

N

T Hn@e)Hn (o) = £ AN T v v, ) HIN)

-3 HM( T wwl)HN),

i,j=0 n=max(i,j,1)
Set

N

SN(iaj)‘: > [vn—iv;—j'—aijkn—i],

n=max(i,j,1)

_1 4
R,=Ev,v,={log"*n"’

0, n=1.

Clearly, Sy (i, j) is a martingale and by Burkholder inequality (Chow and Teicher
[14]), C,—inequality and Schwarz inequality we have

N 1+(8/4)
EIISN(i,j)||2+5/2501E( > uv,,_,-v;_,—a..,-R.,_.-nZ)

n=max(i,j,1)

N
=NE Y |va_vh— 8RO

n=max(i,j,1)

=c¢,N"%* forany i=0, j=0 and some ¢,>0, c,>0.
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From here and the Holder inequality it follows that for any £ >0 and

P{ 5 e DSy (i )| > N7 }

i,j=0

1 <) ( ) 2+(8/2)
—k.(i+j ..
-<—~82+(.s/2)Ny(2+(a/2))E(..Z e Hszv(l,l)")
i,j=0

1 e .
- ~ky(i+j)) 1+(8/4) L 12+(8/2)
§C3N7(2+(8/2))E Y (e IS
i,j=0
=cy- L fe N=1and tants ¢;>0, ¢,> 0
= ¢y Nyarem-arGray forany N=1and some constants ¢;>0, ¢g>0.

Then by the Borel-Cantelli lemma we see

1 k(i
A1) T ] £ HO0SGH0| 5 i E E sl o
i,j
Finally, we obtain the desired result

1/4 N
e T (Hu(@)o)(H(z)o)"

lim

N-oo

1/4 00
log N S (H(N)Sx(i, /)H}(N)

i,j=0

= lim

N-oo

1/4 © N
E_ Y H(N) Y 8,R,_H](N)

i,j=0 n=max(i,j,1)

1/4 N N
log N LHN) T R HIN)

n=max(i,1)

+ lim

N->o00

=lim

n->oco

log* N

= lim
N->oo

[HO(N) 3 RH{(N)+ §1 H(N) Nzo RnH:(N)]

log"* N[
N

Hy(N) Z R,HG(N)

+4g1 H,.(N)( ¥ R.+Ro- =;zv_.ﬂ R,,) H:(N)]

1 1/4 N N
- tim " N L H(N) I RHI(N). 0
n=1

N-oo -

Proof of Lemma 6. Set

= lim

N oo

N
SN(laj)é Z wn+l—l——iv;—m—j-
n=1
Similar to the proof of (A.12), one can easily be convinced that
1
11_1)130-&-;; Z HSn (i, j)G =0,

which is tantamount to (5.1).
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Clearly, (5.2) can be verified in similar fashion.
By setting Hy(z)= H(z) and v, = w,,_; in (A.12) we have

1 o
lim — Y HSn(ij)H]=0

N> N7 ij=0

where
N
Sn(i, j) = x [wn—l+1—iW:—l+1—j—ainn—l+l—i]
n=max(i,j1)
and

A T
Ry ir1-i=EW, i1 iWa_is1-i-

Hence by the uniform boundedness of R, we have

L
Im < T IH@wan-l

= lim tr [_11\_[_ ngl (H(Z)wn+1_:)(H(Z)wn+1_1)’]

1 © © 1 N ]
=lim tr| — H,S i, jYH; + Hi— 6,"Rn_ ..,‘HT
N->oc0 [N i,jz=0 N( ]) / i,jz-:-=0 Nn=m§(i,j,1) Y 1 ’
- oo N
=lim tr ) H— R,_,+1_;H] <oco.
N-c i§0 N n=m§x(i,l) s

This completes the proof of the lemma. 0
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