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OPTIMAL ADAPTIVE CONTROL AND CONSISTENT
PARAMETER ESTIMATES FOR ARMAX MODEL
WITH QUADRATIC COST*

HAN-FU CHENt anD LEI GUOT

Abstract. We consider the multidimensional ARMAX model
A(2)y, = B(z)u, + C(z)w,

with loss function
Ty 1 i T
J(u)= '!l_ff,lo; 'Zl Qi +uiQu;)

where the coefficients in the matrix polynomials A(z), B(z) and C(z) are unknown. Conditions used here
are: 1) stability of A(z) and full rank of A,; 2) strictly positive realness of C(z) —3I, and 3) controllability
and observability of a matrix triple consisting of coefficients in A(z), B(z) and Q,. On the basis of the
estimates given by the stochastic gradient algorithm for unknown parameters an adaptive control law is
recursively defined. It is proved that the parameter estimates are strongly consistent and the quadratic loss
function reaches its minimum. This paper also includes some general theorems on parameter estimation,
on which the results about adaptive control are essentially based.

Key words. stochastic systems, ARMAX model, stochastic adaptive control, quadratic cost, parameter
estimation
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1. Introduction and statement of problem. In recent years there has been consider-
able research effort on the parameter estimation and adaptive control problem for
linear stochastic systems (see e.g. Goodwin et al. (1984)). Ljung (1977), Solo (1979),
Chen (1981), (1982) and Lai and Wei (1982) showed various conditions guaranteeing
strong consistency of parameter estimates given by different algorithms for stochastic
systems without monitoring, while Goodwin et al. (1981) and Sin and Goodwin (1982)
gave adaptive control making the system global stable and the tracking error minimal,
but the parameter estimates given there in general, as shown by Becker et al. (1985),
are inconsistent. The first step towards getting both consistency of estimates and
asymptotic minimality of tracking errors was made by Caines and Lafortune (1984),
Chen (1984) and Chen and Caines (1985). In their results the parameter estimates are
proved strongly consistent but the tracking error is no longer minimal because of the
disturbance artificially introduced to the reference signal. Recently, Chen and Guo
(1985a), (1985b) have given an adaptive control under which not only the parameter
estimates are strongly consistent, but also the long run average of tracking error reaches
its minimum.

For stochastic adaptive control when a general quadratic loss function is con-
sidered, Kumar (1983), Hijab (1983) and Caines and Chen (1985) are concerned with
the case where the unknown parameters are valued in a finite set, Chen and Caines
(1984) and Chen (1985) deal with systems for which the consistent parameter estimates
are available, and Samson (1983) considers bounded disturbance case. Recently for
systems in state space representation with state completely observed, Chen and Guo
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(1986) have given the optimal stochastic LQ control based on the least squares estimates
for unknown parameters which may take arbitrary values in the Euclidean spaces of
compatible dimensions.

In this paper we consider the general stochastic MIMO system (ARMAX model):

(1) A(2)yn = B(2)u, + C(z)w,
with quadratic loss function

n—1
@ I =T S (47Qui+uiQuu),

where Q; =0, Q,>0 and the matrix polynomials in shift-back operator z

3) A(z)=T+A;z+-- -+ A2, p=0,
(4) B(z)=B,z+B,z*+- - -+ Bz%  q=1,
(5) C(z)=I+Cyz+---+C,z2, r=0

are of known orders p, g and r, respectively, and with unknown parameter 6 denoting
(6) 0"=[-A,-+-—A,B,---B,C,---C,]

by definition. We emphasize that A;, B;, C (i=1---p,j=1---¢g,k=1---r) may
be any matrices of compatible dimensions.

Let dimensions for y,, u, and w, be m, I and m, respectively, y;=0, u;=0, w;=0
for i <0, and let {w,} be a martingale difference sequence with respect to a family
{%,} of increasing o-algebras, i.c., w, is %,-measurable and E(w,| %,_,) =0. In addi-
tion, we assume that

1 n
@) lim ; Y wwi=Q>0
n-—oo i=1
and
(8) sup E[|w,|*| Foil<o  as.

where and hereafter || X | denotes the maximum singular value of X.

At any time n, by use of the past input-output data {u;, y;,,0=i=n—1,0=j=n}
we want 1) to estimate the unknown parameter 6 and 2) to define adaptive control uj,
minimizing the loss function (2). In this paper, for the case where A(z) is stable, we
give a complete solution of this problem in the sense that the consistency of parameter
estimates and minimality of the loss function are achieved simultaneously. Although
the results are established for adaptive control based on parameter estimates given by
the stochastic gradient algorithm, the same results also hold for the case where the
extended least squares algorithm is applied.

In § 2 we describe the optimal control for system (1) and (2) with known para-
meters, and in § 3 we define the algorithm for both parameter estimation and adaptive
control and formulate the main theorem of this paper. For its proof we start with some
general theorems on strong consistency of parameter estimates for systems without
monitoring (§ 4). Then in § 5 we prove that they can be applied to the adaptive control
system defined in § 3, and show that the loss function is really minimized.
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2. Optimal control for systems with known parameters. The adaptive control law
given later on is inspired by the optimal control for system (1), (2) with known
parameters. So we first rewrite (1) in the state space form

9 Xi+1= AX + Bui + Cwyy,
(10) ye=Hxg,  x5=[ys0---0]
and give a solution of optimal control, where
-A, T 0 --- 0
0o .. B,
(11) A=t ol B=]
| B,
-A, 0 e 0
(12) C'=[I C7 --+ Ci], H=[I 0 --- 0lm
| —

ms

with s=pvqv(r+1) and A;=0, B;=0, C,=0for i>p, j>q, k>r.

We note at once that the nonzero eigenvalues of A coincide with the reciprocals
of zeros of det A(z) (Chen (1985)).

All conditions used in this paper are listed here.

(a) A, is of full rank (A,=I by definition) and A(z) is stable, i.e. all zeros of
det A(z) lie outside the closed unit disk.

(b) C(z)—3I is strictly positive real, i.e.

C(e®)+C7(e™™)—1>0 Ve¢el0,2m7]

(c) (A, B, D) is controllable and observable, where D is any matrix such that
D’'D=H"Q,H.

We first explain these conditions.

(1) The full rank of A, is used to ensure deg (det A(z)) = mp for identifiability.

(2) For the uncorrelated noise case r=0, C(z) = I, condition (b) is automatically
satisfied.

(3) Condition (c) implies that A(z) and B(z) have no common left factor, i.e.
there are matrix polynomials M(z) and N(z) such that

(13) A(z)M(z)+B(z)N(z) =1,
this is a consequence of Theorem 6.2-6 of Kailath (1980, p. 366). Also, condition (c)
implies either A, or B, is not zero, which implies r +1 = max (p, ). So under condition
() s=pvaq.

(4) If condition (c) is fulfilled (stability of A(z) is not required here), then there

is a unique positive definite matrix solution S in the class of nonnegative definite
matrices for the Riccati algebraic equation

(14) S=A"SA— A'SB(Q,+B"SB) 'B"SA+ H"Q,H,
and the matrix A+ BL is stable with
(15) L=-(Q,+B"SB) 'B"SA

(see, e.g. Anderson and Moore (1971)).

(5) Instead of condition (c), which is rather restrictive, we can directly assume
(14), (15) for which the weaker conditions are sufficient and assume that A(z), B(z)
and C(z) have no common left factor which is a natural condition for identifiability
of the system.
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The following lemma is not concerned with adaptive control but it shows the
minimal value of the loss function and hints the form of adaptive control.

Throughout the paper, the relationship between two random quantities may have
an exceptional set with probability 0, but sometimes we omit to write ‘“‘a.s.”

LemMma 1. If conditions (a) and (c) hold, then

n-—1
16)  J(u)=tr scoc*+‘1ﬁ% S (u,— Lx)"(Qy+ B'SB) (i~ Lx,) a.s.
n>© R =0
whenever u; is ¥;-measurable and {u;} e U with
a7) v={u: 3 =0, lul=o(n, asn>o as).
i=1

The proof is given in Appendix 1.
This lemma tells us that the optimal control is u, = Lx,, and that the lower bound
to the loss is

min J(u) =tr SCQC".
ueU
We now give a multidimensional version of a result from Lai and Wei (1982)
which is used in the proof of Lemma 1 and will be repeatedly used in the sequel.

LEMMA 2. Let f; be %;-measurable random vectors and let {w;, %;} be a martingale
difference sequence satisfying (8). Then as n > o0

Y fwia=0(sY*1ogVP* (s, +e)) ¥n>0 withs,2 Y |f|>
i=1 i=1

The proof is given in Appendix 1.

3. Main theorem. For estimating the unknown parameter § we use the stochastic
gradient algorithm defined by

‘p" T T
(18) 0n+1=0n+ (yrH-l_‘Pnon)s

rn
(19) ¢; = [y:u e y;—p+l, u:u Tt u;—-q+h y: - (P;—lan—l’ Y y;—r+l - ‘P;—r0n~r]a
(20) "n=1+§1 "4’-’"2, ro=1.
Denote by A;,, B;,, Ci, the estimates given by 6, for A;, B;, Cy, respectively,
i=1---p,j=1---q, k=1---r The state x, is estimated by the adaptive filter
£n+1 = Anx‘n + B‘nun + én(yn+1 - HAnfn - HB‘nun)s
Xo=[y30--- 0]

where A\,,, I§,, and C",, are defined by (11) and (12) with A;, B;, C; replaced by their
estimates A;,, B;,, Cin, respectively, i=1---p,j=1---¢q, k=1---r.
Set

(22) L,=—(B:S,B,+Q,)'B3S,A,,

(21)

where S, is recursively defined by
(23) Sn = A;Sn—-l“in - A:Sn—lﬁn(02+ B;Sn—lén)~1§:tsn—lfan + HTQlHa

with an arbitrary initial value S;= 0.
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It is natural to guess that L%, is something we should take as adaptive control,
but, in fact, it may lead to an inconsistent estimate for 6. To avoid this trouble we use
the randomly varying truncation technique and the attenuating excitation technique
similar to those used in Chen and Guo (1986).

Take an arbitrary I-dimensional i.i.d. sequence {¢,} independent of {w,} and with
propetties

(24) Ee, =0, Egei=1, E“51"3<°°-

Without loss of generality we assume %, = o{w,, i=n, ¢;,j=n}.
Then the random sequence {v,} will serve as the source of attenuating excitation,

where by definition
1
Vn=2 —.
n=s, e (0’ 4s(m +2))

€
(25) U =09 U” =10ge';2n

From Theorem 3, which is stated later on, we shall see that for strong consistency
of parameter estimates besides conditions on system structure there is a growth rate
requirement for system input when the attenuating excitation is applied to the control.
But L,X, may not meet this requirement. This is the motivation to truncate the control
at randomly varying bounds which we describe right now.

We partition the time axis by a sequence of stopping times

1=71<01<72<0'2<"’

at which the control is truncated in order to keep the required growth rate.

From the random time 7, we define adaptive control u; as L%, excited by v, as
far as n < oy, where oy is the first time when the growth rate of 1/(j—1) Zi;fm | L& ||?
is greater, roughly speaking, than log® (j —1); and from the random time o, we define
adaptive control as a pure disturbance v, until n < 7., where 7., indicates the time
when (1/n) X7, |I%||? is less than log®? n and when some other technical conditions
are satisfied. To be precise, we define

(26) ak=sup{t>7'k: Jil IL&|> = (j—1)log® (j—1)+| L%, Vje('rk,t]},

i=7

o1 tlogt & . L& |2
7) Tk+1=inf{t>0'k: S Lar=" 1t ¢ g ir=ri0g? 1] ""8” §1}
el 2 i=1 tlog®t
with any but fixed & such that
1
-—(m+2)se>
2 sel0,t———).
(28) e( 2+ (m+1)s

Clearly, for any e €(0, 1/(4s(m+2))) the interval for & is not empty and the upper
bound for 8 is chosen to ensure an important inequality, which will be used later on:

(29) i—28—e—(mp+s)(e+8)>0.

On the right-hand side of the inequality in definition (26) the term ||L, %, ||* is
added to ensure the existence of o, while in definition (27) the first and the last
inequalities are rather technical and are used in the proof of Lemma 4 for considering
case (3).

The adaptive control is defined by

(30) ul=1L°%,+v,
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with
o [Ly if n belongs to some [y, 0%),
(31) L,= .
0 if n belongs to some [0y, Ti+1)-

We note at once that uj; can be recursively computed in real time and this makes
the results developed here practically applicable. It is not difficult to see that uj, is
indeed %,-measurable, and it will be shown in § 5 that {u}} € U defined by (17).

We now formulate our main resulit.

THEOREM 1. If conditions (a)-(c) are satisfied, then the adaptive control u® = {u,}
given by (30) is optimal in the following sense: that for system (1) with {u.} applied the
parameter estimate 0, given by (18) is strongly consistent and the loss function (2) attains
its minimum, i.e.,

6,—> 0 a.s.

and
J(u®)=tr SCQC" a.s.

The proof of Theorem 1 is given in § 5.

Obviously, the optimal adaptive control is not unique; it may differ first by a
different choice of excitation source {v,}, second by various estimation schemes applied
to 6. For example, we can use the least squares algorithm. In this case, instead of
(18)-(20) we take

(32) 0n+1 = on + anPn‘Pn (y;+l - ¢;0n)a
(33) Poi1=P,—a,PapuprPa,  an=(1+¢,Pe,)7",
(34) ‘P: = [y; Tt y:l—p-H > u; ct u:l—q+la y; - ‘D;—lena Y y;—r+1 - ‘P:—ron—r+l]9

and we change log®’? n in (25) to n®’? log® (j—1) in (26) to (j—1)° and finally log® ¢
and log®? t in (27) to t® and t*?, respectively, then Theorem 1 can be modified to
the following.

THEOREM 1'. Assume that conditions (a) and (c) are satisfied and C™(z) —3I is
strictly positive real. If the parameter estimates are given by (32)-(34) and in the definition
of adaptive control (25)-(31) log i is replaced by i for all i, then

0,—> 6 and J(u®)=tr SCQC" a.s.

The proof of this theorem can be carried out along the lines of that of Theorem 1.
In the sequel by 6, we always mean the estimate given by (18)-(20).

4. Consistency theorems. In this section we give some theorems on the strong
consistency of parameter estimates.

In the sequel we always denote, respectively, by A max(X) and A ;n(X) the maximum
and the minimum eigenvalues of a matrix X. We first give a result on matrix production;
it plays a crucial role in the proof of Theorem 2.

LEMMA 3. Let {f;} be a sequence of deterministic vectors of dimension d and let
F(n+1,i) be recursively defined by

(L
n

(35) F(n+1,i)=( T—)F(n, i), F(G,i)=I,

(36) Ael LR rhet
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Ifr, ——2  and for some a €0, 1] there are constants N, and M such that for alln= N,

rha/rh=M(log r})",

and
n . 1
Amax Z f;fx +l_i'I
= = M(log r/,)V/¥7e
n 1 n
Amin( 2 f;f:"'—l)
&g
then
F(n,0)—> 0.
The proof of Lemma 3 is given in Appendix 1.
Set
(37) rm=1+% eI’ ro=1,
i=1
(38) 90?.7:[)’;, e ’y;—p+1’ u;a T, u:—q+la w:ta Y W:_,_H],

which is obtained from ¢, with y]—¢;_,0;_, replaced by w],i=n---n—-r+1.
THEOREM 2. If condition (b) holds, r’— oo and if there are a€[0,%], N, and M
possibly depending upon w such that for any n= N,—1

39) r/ro=M(log r9)* as.,
Amax< ) ¢?¢?’+%I)
(40) = =M(log r®)V** as,

)‘min( Z ‘P?‘P?T-'.EI)
1

with d = mp + lq+ mr, then

6,— 6 a.s.
n-»oo

The theorem holds true if in its conditions ¢! and r? are replaced by ¢; and r;
respectively.

Proof. We rewrite F(n, i) defined in Lemma 3 to ®(n, i) and ®°n, i) if f is
replaced by ¢; and ¢! respectively. We know that ®(n, 0) - 0 is equivalent to ®°(n, 0) > 0
if condition (b) holds (Chen and Guo (1985a), (1985b)). Then by Lemma 3 under the
conditions of the theorem we have ®°(n, 0)-> 0; hence 6, - 6 as shown in Chen and
Guo (1985a), (1985b), (1987).

For consistency of parameter estimates we now give a theorem that translates
conditions on ¢, and ¢ to conditions on u, alone. This is a basic step for proving
our main result and is interesting by itself.

THEOREM 3. Suppose that for system (1) A(z), B(z) and C(z) have no common
left factor and conditions (a) and (b) are satisfied and that

(41) u, =u,+v,

and

1
(42) 7 L luil*=0(log”n)
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Jfor some & satisfying (28), where v, is given by (25) and u; is any ¥, _,-measurable
random vector with %,,_, being o-algebra generated by {w;, i=n, v;, j=n-1},Vnz=1.
Then 0, is strongly consistent:

0,—> 0 a.s.

n->oo

The proof is given in Appendix 2.

5. Proof of the main theorem. The proof of Theorem 1 is separated into several
lemmas.
LeMMA 4. Under conditions of Theorem 1 the estimate 0, is strongly consistent:

6,—> 6 a.s.
n-»o0o

and

L,—> L as.,

n->00

where L and L, are defined by (15) and (22) respectively.

Proof. We first prove consistency of 8,,.

(1) If 7, <0, gy = o for some k, then LY = L, for i = 7, and by definition (26) for
o, we have

12 ,
7 Z IL&I? = O(log” n).

Then by (30) and (31) we see that Theorem 3 can be applied, since L%, is obviously
#|_,-measurable. Hence 0, —20as.

(2) If oy <0, 734, =00 for some k, then by (30) and (31) uj = v, for n= oy, and
again Theorem 3 leads to the conclusion of the lemma.

(3) If oy <00, 7, <0, for all k, then by (26), (27) and (31) we have for all k=1

Z iz

sup
TREN<Tp4q n 10

1

su L%|12
7k§n§l?7k 1 nlog® n.ZT L]

o-1 o,-1 op_—1 n
[( P TS S inter]
i=71, i=7, i=7p_y  i=Tg

sup B
nsnso,—1 1 log°n

1 1 o

= L& |*+ — L%;||?
o £ ILAP o s
+ su L&)
‘rk§n§rt)rk lnl g ntz'r II i”
k-1 1

<Z sup

2' T"EN=0o—1 n l

7 (nlog’ n+|L, %) =3 V=1,

Hence in this case Theorem 3 can also be applied. Thus we have established the
strong consistency of 6,. The second assertion follows from Lemma 5.



Downloaded 07/10/20 to 124.16.154.245. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

OPTIMAL ADAPTIVE CONTROL WITH QUADRATIC COST 853

In the proof of Lemmas 5, 6 and 7 we need the following fact; If matrices Q,
converge to a stable matrix, then there are constants 0 <u <1 and ¢, such that (Chen
(1985, p. 191))

(43) 19y - - Q|| S ™™ VE>i, Viz0.

LEMMA 5. If 0, —= 6 and condition (c) holds, then S, defined by (23) tends to
the solution S of (14) as n - co.

The proof is given in Appendix 1.

We now write x,, given by (9) and X, given by (21) in the vector component forms

(44) Xp=[x3, e x0T, Ra=[R, L &
where x’, and £ are m-dimensional, i=1---s.

Set
(45) =[x Xy, B =[RT - RNT

From (21) we have
) £1,,=A, % +£2+B,,u,+(HAx, + HBu, +w,,,— HA,%, — HB,u,)
=Ax+x2+ Bty + Wy = X1
Then
Co(Yns1— HA,%, — HB,u,)
(47) = C,HA(x, - £,)+ C,H(A-A,)%,+ C,H(B—-B,)u, + Cow,s
=Co(z,—2,)+ C,H(A-A,)%,+ C,H(B - B,)u, + C,W,,
with
Co=[C,, 0] sm.
Consequently, by taking u, = u;, we can write (21) in the following form:
%psr= (A, + B,L0)%,+ B,v, + Co(z,— 5,)+ C,H(A- A,)%,
+C,H(B-B,)L°%,+C,H(B-B,)v,+ Cowpiy
=[A,+B,LS+C,HA-A,)+C,H(B-B,)L3]%,
+ 8%z, —3,)+[B,+ C.H(B—B,)1v,+ CoWpss.
From (9), (21) and (47) we obtain
X1 = Rner = A(Xy = %) + (A= A,)%, +(B—B)us+(C = C) W,y
- C(z,~2,) - C,H(A-A,)%, - C,H(B-B,)us,
and from here and (46)
Zus1 = Enir = Ga(2a — £2) + (A = A%, + (B' = BL)us+(C' = Co) oy
-C,H(A-A,)%, - C,H(B-B,)u;
= G,(z,—5,)+[A'- A, +(B'- B,) Ly~ C,H(A-A,)
-C,H(B-B,)L}]%,
+[B'= B, - C,H(B-B,)]0,+(C' = C\) W1,

(48)

(49)
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where

G, = [—é’ I]}(s —-2)m

" 0)tm

and X' denotes the matrix obtained from X by deleting its first m rows, for example,
B'=[B;--- B{]"
Finally, (48) and (49) give us a useful representation:

£n+l -fn ért-l_é‘r:PI(B_ﬁn) ) ( én )
=¢ + A A A + A n N
(50) (z,,ﬂ—z‘nﬂ) ”(z,.—f,.) (B'—B:,—c:.H(B—B,.) =g, )"
where
A, +B,L0+C,HA-A,)+C,HB-B,)L® é‘,’.)
A-A+(B-B)L.-C.HA-A,)-C.H(B-B,)L. G,/

LEMMA 6. If conditions of Theorem 1 hold then there is a k such that

61 o=

'Tk<®, 0'k=00.

Proof. Since 1=7,<0,<7,<0,<---, we only need to prove the impossibility
of the following two cases:

(1) o<, 1y, =00 for some k;

(2) <00, 0, <00 for all k.

By (50) we have for n= oy

X, " X,
n+1 l—l @ )
( ) = j( )
Zn+1" Zn+1 Jj=0ox ztrk z°’k

(52) B+ CH(B-B) ¢
noon + & - B :
+ ; IA lA ! A -+ .A ;
i:zak,-ﬂﬂQ’{(B'—B;—c;H(B—Bi )”‘ (C—C.) w}

where by definition

{q)n M ®i+l fOI‘ n> i,

P =
I e I for n=1i.

j=i+1
In case (1) L) =0 for n= oy by (32); then by Lemma 4 we have

A C° I
(53) <I>,,-——w><0 g)éd) with C°=[C, 0]}sm, G=(—C’ 0).

Notice that A(z) is stable by condition (a), and C(z) is also stable since C(z) is strictly
positive real by condition (b), so ® is a stable matrix.
From (43), (52) and Lemma 4 we obtain for all n= oy
l n A A
- X ("xi+l"2+"zi+l_zi+1"2)
n i=oy
12 i-o 12 i i—j 2 2
=0|- ¥ p")+0|= T T p 7wl +lyl*) ) =00).
n i=oy n i=oy j=oy

Then

T |%[>=0(n) as n-oo.
k=1
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This means that 7., must be finite by its definition (27) since L, —= L by Lemma
4. Therefore case (1) cannot occur.

Now assume that 7, <o, g, <00 for all k. By definition 7, is a sequence of
monotonically increasing integers; then 7, —— .

By (31) LY=L, for ne[r, oy), and then by (51) and Lemma 4 we have

A+BL C°
4 y——— ,
(59 ® nelrmon [ 0 G]

where C® and G are defined in (53).
Since A+ BL is stable then for ne (7, o, —1] by (43), (54) and Lemma 4 it
immediately follows from (50) that

n
(55) T %l = %, 12+ 20, = 2,07 + caou,
i=7y

where here and hereafter ¢;, i =3, 4, - - -, denote constants free of k.
Similarly, from (49) we know that

I~ 2P = 0+ 0 £ 1817)+( 3, (hwisi+10i)

(56)
=C5T + CTr 10g

where for the last inequality (27) is invoked.
Putting (56) into (55) and noticing the boundedness of L;, we conclude that for
sufficiently large k

Zk " Lifiuz = C7Tk loga/z Tk + Cgo'k = Cgo'k logslz (o < Oy log5 Oy + " L"'k'ﬁ"k “2.
i=7
On the other hand, by definition (26) we have the converse inequality
% IL&IP> o log o+ || L, %, |
i=7y

since oy < 0.
The obtained contradiction shows that case (2) cannot take place as well.
To finish the proof of Theorem 1 it remains to show that the loss function reaches
its minimum when u;, given by (30) is applied. It is done in the next lemma.
LeMMA 7. If conditions of Theorem 1 hold, then {u,}e U defined by (17) and

J(uy)=tr SCQC".
Proof. By Lemma 6 and (31) there exists some k, such that
L?, = Ln Vnz= Ty *

By Lemma 4 we know that {®,} converges to the matrix stated at the right-hand
side of (54). Then by (43) from (50) it is easy to see that

k
61 Bl =l = 00+ 0 £ w w0l ),
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and

LS WenlP+ lzes = B
n k=1
(58) 1 1 k
=o(2 3 w)+o(2 E T wlmal+iuly) =00,

N k=1
Then by (A2), (25), (57) and (58) it follows that

(59) |£.”=0(n) and kZ_ll [%?=0(n) as.

Hence Y|_, [|uf|*= O(n), |ua||>= o(n), and thus {u*}e U.
Using (59) and the consistency of 6, and noticing that G, in (49) converges to a
stable matrix, then from (49) we are easily convinced of

| u
(60) = ¥ lzker=Zenl*=0(1) as,
n k=1
which together with (46) yields
| n
(61) ; Z "x;-xi||2——> 0.
i=1 n->oo
From (59) and (61) we see
1 n
(62) ~ % Ixl= 0.

Finally, putting u? into (16) and using (25), (61), (62) and the fact L, — L we
conclude that e

n-1
J(u®) =tr SCQC’+H% Y [(LY- L)x;+ LY(%; — x;) + v;]"(Q,+ B"SB)
n-»oo i=0

: [(L? —L)x;+ L?(fi = x;)+v]
=tr SCQC".
This completes the proof for Lemma 7 as well as for Theorem 1.

6. Conclusion remark. 1) In Chen and Guo (1987) the authors have given the
optimal stochastic control minimizing the tracking error and leading to consistency of
estimates given by the stochastic gradient algorithm. It is natural to ask: Is it possible
to give a unified adaptive control applicable to both problems of tracking and quadratic
cost. This requires further consideration.

2) The stability condition on A(z) is rather restrictive. It is desirable to weaken it.

Appendix 1.
Proof of Lemma 1. By a standard treatment (see e.g. Chen (1985)) from (9), (10),
(14) and (15) we have

n—-1 n—1
Zo (yi Quyi+ ui Quu;) = xg8%— X, 8x, + Y wiC'SCw;y,y
i=

i=0

n—1
(A.1) +2 Y (Ax;+ Bu;)"SCw,,
i=0

+'F (= L) (Qs+ B'SB)(u; - Lx,).
i=0
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From (7) it is clear that

" wn "2 =tr W,,W: =tr (Z:;] WiW?__z::: wiw:) N 0
n-»oo

(A2)
n n n n

By stability of A there are constants ¢, and p € (0, 1) such that
(A.3) |A¥| = cop* VEk=zO.
Then by (9) and (A.3) it follows that

2 2 pe
BLEIEES s+ o
Therefore by (7), (17) and (A.2) from here it is concluded that

AR

%1% = 3¢5 0" |x0l|* + 3¢

(Ad) = o(1), Z, Ix|2=0(n) as.

From (17), (A.1) and (A.4) the conclusion of the lemma will follow immediately
if we can show that
n—1 n—1 1/2 n-1
5 (ax+ BuysCme = 0| T i+l | 10> (T duii+luliy+e))

Vn>0.

But this is a direct consequence of Lemma 2.

Proof of Lemma 2. By the martingale convergence theorem (Chow (1965))
Yr_, fiwis, is convergent on the set V ={w: s, <o}; hence Lemma 2 obviously holds
on V.

Further, for w € V°, without loss of generality we assume f; # 0; then we have

= ol fwin N 1
EZE[ns

Fi|=0’
V210g!/ 2+ (5;+ e)| ] 7 Ezsilog”z” (s;+e)

=0’y (J i dx)/si log'*?" (s;+e)
i=2 Si—1

(I, serers)
i=2\J,_, xlog""?" (x+e)

2 J'°° dx
=0 —_—
o xlog'?" (x+e)

<00,

where o?=sup, E[|w,.1]|’|%.] by definition. Again by the martingale convergence
theorem we see that

Y fwisi/ st 10g" > (s;+e€)
i=2
is convergent on V°. Then the Kronecker Lemma guarantees validity of Lemma 2 on
Ve
Proof of Lemma 3. Set
(A.5) m(t)=max[n: t,=t],

(A.6) t”é "ot 'ﬁ"z

i<no 1 (log r_ )%
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We note that m(t) is nothing but the inverse function of ¢,, which is defined such that

it diverges in an appropriate rate.
It is easy to see that

1t 1AL 1ot J"{ dt
tZ— =— L
M 2N, ri(log rl )4~ M 25, 1, t(log t)/ere
=m(1033/ i —log” ),
which via (A.5) implies ¢, » 00, m(t) <oo for all ¢, and
3__4 M 4/(3—4a)
(A.7) log rL(N_pka)_l = [L_ai)—(N'f' ka)+10g3/4"a r&o,l] VN% 1.
For sufficiently large N, we have
(A.8) log r/=log rl \+log M+aloglog rl_;=2log rl, Vi=N,.
then
= AP
1, =2 L. 7o rf)1/4_3(log3/4 ri_i—log¥* rf,-1)
and hence
t= tm(:)+1—3(108 m( —lOg r{v0—1)
or
(A9) log* r&(N+(k—l)a)—z [%(N"" (k- l)a)+1083/4 rzfvo-1]4a/3-
Since m(t) <oo for all ¢, there exists N such that m(N)= N, and
(logr )1/4 a
A.10 ——=— Viz .
(A.10) =5 Vizm(N)
For any k=1 by summation by parts and using (A.9) we obtain
m(N+ka)—1 fl'f;" m(N+ka) 1
A (Z 5fi- Z ff')
i=m(N+(k—-Da) Ti i=m(N+(k— l)a)r
m(N+ka) i— f 2
_ 5 gl u o
i=m(N+(k—1)a)+1 j=1 ( 17 1
m(N+kee) e i/d)D) 1 1|12
S [Amax<z,_.1;f;' (1/d) )__] [y

1 —
i=m(N+(k—1)a)+1 M(log r_,)"*° diriri,
1 p m(N+ka)
a
Z—(log roN+k-1a))"
d i=m(N+(k=1)a)+1

.(_1_ (log r{_)'"*" “) I£1”

M ",f—l {(108 ":f—l)l/4

=21

1
= 2Md 108" PN+ e=1)a) (tm (N 4y +1 ~ (N -y ) T =21

-1,
= [2Md log '£(N+(k—1)a)—2:| I

o — 4a/3
[2Md( (N- a)+—k+log3/4 4 1) —2]1.

v
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We take N, a large enough so that N> a and
_ 4a/3
=—°‘——1(§3) ~2>0;
2Md\ 8
then

m(N+ka)—1
(A.11) y ff>b(k““/3)1 Vk=1.

i=m(N+(k—1)a) r,
Let p, be the maximum eigenvalue of the matrix
F'(m(N+ka), m(N+(k—1)a))F(m(N + ka), m(N +(k—1)a))

and let X, (n+(x-1)«) D€ the corresponding normalized eigenvector. For i€
[m(N+(k—1)a), m(N + ka)—1] recursively define x;

A (-0

Then we have

X m(N-+ke)X m(N-+ka) = X(N+k-1ye)F(m(N + ka), m(N + (k- Da))

(A.13) - F(m(N +ka), m(N +(k—1)@))X m(N+k-1)a)
= X N+(k=1)a)PkX m(N+(k—1)a)
and
(A.14) X1 Xio1 = XX — X ff
Summing up both sides of (A.14) we obtain that
m(N+ka)—1 "ﬂx.- 2
(A.15) ) _—_fi§ ”xm(N+(k—-l)a)”2_ ||xm(N+ka)“2 =1-pr.

i=m(N+(k—-1)a) ri

Forie[m(N+(k—1)a), m(N+ka)—1] from (A.12) by Schwarz inequality and
(A.6), (A.15) we see that

SR
X

||x.~—xm(N+(k—1)a)|| = J

j=m(N+k(-1)a) "jf

NS (A sixll

(A.16) ={log rﬁ(N+ka>—1}1/sj=m(N+(k_‘)a) (rjf)l/z(log rjf_l)l/8 (rjf)l/Z
={log rln+ka)-1}*VI+a - VI—py.
Finally, by (A.7), (A.11), (A.15) and (A.16) we conclude that
m(N+ka)—1 ff""

i=m(N+(k—1)a) r
mvt | £

4a/3
bk a/ <xm(N+(k Da) (xm(N+(k Da) x+x)

= (log rL(N+ka)—l)1 /4 )1/4”xm(N+(k Day ~ %

i=m(N+(k—1)a) rf(log ri-

N 141 fixl)

= m(N kv (FD) 2 (log rL_ )7 (r))

={(log "rfn(N+ka)—1)3/8(a +1)*2+ (1og rhyN+ka)-1) 2 (a + DW= pi

+{log rhN+kay-1}"*
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3__4 M —-1/(3—4a)
g{(a+1)3/2+(a+1)‘/2[(———43)-—(N+ka)+1og3/"‘“ r@o_l] }
3__4 M 3/2(3—4a)
x{(—-—:‘L(N+ka)+log3/4_“ r,fvo_l} “V1-pp.

It is clear that there is a constant ¢; > 0 such that
bk**?= ¢, k¥ *C4(1-p,)? WEkz1

or
< b2 1
peE 1= P
Then
k
|F(m(N +ka), O = IT |F(m(N+ia), m(N+(i = D) |- [ F(m(N), 0)|
k
=1 vpi—>0
i=1 e
since
s__3 —-§a§1 for a€[0,3].

6 3-4a 3

Notice that || F(n, 0)| is nonincreasing; then the lemma follows immediately.

Proof of Lemma 5. For simplicity we denote by P(A, B, S) the right-hand side of
(14). By Theorem 14.3 of Lipster and Shiryayev (1978) equation (14) can be solved
recursively

(A17) Iﬂn+l = P(A’ Ba Fn)

and ', » S for any I',= 0. T, with initial value I'y= 0 is denoted by I'%. In this theorem
it is proved that for any vector x of compatible dimension

(A.18) xTo0x=xT,x=x"Sx+x5(y— S)X,,
or equivalently,
x"(T=-8)x=x"(T,—S)x=x5(To— S)X,,

where X, —— 0 and I'; > S and both %, and I'; are independent of T',. Hence from
(A.18) we see that the convergence I', > S is uniform in Iy for |||l = ¢ with ¢ being
any fixed constant.

From (23) we know that

Sn 51&:5"—1/3'. + HTolH VYn=1.
Then, taking into account (43) we have the boundedness of S,,:
IS.Il=|1AzS,-1 A+ H'QH| = - -
z (AiAi+1° c A,,)THTQIH(A\V&HI e A‘n)

i=2

=

(A.19)
+(A; - A)So(A, - - -An)+H*o,H“

1
Ac Vn=1.

=|H'QH| + c3(|1H'Q. H ||+ Soll) -
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By strong consistency of 6, and by boundedness of S, it is easy to see

P(A, B, S,)—P(A,.,, Byiy, S,) — 0.

n->oo

Hence for any £ >0 we can find N >0 such that

(A.20) IAS,.kl|Se Vkz0, VnzN,
where
(A21) ASn-f-k = Sn+k - P(A, B, Sn+k—1)'

For simplicity we set
P()2 P(A, B,T), P,(I')£ P,(P,_,()).
It is easy to show that there is a constant { such that
(A22) P,(I'+AT') = P,(I")+AT, |AT || = ¢e

for matrices I'=0 with ||T'||=c and AT with ||AT|=e.
We now by induction prove that for any n= N and k=1

(A-23) Sn+k = Pk(Sn) + an(s) With "an(s)" = CkE,

where ¢ is a real number independent of n.

By (A.20), (A.21), we see that (A.23) is true for k=1. Now assume (A.23) holds
for k. By boundedness of ||S,|| = ¢ for all n, the same argument as that used in (A.19)
leads to the conclusion that P,(S,) is uniformly bounded in n=0 and k= 1. Then by
(A.21)-(A.23) it follows that

Snik+1=Pi(Spi) + ASyiih1= Pi(Pi(S,) + Zi(€)) + DSy s k1
= Pk+l(Sn)+Z;(8)+ASn+k+l = Pk+1(Sn)+an+1(E)s

where, obviously, || Z,.+1(2)|| = ¢4, * & with ¢y = {c + 1. Hence (A.23) holds for k+1.
In the present notation

rn = Pn(FO)

where T', is defined by (A.17). By the uniform convergence of I',, for any 6 > 0 we can
take k, large enough such that

(A.24) [ Po(To) =S| =8 VIo:||Tofl=c.
For £ £ 8/ ¢, take N such that
(A25) |AS, = Vnz=N.
Then from (A.23) we have
Sniky= Piy(Sn) + Zio(£), |Z(E) = cre =8
and by (A.24) for all n= N
Sn+k,= S = | P (Sa) = S| + | Zio ()| = 28,

which yields the conclusion of the lemma.
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Appendix 2.
Proof of Theorem 3. First we note that {v,, .} is a martingale difference sequence.
Then by Lemma 2 we have

n n 1/2 n
(A.26) Y ujvi= O(( ¥ ||uf||2) log"/?*™ ( Y ||uf||2+e>>.
i=1 i=1 i=1
Further, by (24), (25) we know that for ye (3, 1)

[+ T — e +113/2
[nv.u. 1/1og" i 5_1]@_

2 E i3v/2

i=1 1
HenceY ;. , [vv] —(1/log® i)I1/i” is convergent by the martingale convergence theorem.
Then from the Kronecker lemma it follows that

(A27) lim L > (viv,-f—

n>on” /2

1
6.1)=0 Vye(G,1).
log®i

It is clear that

A

" dx LI | 1 " dx
) J

= +
2 logfx  Zhlog®i log®2 J, log®x
and the I’Hopital rule shows

logbn n 1
(A.28) o 1

n /= log®i n>o
hence by (A.27)

logn
g Y, vwi——> I as.
l'___l n-»00

(A.29)

From (42), (A.26) and (A.29) we see

1 n
(A.30) - ¥ Jlu])?= O(log® n).
i=1
Then by condition (a)
1 n
(A31) 7 Z Iyl = O(log® n);
hence
(A32) o= 0(nlog®n),
which means
n 1
(A.33) Amax< ¥ ¢?¢?’+EI) = O(n log’n).
i=1

Again by (41), (42), (A.26), (A.29), and noting that g = 1, we have for all sufficiently
large n

(A.34) rmnz Y lul’zi Y JolfPz
i=1 i=1

Then r,, —= © a.s. and

a1 O((n+1) log® (n+1)

P n/log®n

) = O(log’** n) = O((log r%)°**).
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Comparing with conditions in Theorem 2 we find that a=8+¢ and by (A.33)
and (A.34) for (40) to hold we only need to verify
1 1/4-28—¢
(A35) lim Lg'g—nl;l——' mm(

n->oo

1
; @i (p°T+dI) # 0.

By condition (a) it is easy to see that
VYui=A"(2)B(2)z'u,+ A7 (2)C(2)z'w,

=A™ (2)[B(2), C(2)] - :]
Then ¢ can be written as
nl(Z)-1 u 7
(A36) n= ,,2(2) : [ " ’
w"_
,,3(2)_
where by definition
A—‘(Z)[B(Z)’ C(Z)] ] [Ila 0]
zA"Y(2)[B(z), C(z z[I,,0
Fue)=| OB COT =] AR
zP'A7(2)[ B(2), C(2)1] 2971, 0]
[0, I.]
z[0, I,,,
Fa(z)=| %ML
20, I,]
where I, denotes the identity matrix of dimension x.
Set
(A.37) ¥n = [det A(2)]¢,

and notice that A, is of full rank, then deg A(z)=p, deg[det A(z)]=mp, and
deg[Adj A(z)]=mp —p, since A(z)[Adj A(z)]=[det A(z)]- L
Let

det A(z)=apt+a;z+: -+ a,,z™

Since ¢=0 for i <0 we have

m.,.(z Yy .)= inf Z( W)?

= inf 3 ( L ax <P._,~)2

IIXII Li=1

=Y ainf 3 Y (xel,)

Jj=0 “X"" i=1j=0

mp n
=(mp+1) ¥ a; nf T (x7¢?)?
XI=1i=1

Jj=0

—(mP+1) Z aj; Amm(Z ‘PO OT)'
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Hence for (A.35) it is sufficient to prove

A n
(A.38) mmgn") m.,.(z - ,);éo as.

n-»oo

where for simplicity we set A =—28—&.
Let D be the set on which (A.38) is not satisfied. Suppose that P(D)> 0. Then
for any w € D there exist vectors

— 0 1 -1 (1] -1 d
Mo = (@« a7 BUATDTHOr L DTy e R

where |1, || =1 such that

(A39) flog nel. ”k) 3 (w0
Set
Ho(2) %S ol 2(Ad AG)IBG), COI+ T, BaTdet AR, 0]
(A40) .
+ Z yE 72'[0, det A(z)I,,]
(A41) 2 % [hE, ghle,

where t=mp+s—1, and h;, and g», are I- and m-dimensional vectors, respectively.
Since "a:,k"él, "BJnkllél’ "'Y:k"§1, for any k;l, i=0--- P_I’J=0 e Q"‘l,
and v=0---r—1, there exists a constant ¢; >0 independent of k and i such that

(A.42) lhnl=e, lgnl=e Vkz1, i=0,---,t
By (A.36), (A.37) and (A.41) we can rewrite (A.39) as

1
(A43) (°g"") L Wt R ghwt 4 gm0,

or equivalently,
(log ny)* )t

k

(A.44) + 2;.‘,’,;(2l u,fv.?) Ko, +2 ,-gl W (;:1 ui_,-v,T) Ko,

t n
2% g{,;(z* w,._,.u:)h?,k} —0.
i=1

j=0 k-0

{2 [(hov.)*+ (hoqus + hopwiy+ - -+ hiyu_ +griwi+- -+ g wi_,)’]
1=

We now show that (A.44) implies
(A.45) (138 J-—0, ||g;k||730 Vi:0=sist

Applying Lemma 2 to ¥;*, w,_,v] and noticing (7), (A.42), we find that

—1 —log*
Tim log” (f Wi 0] )h2k5(1+t)cf Tim —2 0
j= 0 k>co

n-»oo nk

V2 (p . +e))=0

for any w € D with a possible exception set of probability zero. In the following
discussion such a possible exception is always assumed. We note that no measurability
of h,, and g, is required.
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Similarly, by applying Lemma 2 to Y%, ujv] and Y%, u;,_jv] (j=1) and by use
of (41), (42) and (A.42) we conclude that for w € D

1 5
1= log nk[,,g;(z ujv; )h‘,’.k+ Y R (Z “i—jv?)h?-k] =0.
i=1

k->00 nk j=1

Hence from (A.44) we have

log m;)* ™
(OB M) S (Boru - hizu_ -+ hE i,
i=1

n
(A.46) ‘
FEYwt gm0,
and
1
(A47) ( SRR "") z“ (h30)?—>0 for we D.

By (A.29) and (A.47) it is clear that
(A.48) 119117 = o((log ni)**%), weD;
hence by (42)

(logn )A (e+8) p
ny

Then from here and (A.46) we have for w € D

z (hul)?=0(1), weD.

))L—(s+8) n

(log
ny i=1

(A.49) (h:.:u,'_l'l" * '+h::;‘u,-_,+g?,:w,-+' * '+g:,1w,~_,)2:: 0.

Comparing (A.49) with (A.43) we see that in (A.49) we have deleted u; by changing
the order of log n; from A to A —(e+38).
Generally, using the same treatment as described above we conclude that

(A.50) | L, > = o((log ny) A*¥e*®*) 0=i=t, weD

and

)A (t+1)(e+8) n,

1
(log 7 Py (gmwit: - +gnwio)’—0, weD.

(A.51)
n

The same argument applied to (A.51) by using (7) and (A.42) leads to
(A.52) lgi > =o((log ) *DE*®)y i 0=ist.

Since t =mp+s—1and A =5—26 — ¢, then by (29), (A.50) and (A.52) imply (A.45);
hence we have

(A.53) H, (z) — weD.

k—>oc0 ’

Let {n,, } be a convergent subsequence of {n,,}: Nm, —= with

Inll=1, weD,

(A.54) _ _ _
7 =(a07. .. a(p l)-r’ ﬁo‘r. .. B(q l)r’ ‘yO-r V. y(y l)r)-r-
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Then by (A.40) and (A.53) we have

'S a2 (Adj A@LB(), C(&)]
(A.55) B o -
=— Y B7z'[det A(2)I,0]1- ¥ ¥"Z'[0,det A(2)I,.].
i=0 i=0

Since A(z), B(z) and C(z) have no common left factor, there are matrix poly-
nomials M(z), N(z) and L(z) such that

A(z)M(z)+B(z)N(z)+ C(z)L(z) =L
Then by (A.55) we see

pot
Y a”z' Adj A(z)
i=0

w0 <Eenano{ s e 1)

=det A(z) [pz_',l a”"z'M(z) —‘fg B z'N(z)- ril *y"ziL(z)], weD.

i=0

But
pm1
deg ( Y a"z' Adj A(z)) =p-—-1+deg(Adj A(2))
i=0

=p—1+mp—p<mp=deg (det A(z)),
so (A.56) implies

pmt
Y a"z' Adj A(z) =0, weD.
i=0

Hence a'=0, i=0,...,p—1, and by (A.55) B'=0, i=0---gq—1, and ¥/ =0, j=
1---r—1 for we D. This conclusion contradicts with ||n| =1; therefore, P(D)=0
and (A.38) is verified.
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