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SUMMARY

Adaptive control problems of a first-order randomly time-varying stochastic system are considered. A
class of adaptive controllers based on the Kalman filter is introduced and is analysed using a combination
of martingale and Markov chain techniques. It is shown that both the expected value and sample path
averages of the square of the output of the closed-loop system remain bounded and that the long-run cost
is a continuous functional of the parameters of the controller and the distribution of the disturbance
process. These results hold even when the Gaussian assumption used in previous papers is removed and
the a priori estimate of the noise variance is incorrect.
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1. INTRODUCTION

The principal objective in adaptive control theory is to find controllers that perform
satisfactorily for systems which possess time-varying and only partially known dynamics.

There are few precise resuits for time-varying stochastic systems. In fact, the frequently used
stochastic algorithms, e.g. stochastic gradient and least squares, can only be shown to be
successful for some restricted classes of parameter variations. Specifically, it is required that
the time-varying parameter is a constant plus a bounded martingale difference’ or that the
parameter varies in a small ball.? This is, as is well known, due to the fact that these algorithms,
have the so-called long-memory property (i.e. the adaptation gain tends to zero). For systems
which exhibit more complicated parameter variation, e.g. drifting parameters, it is believed that
short-memory algorithms (i.e. algorithms with non-vanishing gain) will be more effective.
However, the traditional analytical techniques break down since the system noise will have a
more significant effect on the parameter estimates if such algorithms are used. Furthermore,
stochastic Lyapunov techniques cannot be applied since none of the variables in the system or
controller can be expected to converge in this case.

To the best of our knowledge, the first rigorous analysis of a short-memory minimum-
variance adaptive controller applied to a time-varying stochastic system appeared in the paper
by Meyn and Caines® where the ergodic theory of Markov chains is applied. In this paper it
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is shown that assuming a state-space model for the parameter process and Gaussianity of the
noise process the optimal control may be computed using the Kalman filter. Under the
appropriate conditions the following limits are shown to exist for all initial conditions:

N
lim E(y4] = lim + % yk= 5" dn
Nowo Noow N k2]

where = is an invariant probability on the state-space generating the output y. In Solo* it is
shown that some of these results may also be established by applying standard limit theorems
for martingales and utilizing the conditional Gaussian property of the output process. In both
of the works of Meyn and Caines® and Solo* a Gaussianity assumption on the noise process
is found to be crucial to the analysis.

The main objective of this paper is to use a combination of martingale and Markov chain
techniques to show that the adaptive control system considered in References 3 and 4 is robust
with respect to noise. We show:

(i) that both the expected value and sample path averages of the square of the output of
the closed-loop system remain bounded even when the distribution of the disturbance
process is non-Gaussian and the a priori estimate of the noise variances used in the
implementation of the algorithm is incorrect.

(ii) that the long-run cost is a continuous functional of the controller parameters and the
distribution of the disturbance process. Hence, if the disturbance is approximately
Gaussian and the a priori estimate of its variance is approximately correct, then the
control performance will be nearly optimal.

2. PROBLEM STATEMENT

The system analysed in References 3 and 4 is described by the following controlled time-varying
AR(1) model:

Vit = Ok Vi + Uk + Wiy k20 48]
with unknown parameters generated from a stable Markov model
6k+1=a0k+ek+1 |a]<l (2)

We assume that the noise sequences {ex} and {wi} are mutually independent and also
independent themselves, with zero mean, and satisfy

sup E[| we|**2 + |ec|**®] < €))
k
sup El]ec|?*?] < 1 4)
k
for some positive constant §. The initial conditions are assumed to satisfy
E|y0|4+26<°° E[6014+25<°° (5)
Denote
o2 =sup E|w|? ol=sup E|ex|* (6
k k

An immediate application of (3) and (4) yields

03 < oi<1 )
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Let us now consider the following estimation algorithm (Kalman filter) for the unknown
parameter 0x:

3 5 Py 5
Oicsr = oy + K2k — By —u 8
1 = bk oIt Pyl (Vk+1— Beye — ux) 8)
2p2.,2
Piyzx
Pens = aPy + of — 2P 5
k+1 24 kT 01 G%+Pkyi ()

where 8y and Py > 0, 0§ > 0, o1 > 0 are deterministic constants and can be arbitrarily chosen
(here o} and o? may be regarded as a priori estimates of o2 and o2 respectively).

Our objective is to minimize the variance of the output of the system, so we apply the
‘certainty equivalent’ minimum-variance controller

ur = —Giyr (10)

It is known (e.g. References 4 and 5) that if the noise {wy, ex} is a Gaussian white noise
sequence, and if 0§ =02 and 0% = ¢2, then with appropriately chosen initial conditions the
estimate 8 generated by (8) and (9) is the best estimate for 6k, and Py is the estimation error
covariance:

9k=E[9k|v“7k—|] Pk=E[(0~k)2|#~k—l] (“)
where # is the o-algebra generated by { yo, ¥1, ..., ¥x} and 8 is the estimation error
Ok =0k — b (12)

In this case the control law (10) minimizes the criterion E[ y%,, | #«], and the stability of the
system (1) with controller (10) applied has been proved** thanks to the important property
(1.

In the non-Gaussian case the propery (11) fails and the estimate 8, generated by (8) and (9)
may be far from optimal. Nevertheless, in this paper we will show that the control law (8)—(10)
is still stabilizing and has other interesting properties.

3. ROBUST STABILITY

Theorem 1

Consider the time-varying system (1)—(5) with the control law defined by (8)—(10) applied.
Then the closed-loop system is stable and

sup E| yx |**? < o 13)
k

N
lim sup iN D yi<M< o as. (14)
k=1

N
Where 6 is as in (3)—(5) and M is a deterministic constant which can be chosen as

ol a? gg + 201 || orpaw 2 a1 2)?
M=t {201(1—|a|)2 200l —a) 2 T He| Tl gzt ("“”)}

(15)
where by definition

m-v=s12p{E|wkl“l“4 ae = SU(E | ex [t} (16)
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Remarks

(1) Theorem 1 can be easily generalized to more general control problems, e.g. adaptive
tracking and adaptive pole assignment, by using techniques similar to those developed
in this paper.

(2) None of the signals in the closed-loop system can be expected to be stationary or ergodic
because of the assumptions made on the noise process { wn, vy }. This is especially so when
the adaptive tracking problem is concerned, where the reference signals are only assumed
to be bounded and deterministic.

(3) If the estimation algorithm (8), (9) (Kalman filter) is replaced by the short-memory
gradient algorithm, results similar to Theorem 1 are still obtainable.®

The proof of Theorem 1 is separated into several lemmas.

Lemma 1

Under the conditions of Theorem 1 and the denotation (12)

‘ sup E[|0c |**?] < o _ a7
' k
lim supl i 16k |% < (1—|a|)'4[——m;—w—,,—2-+u4¢]4 a.s. (18)
N-oow Nk=l 200(l -« )

where 8, psw and pqe are given in (3) and (16).

Proof. Let us first consider the upper and lower bounds for Px. By (9) it follows that for
any k>0

ol 2(k+1)
——+a Py (19)
l -«

Now by (1) and (10) the output may be expressed

0} < Per1 S @?Pe+ ol <

Yek+1= 5/:}’/: + Wi+ (20)
From this and (1), (8) and (10) we get
o Piyi By + Wi+1)

Ok+1 = bk — o+ Pky% + €k+1
abiod o PryiWe +1
= - +e 21
A+ Pl o3+ Pl T @
Consequently, by applying the elementary inequality
12l < 1 (=0 @2)

a’+b* " 2a|
to the second term on the RHS of the above equality, it is seen that

| |(Pe)'?
20’0

|Bke1| < el 6ic| + | wesr |+ exs1l 23)
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With this together with (3), the fact that |a| < 1 and

2
lim sup Py < —— (by (19)) @24
N-x 1 -

it is easy to convince oneself that (17) holds.
We now proceed to prove (18). By (3) and the martingale convergence theorem’ it is known
that the series

kil (wel* = E|we |9k

is convergent, and so by the Kronecker lemma

1 N
— 2 (we|*—E|we|*)=0 as N > o0
N o
This together with (16) gives
N
lim sup 1 D el < (naw)* as. (25)
N-ow N g=i
Similarly
. 1 & a 4
lim sup — >, | ex|* < (pae)* a.s. (26)
N—-ow Nk:l
From (23)-(26) it is not difficult to see that
N
lim sup 1 2 |6k|* <o as. @n
N-+o0 N k=1

To complete the proof of (18) we have to establish the upper bound. Applying the Minkowski
inequality to (23) we see that

li- NS L - A% ol (1 & . N2
{Nk=l‘9k+ll} S}a‘{_ﬁkzll]ekl} +2—00{ng1 (Py) IWk+ll]

1 N 174
e
Then noting (24)—(27) and taking ‘lim sup’ on both sides of the above inequality, we finally get
. 1 & 4 |ajoips

1- 1 — O |4 € ———F =+

(1= o) lim sup [N k}:l | 8 | } < Jooll —o2)72 e
which is tantamount to (18). This completes the proof. [

We remark that similar results for the matrix case have recently been established in

Guo et al.®
Denote

fo= 080k — Piyiwi+1
0% + Pkyi

(28)

The importance of f will be seen in the forthcoming analysis. Let us establish some of its useful
properties first.
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Lemma 2

Under the conditions of Theorem 1, the variable fi defined by (28) has the following
properties:
@) sup E[| fizkar|**°] < o0
k

1 & )2 go + 201 | o | oy puaw 2
— < + pae
(ii) llmqs:p {N kgl | feyrrt] } o1 — )2 [200(1 — a?) 72 pha
ai 2
+1 w .S.
+[200(1—a2)”2 ](m ) a.s

Proof. By (19), (20), (22) and (28) it follows that

Vibr + Wit Piyiwics 1 (Vibi + Wit 1)

| fivier| < |0k 8

oo+
0(2) + Pkyi 0 ot + Pkylzc
~ o}
< |6 |? |y"| © Bk | | Wit | 52—
| 6 | g |8k | | Wi | +Py
= Pey} 2 Pl ye|
+16 w +|w i
9] k“‘o?ﬁPk}’% | Wit o5 + Peyk

- P 1/2
< 1Bel? g+ 2Bl et |+ [ | (50—

2(P )1/

k+1) 172
90 5,12 g1 i (Po) } 2
S s—+1) 6|+ +1+ w, 29
(201 ) ‘ , | {200(1 - 0(2)1/2 200 I et | ( )

thus property (i) follows easily from (3), (29) and Lemma 1. To conclude (ii) we apply the
Minkowski inequality to (29) to get

1 gj )2 o 1 i AN
- <(Z41)(= 2 16
{ k=1 | iy | } (201 )(Nk=1 ] >
a1 L N 4 1/2
* [200(1 P 1] {N 21wt }

172 N 172
(Po) [N S QKD g |4}

200 k=1

It is easy to show that the last term tends to zero as N — co. Consequently, by Lemma 1 and
(25),

. 1 Y 172 oo + 20} | | opa 2
lim sup |— o< STeh
Nt {NEI 'f*y"“'} S 20(T-Ta])? [200(1 —o?)72 T

a1 2
+ l————75+ 1| (paw
[200(1 —a?)? ] (hav)
Thus the proof of Lemma 2 is complete. [

We are now in a position to prove the first assertion of Theorem 1.
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Lemma 3
Under the conditions of Theorem 1,

sup E[|ye|***] < o
k
where 6 is given as in (3)—(5).

Proof. By (21) and (28) we know that
b1 = ofic + €k
so by (20) it follows that
Yir1= €Yi+ aYifi—1 + West (30)
Now let us denote the L,-norm with p =2+ 6 for a random variable x as
I xllp=(E]xlp)”
Then by (30) and the independence of ex and yx we have
| yestllo <l eelloll yello+ el | yefi-tllo + | wesr |l o €3))
Note that supx || ex || » < 1 by (4), hence by lemma 2(i) and (31) it is easy to get the desired result
sup | yillp <0

Lemma 4

Under the conditions of Theorem 1,

N
lim sup ]leZ YVESM< o a.s. 32)
=1

N-x

where M is given by (15).

Proof. The proof technique is similar to that of Reference 4. By (30) we have
Yhet=(Elex )2k + (eyufi- 0% + whe 1 + & (33)
where
gx= (e — E|ex|®)yk + 2{aexfe- 1%+ exyiWes1 + aViSfe-1Wes1) (34)

We note that { g, #x} forms a martingale difference sequence, with &%, being the o-algebra
generated by {e;, wiv1,i < k}.
By (34) and the Schwarz inequality

E| ekfk—lylzc‘l+(6/2) sE‘ek‘l+(6/2)[Elyk‘l+(a/2)!ykfk—l |l+(¢5/2)l
S {Elyk‘Z'#&ll/Z[E‘ykfk_l‘2+6}1/2

From this together with (34), (3) and Lemmas 2 and 3 it follows that
Sup E[lgk | l+(6/2)] < oo
k

Therefore the series Z%_; (gx/k) is convergent almost surely by the martingale convergence
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theorem,”’ and applying the Kronecker lemma yields

N
1 S e%=0 as asN-ow (35)
N i1
Finally, summing both sides of (34) and noting (6), we obtain
(1-0d) 1 % vk <‘l— (02)’(2)—}’12\'“)-"3—2 }XV: ()’kfk—l)2+l }Zv: wk 1+~l— % 8k
“N&E SN N =0 N&o "7 T NS

(36)

The first term on the RHS converges to zero almost surely by Lemma 3 and the Borel—Cantelli
lemma. Thus by (3), (6), (35) and (36) it is easy to see that

1 &
lim sup — <
N—~eop ngl yk\l_og

The desired upper bound M can be obtained by combining this will Lemma 2 (ii). This
completes the proof of Lemma 4 and hence the proof of Theorem 1. O

N
{afv-i-(az) lim sup 1 > (ykfk_.)z}
N-w N o

4. ERGODICITY AND STRUCTURAL ROBUSTNESS

We will now show that by strengthening the assumptions made on the disturbance process, the
closed-loop system equations (1) and (8)—(10) give rise to a Markov chain ® satisfying every
condition introduced in the Appendix. In particular, the state process ® satisfies condition GA,
is stable in probability and, under the appropriate conditions on the disturbance process, is
weakly stochastically controllable. These facts will be used to give a complete description of
the asymptotic properties of the output process of the closed-loop system.

We henceforth make the following additional assumption (A).

(A) The disturbance process (wx, ex) is independent and identically distributed (i.i.d.) and
the corresponding distributions . and . possess continuous densities which are positive
at the origin.

Under this condition the closed-loop system equations give rise to a Markov state process

Py o} + a’05 Pi—1(Pe-1yh-1 + 03) 7!
Sr=| 0| = |abro1— aPioiyi-1Bk—1yk-1 + wi)(03+ Peoyi_) '+ e| (37
Yk ék—l}’k—l + Wy

evolving on X = R, X RX R which satisfies conditions A1-A4 of the Appendix.
We are fortunate enough to have the following extremely useful result.
Lemma 5
Suppose that conditions (3), (4) and (A) are satisfied for the state process (37). Then;

(i) & is weakly stochastically controllable.

(i) & satisfies condition GA of the Appendix.

(iii) For fixed «, 6, p € (0,1), B> 0 and a compact set C contained in (0, «), the family of
systems

{Q: g t2+%q,(dt) < p, S t** 2 [ ue(d) + pw(d?)] < B, 03, 0% € c}

is uniformaly stable in probability.
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Proof. By Theorem Al in the Appendix we know that for (i) it suffices to show that for some
T > 1 and some sequence { (e;, wi), 1 < i< T} the controllability matrix for this system is full
rank. It is easy to verify® that in fact the second-order controllability matrix has the form

-2a%6§Piy, 0 0

C, = (Pyt+ad)?
# # 1 #
# # 01

which is full rank whenever y; =80y + w: is non-zero. This shows that for each
(Po, 00, y0)€ R, xR*> the matrix C; is full rank for a.e. (Lebesgue)
{(e1, w1),(e2, w2)} €ER*X R?, and so by Theorem Al the closed-loop system is weakly
stochastically controllable.

To see that ¢ satisfies condition GA for w* = 0, observe that for any k€ Z. and x€ X the
asymptotic behaviour of the state readout map S¥(.) evaluated at 0 may be analysed by ‘turning
off’ the noise in equations (1), (8)—(10) yielding

lim $£(0,...,0) = [¢}/(1 — ?),0,0]T
k=00

Part (iii) of the lemma follows from the proofs of Theorem 1 and Lemma 1, and from
equation (19), which imply that for some M, = My(«, p, 6, B, x)

lim sup Ex[|| x[|>**] < Mo < (38)
k-

for all x€ X and all realizations & satisfying the conditions of the lemma. Since || . ||>*%is a
moment on X, this implies that this collection of systems is uniformly stable in probability. [

Applying (38), Lemma 35, Theorem A2 and its corollary yields:

Theorem 2

Suppose that conditions (3), (4) and (A) hold for the state process (37). Then for every initial
condition x€ X and any £ > 0

I}im Pyl > e} =nlly| > e}

N

lim E[y}] = lim + 3 yi=S y? dr
N-=w N-ow N k=i

where y denotes the function y: X — R defined by y(x) = (0,0, 1)x, x€ X, and = is the unique

invariant probability on # (X).

We now consider a parametrized family of state processes {®#°:0 € s < 1]. We assume that
for each s € [0, 1] the state process ®° is generated by the recursion (37) where the parameters
03(s) and 03(s) and the distributions u}, and u depend on s, and all other parameters are fixed.
We further assume that for fixed constants p€ (0,1) and 6,B> 0 '

S 2Hou3dt) < p S A+ [us(de) + pbdn)] < B (39)

for all s€ [0, 1]. It follows by Lemma 5 that the family of state processes {$°:0 < s< 1} is
uniformly stable in probability.
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Theorem 3

Suppose that conditions (3), (4) and (A) hoid for the parametrized family of state processes
{$°:0 <5< 1}. Then if the parameters and distributions converge:

[08(5), 61 ()] —— [63(0), 0% (O)]

weakly

[worpel ——5—

> [un, pel

it follows that the invariant probabilities and long-run costs converge:

weakly
.._._..d_._}
e ™
s s=0 0

Enly’] ——— Ealy’]
Prlly|>e} — > Pully|>e] €>0

Proof. The first and second limits follow directly from Theorem A3 and its corollary. The
last limit follows from Theorem A3 and the fact that the invariant probability o is absolutely
continuous with respect to Lebesgue measure. [

Hence, for example, if the disturbance processes are approximately Gaussian and the
variance estimates o5 and o% approximate o5 and o? respectively, then the control performance
will be close to the optimal one.

5. CONCLUSIONS

In this paper, by using a combination of martingale and Markov chain techniques, we have
shown that the first-order stochastic adaptive control system of Meyn and Caines® is robust
with respect to noise. The martingale techniques are used to establish the closed-loop stability,
while the Markov chain techniques are used in the analysis of the performance.

Martingale methods have previously been used extensively in stochastic control theory;
typically the martingale convergence theorem in applied in order to prove the convergence of
a stochastic Lyapunov function. As in Reference 4, this paper shows that martingales can be
a useful tool even in problems where it is unrealistic to search for stochastic Lyapunov
functions.

The theory of Markov chains has received less attention in adaptive control theory, the
principal reason being that in problems where a variable in a Markovianization of the input—
state—output process converges almost surely (for instance, the variable rx in the stochastic
gradient algorithm), the ergodic theory of Markov chains as it now stands can say very little.
However, in situations where none of the variables converges, a noise controllability condition
may often be established. In this case the stochastic stability theory presented in this paper
may be applied to prove the existence of limits of loss functions on the state process for all
initial conditions and to establish parameter robustness theorems for the state process. Since
it has often been noted that it is undesirable to have vanishing gains in adaptive algorithms,
this suggests that the theory of Markov chains may become a valuable tool in stochastic control
theory.
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We are presently attempting to generalize our results to more general cases. In the ARX(p, q)
case the estimation algorithm derived from the Kalman filter is extremely similar to the short-
memory gradient algorithm and appears to have some very desirable properties® that would
make it a useful estimation algorithm in practice. However, since the stability of a time-varying
ARMAX system controlled by a short-memory gradient-based adaptive algorithm has never
been established, this appears to be a challenging problem.

APPENDIX

Here we review a general theory for Markovian systems of the form
Dre1= F(Pi,wrs1) keZ. (40)

where for all k, &« € X = an open subset of R", wx € R” and F:X x R? — X is continuously differentiable
(C"). It is assumed that the initial condition ®, and the disturbance process w & {wy] satisfy:

Al. (o, w) are random variables on the probability space (22, :#, Pg,).
A2. &, is independent of w.

A3. wis an independent and identically distributed (i.i.d) process.

Ad4. The distribution u, of wi, k€ Z,, possess a continuous density.

When assumptions A1—-A4 are satisfied, the recursion (40) gives rise to a Markov chain ¢ on X, and
this fact enables us to exploit the many ergodic theorems available for this class of stochastic processes.

Results obtainabie from the ergodic theory of Markov chains

We will now summarize some results from the stochastic stability theory of References 9 and 10. In
these works it is shown that if (40) satisfies a weak form of stability, and a noise controllability condition
holds, then the steady state behaviour of ® is determined by invariant probabilities on the state process.

(a) Controllability

Here we introduce a useful formulation of stochastic controllability.
The state readout map S¥:R*” — X of the system (40) is defined inductively for k€ Z,, x€X and
z2=(Z1,...,2) " €Rip bY

Sk=F(SE Y21y 2k-1)r2%) k21 SP=x

The state readout map is so named because for all k€Z,, $x = S¥(wy, ..., wi) when ®o= x.
Given two measures » and u on 8 (X), we say that » is absolutely continuous with respect to y if
»(A)=0 whenever u(A4)=0. We let Lsu denote the measure defined for A4,B¢.#(X) by

(Lap) (B} = u(AB).

Definition. The system (40) is called weakly stochastically controllabie if for each initial condition x € X
there exists 7= T(x) € Z. and an open set O, contained in X such that Io,u1® is absolutely continuous
with respect to P’ (x,.), where P7(x, .) is the measure on 4 (X) induced by &r=S8J (w1, ..., wr).

For yeX and a sequence {zx:2xk € RP, k€ Z.,} let {Ax,Bx:k€Z,} denote the matrices

F
w= (] =[]
X [ (Stze41) 9z | (S¥,261)

and let Cf=C} (z1,..., 2+) denote the generalized controllability matrix
C){‘ = [Ax-1...A1Bo | Ax_y... A2Bi ] ... | Ak - 1Bk~ l Bi-1])

We let O, denote the open set {x€ R”: pu(x) > 0} where pw(x) is the density of pw. The following
result gives a necessary and sufficient condition for weak stochastic controllability in terms of the
controllability matrix C,7 which is analogous to the controllability condition used in linear system theory.
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Theorem Al. Suppose that & is of the form (40) and that conditions A1—A4 hold. Then the system
(40) is weakly stochastically controllable if and only if for all initial conditions y € X there exists T > 1
such that

rank CY(\)=n for some A€ OF

(b) Stability

Definition. The system (40) is called stable in probability if for each deterministic initial condition x ¢ X
and each € > O there exists a compact subset C contained in X such that

lim inf P {®x€C}21~-¢
k-
We remark that if the state space is closed and for some p > 0
lim sup E[| ®«|p) < oo for all initial conditions x€ X
k—o

then & is stable in probability.
In most cases stochastic systems of the form (40) which are stable in probability exhibit the following
related property. Given a system of the form (40) and a point «" € Oy, we will call the deterministic system

dx+1 = F(dk,w*), k€Z,
with initial condition do € X the freely evoling system.
Definition. The system (40) satisfies condition GA if some d* € X is globally attracting for the freely
evolving system. That is:
Condition GA. For some fixed w* € O, and d*€ X, and each initial condition x€ X,

lim di = lim S¥(@*,...,0")=d"

k—~o ko

Let C denote the set of bounded and continuous functions f: X — R and let .# denote the set of
probabilities on .8 (X)), the Borel field on X. A sequence {ux:k€Z.} in .« converges weakly to p« € .«
if
lim S S dux = g S dpeo

k—o

for all f€ C, and this will be denoted

An alternative topology on ./ is defined by the total variation norm

SfM—Sf@

where the supremum is taken over all Borel functions f for which | f(x)| <1 for all xe X. We say
{ux: k € Z, ) converges in total variation norm to pe if it converges in this norm or, equivalently,

|v=plw £ sup vop€ U

lim  sup |ulA)~pe{A})]|=0
k—o Ac.B(X)

Most of the important results concerning the asymptotic behaviour of Markov processes require the
existence of an invariant probability (see e.g. References 11—13). If « is an invariant probability and $o
has distribution «, then & ~ 7 for all ¥ > 0, and in fact ® is a strictly stationary process in this case.
This fact may used to establish the existence of the limit of sample path averages of functions of & for
a large class of initial conditions. !

To establish ergodic theorems which hold for all initial conditions, stronger assumptions are needed.
A Markov chain @ is said to be aperiodic and positive Harris recurrent'®!* if a unique invariant
probability 7 exists such that for every initial condition x€ X, and every positive Borel measurable
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function f:X — R,

N
lim + D f(@) = S fdr as. [P
N D

N-oeo

lim |~ 7|w=0
k— o0
where ux denotes the distribution of the random variable ®; at time k.
This differs considerably from the standard definition, but is in fact equivalent. In Reference 14 an
aperiodic positive Harris recurrent Markov chain is simply called ergodic.
The following result relates the notion of Harris recurrence with the stability and controllability
condition introduced above.

Theorem A2. Suppose that conditions A1-A4 hold and that & is weakly stochastically controllable,
stable in probability and condition GA holds. Then & is aperiodic and positive Harris recurrent.

The following corollary follows easily:

Corollary A2. Let y: X — R be Borel measurable and suppose that the Markov chain & satisfies the
conditions of Theorem A2. Then for all initial conditions x€ X and all e > 0

lim P.{|yk| > e} =n{|y| > ¢}
k—c0

N
lim 1 D k= S y2dr as. [P

N—w Nk=|
If further for some & > 0 and x€ X, supx Ex[|yx|3*?] < M(x) < o then
lim Ex[y}‘l] = s‘ yZ d’ll' s M2}f2+£‘)< 0
N—-w
where yy is defined by yx = y($«).

(c) Structural robustness

Here we consider a parameterized family of systems {$°:0 < s < 1}. Foreachse€ [0, 1] we assume that
&’ is of the form (40) satisfying conditions A1—-A4.

Definition. A parametrized family of systems {®°:0 < s < 1} of the form (40) is called uniformly stable
in probability if for each deterministic initial condition x € X and each ¢ > 0 there exists a compact subset
C contained in X such that

lim inf P [®ieCl21—¢ forall0<s<
k —

We remark that the uniformity refers to the parameter s and not the initial condition x. This differs
from the definition of uniform stability given in Reference 10.

Theorem A3. Suppose that for each 0 < s < 1 the Markov chain & satisfies the conditions of Theorem
A2 and the following additional assumptions hold:

(i) [{®°:0<s< 1} is uniformly stable in probability.
(i) F*— F° uniformly on compact sets in X X R” as s ~ 0.

s weakly 0
(lll) Aw —:—6—') Hw
Then
weakly

s ———-6——') o
s—
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Corollary A3. Let y : X — R be continuous and suppose that the collection of Markov chains &° satisfies

the conditions of Theorem A3. Suppose further that for some ¢ > 0 and initial condition x€X,
SUpkez.,se(0,1] Ex[| ¥(@x)|?*°] < . Then

lim Syz d1r,=Sy2 dmo < o

s—=0
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