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Example: Assume that 6 belongs to FF = {0, 1} and A, = [ ], A
= * \l. Take By = B; = I, then (A,, B)) are controllable, i = 0, 1.

Then K, = I:n 01, ko € Ris the general solutionof A 'Ky + KgAy =

0and K has eigenvalues N\g; = kg, Ao2, = — Ko, s0 that K is an indefinite
matrix.

Also K, = 8" 4,1, ki € R is the general solution of ATK, + K A, =
0 and K| has eigenvalues A\, = k; with multiplicity two, so that K, is

positive or negative semidefinite for k&; = 0 or k| < O, respectively.

The triples (A,, B;, C,), i = 0, 1 are minimal with C; = F, = B,.TK, if
and only if the pairs (A,, Cy) and (A,, C,) are observable. Since A, and
A, are nonsingular matrices we require that K, and K; each be of rank 2.
which is true iff kK, # 0 and &, # O.

The triples (Ay, By, Cy) and (A, B,, C,) are uniformly stabilizable
with F = Tiff Ay = Ay — ByFCyand A, = A, — B,FC, are stable.
Now Ay = Ay — Ky = | ,,Ik(, B f"] which has real eigenvalues located at

+T + kL
Thus, the system is not uniformly nor adaptively stabilizable.
Wealsonotethat A, = A, — K, = [;T' Lll which has eigenvalues
Ay = —k; + iand \j; = —k; — iso that K, stabilizes A4, if k;, > 0.
Take 7;(0) = 1, so that the problem becomes a standard LQG
problem.

Now, since K| stabilizes A4,, we obtain
J#(xp) = inf (x/ K xo+ trBK(), K\ =diag {k.}
Ay

s.t. k; > 0 which does not have a unique positive definite *‘minimizing"’
solution.

CONCLUSIONS

It has been shown that the continuous-time version of the DUL
controller is optimal for a cost functional that includes a quadratic term
and a nonquadratic term referred to as the **dual or learning cost.’” Since
the DUL controller is a *‘passively learning’" controller it becomes clear
that there must be a probing effect induced by the original quadratic cost
functional that is removed by subtracting the **dual cost.”” We conclude
that no extra terms need to be added to the cost functional for active
probing of the system if a *“standard’’ quadratic cost functional is used.

The dual cost has been defined in [4]. A general theory for discrete-
time problems will be given in a companion paper which will appear at a
later time.
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Least-Squares Identification for ARMAX Models
without the Positive Real Condition
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Abstract—The main purpose of this note is to study recursive
identification problems of linear stochastic feedback control systems
described by ARMAX models, without imposing the strictly positive real
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(SPR) condition on the noise model. The key ingredient in the present
method is the introduction of increasing lag regressors to formulate the
least-squares estimates for the noise process, while the main techniques in
the convergence analysis are limit theorems for double array martingales.

I. INTRODUCTION

Let us consider the following linear stochastic control systems
described by the ARMAX model:

A@Wr=BQu,+C(2)w,, n=0 )

where y,, u,, and w, are the m-, /-, and m-dimensional system output,
input, and noise sequences, respectively, A(z), B(z), and C(z) are
matrix polynomials in backwards-shift operator z:

A@R)=I+A;z+ - - +A,z", p=0, (2)
B()=B 2+ B, 7%+ - +B,z9, q=0, 3)
C@)=1+Cyz+--- +C7, r=0 (4)

with unknown coefficients A;, B,, C, (i = 1,--p,j = 1,---q, k =
1-+-r), and known upper bounds p, g, and r for the true orders. Let us
organize the unknown coefficients into a parameter 6
O0=f-A -+ ~A,, B -~ B, Ci -+ CT". (5)
We assume that the innovation process { w, } is a martingale difference
sequence with respect to a family { F,,} of nondecreasing o-algebras, and
that the input u, is any F,-measurable vector for n = 0, i.e.,

Elw, ,|F,1=0, u, € F,, ¥vn=0. (6)

Thus, the input sequence may include any feedback control signal.
Furthermore, we assume that

n—1

1
p E wwl e #0, a.s., 7

i=0

sup Ef|lw,.||*| F,]1< oo, liminf Ay, {

Hw"“ =0(d(n)), a.s.. 8)

where {d(n)} is a positive nondecreasing deterministic sequence. Here
and thereafter the norm for a real matrix X is defined as | X|| = {Amu
(X X7} ", and the maximum[minimum] eigenvalue of a square matrix X
is denoted by A (X )[ Ao (X)].

Note that (7) implies that |w,|| = 0(rn) a.s. v¢ > 1/4, by the
conditional Borel-Cantellilemma [1]. Better bounds are also obtainable if
there are further assumptions, for example, || w,|| = 0({log n}'?) when
{w.} is Gaussian and white.

Since {w,} is the innovation sequence, it is natural to assume that the
noise model C(z) is stable (e.g., [2]), i.e.,

det C(z)#0, vz |zl=1, )

however. further a priori information on C(z) is generally unavailable
[3].

Estimation and its related adaptive control problems for system (1) have
been extensively studied over the last decade in the engineering literature.
Many identification algorithms have been proposed and analyzed (e.g.,
[2], [4], [S]). However, most of the existing recursive identification and
adaptive control algorithms need the noise model to be strictly positive
real (SPR) in the convergence analysis. Specifically, for the standard
extended least-squares (ELS) algorithm, it is required that

C'(eM+C "(e™)—-I>0, VA € [0, 27], (i*= —1).
This condition is obviously not verifiable @ priori, and necessarily implies
that ||[[C,---C/Ji< 1. Hence, it is a much stronger condition than (9).
Qualitatively, it means that the noise process C(z)w, is not ‘‘too
colored.™

It is also known that if the SPR condition fails, counterexamples can be
constructed such that the ELS algorithm does not converge [6].

© 1989 [EEE
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Several attempts have been taken to relax the SPR condition in adaptive
estimation and control. It has been suggested in [7] that in the scalar case,
if there is a known polynomial D(z) such that D(z)C~'(z) — 1/2is SPR,
then by modifying the ELS algorithm (incorporating prefiltering), strong
consistency of parameter estimates can be guaranteed (e.g., [2], [7]).
Unfortunately, the prefilter D(z) is generally unavailable. Another
interesting idea used in [3] is to guarantee the noise model SPR condition
by overparametrization, or to suitably increase the lag of the regression
vectors. However, this method needs a priori knowledge for the stability
margin of the C(z) polynomial and may not give consistent parameter
estimates, as is mentioned by the authors [3]. A further attempt was made
in [8] where the *‘pre-whitening’’ idea was proposed. This idea is to add a
white noise sequence to the output data in the implementation of the usual
estimation algorithms in order to estimate the unknown parameters 4; and
B;, while the noise parameters C; are estimated by a parallel algorithm
involving on-line spectral factorization. This approach applies to a special
class of linear regression models [9], but fails for general ARMAX
models as recognized in [9].

Similar estimation problems have also received extensive attention in a
related area of time series analysis. The main interest, however, is in
open-loop identification of stationary processes, since it is usually
assumed that either the system is subjected to no control actions, e.g., the
standard ARMA models [10]-[12], or the input sequence {u,} is
stationary and independent of the noise process {w,} (e.g., [13]-[15]).
This latter restriction excludes the application of the results in [13]-[15] to
general feedback control systems. This is because any real feedback
controller depends essentially on the system output and hence the system
noise, and in general is nonstationary. Anyway, in the following we will
see that some of the techniques in this area do turn out to be helpful in
solving our present problems.

In this note, we present an identification scheme for system (1) without
imposing the traditionally used noise model SPR condition for its
convergence. This scheme consists of two steps. In the first step,
estimates for the noise process are formed by using increasing lag least
squares. The parameter estimates for § are then formed in the second step
by using an ELS algorithm with regressors formed by using the noise
estimates of the first step. This algorithm is similar to those used in time
series analysis (e.g., [12]-[14]). The convergence analysis here, how-
ever, turns out to be completely different from those in [12]-[14] due to
the nonstationarity and dependency of the system signals {y., ¥,, w,} in
the present case. In fact, the recently established limit theorems for
double array martingales in [16] are the crucial analytical tools in this
note.

The note is organized as follows. In Section 1I we describe the
estimation algorithm and state the main results. The convergence analysis
is given in Section III, and finally, Section IV concludes the note with
some remarks.

II. MAIN RESULTS

Algorithm Description: Note that our objective here is, at any time n,
to give an estimate (n) for the unknown parameter 6 based on the
observation data {y,, #;_;, 0 < i < n} only.

Let { p,} be a sequence of positive integers such that | < p, < pn+1
<--- and p, = o(n). The estimation algorithm is divided into the
following two steps.

Step 1: For any n > 0, let us define the following regressors:
ilm)= 17 - yipev ], o ul, 01

O=si<=n-—-1 (10)

so that we can use the least-squares method to obtain the estimates { w;(n),
0 < i < n—1} for the noise process { w;, 0 < i = n~1} as follows:

w(n)=y,—al(n)y,_(n), Osisn-I, (1)
al,(n)=a;(n)+b,(MP.(n),(my,.,—¥](n)a(m),  O0=<isn-I,
(12)
P, (1) =P, (n) = b(n)P.(n)¥,(n)y(n)P,(n),
bi(n)={1+4](MP,(m)(n)} ' (13)

where the initial values &’(n) = 0, P,(n) = 81,8 > 0.
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Step 2: The estimate 9(n) for the parameter 6 at time n is then obtained
by an extended least-squares method with regressors formed by using the
noise estimates obtained above

(14)
i=0 i=0

n-l n-1
)= [2 edmel(my+BIT1 Y oim)y,

emy=1y] oyl ] ] W) e W ()Y

O<i=n-1. (19)
Remark 1: Neither of the two steps in the above algorithm are
surprising. The first step corresponds to the estimation problems of the
equivalent model C-'(2)A(2)y, = C Y(2)B(z)u, + w,, while the
second step corresponds to the standard ELS method. The use of
increasing lag least squares as in Step 1 was first suggested by Durbin
[17]. However, rigorous theoretical results for even the stationary case
have become available only in recent years (e.g., [12]-[15]). Of course,
more complicated algorithms similar to the Hannan-Rissanen method
[12} or that in [13] involving on-line order determination can also be
considered. In this case, the computations will become more complicated.
Remark 2: In [18] we also used the idea of a ‘‘two step’” algorithm.
The second step is similar. However, in the first step an enlarged lag ELS
is used instead of an increasing lag least squares as here. Of course, if we
know a priori the stability margin of C (z), then there may be no need to
introduce increasing lag regressors as in Step 1. In fact, in this case, by
the overparametrization method in {3], we may first choose a suitably
overparametrized system with an SPR noise model, and then use the
standard ELS method to form the noise estimates. So, in this case, Step |
can be replaced by a suitably large but fixed lag ELS algorithm. The key
idea behind this is that although overparametrization may not give
consistent parameter estimates, it does give good noise estimates (see [18]
or [20] eq. (29) and (31), for example).
The following main results of the note will be proven in Section III.
Theorem 1: Consider the system described by (1)-(9) and the ‘‘two
step’’ least-squares atgorithm defined by (10)-(15). Then as # — oo, the
estimation error satisfies

1
1B(n)-6|>=0 <m {pnlog r,+[d(n) log n]2+¢

+[palog r, 1%+ d¥(n) log'*“n+ nr, exp l—)\p,,]}> ,a.s.

for any e > 0, where A > 0 is some constant and r,,, A\,i,(n) are defined as

n—1
S (L RALLR

(16)
i=0
X n-1
M) & A § D @ilm)e(n)+BI ¢ ()
i=0
Let us now introduce the following regressors:
el=Iyl Y u W Wl T i=z0 (18)

which, in contrast to ¢;(n) defined by (15), is free of estimates and
depends explicitly on the three system signals {y;, 4,, w,}. Similar to (17)
we set

19

n—1
A2 (1) 2 A, {2 w?w?’+61} .
=0

Corollary 1: If, in addition to the assumptions of Theorem 1, the
regression lag p, in (10) is taken as p, = [log*(n + e)], a > 1, and the
growth rate of r, and A3, (n) defined, respectively, by (16) and (19)
satisfy

r,=0(n"), as., for some b= 1 (20)
and

log'*? n+{d(n) log n]?*" +d*n) [log n]®+<"? =0 (n)) (21)
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for some ¢ > 0, then as n = oo, the estimation error satisfies

- 1
|10(n)—0||2=0<)\0—(n) {llog n]'*¢+[d(n) log n]**

min

+d*(n) (log n](3+a)/2+e}) .

Proof: See Section III.
Thus, for example, if the noise is Gaussian, then d(n) given by (8) can
be taken as {log n} /2 since in this case || w,|| = O ({log n}?). It follows
from Corollary 1 that

PO log<“) n
l6(n) -6 _O<>\&m(") >

¢(€) = max {1 +a, S—?Jre} , ve>0.
Now, a key problem is: How fast is the growth rate of A%, (n). This,
however, cannot be solved if there is no further assumptions on the input
sequence {u,}. We now consider the ‘‘attenuating excitation controller’’
described in [19], [20], which includes a large class of feedback
controllers, and has been used in solving adaptive LQ control as well as
robust adaptive tracking problems (e.g., [19]-[21]). This kind of
controller is described as follows.
Let {v,} be a sequence of /-dimensional mutually independent random
vectors independent of {w,} with properties

1
n=0, vl = o n i< > € 0,51 22
Euy=0, Evyv},=y/n*, sup E|v,|*<e0, 1 [ 2(d+1)> @

whered 2 max (p, g, r) + mp — 1 andy > O is an arbitrary constant.

Without loss of generality we may assume that F, = o{ w;, v;, i < n}.
Let 49 be an /-dimensional and F, 2 o{w;, v;_,, i = n} -measurable
desired controller. Obviously, any feedback control law is of this kind,
and in the adaptive control case u?' is usually given by the ‘‘certainty
equivalence principle.”” The excitation techniques used in [19], [20]
suggest that the actual input for the system is

u,= u?l +uv, (23)
instead of u,, = u?,. We note that when p in (22) is taken as 0, then (23) is
similar to the *‘continuously disturbed controller’’ proposed in [22].

The following result is proved in [18], which is a generalization of
assertion (45) in [19].

Proposition 1: Suppose that for system (1)-(7), A(z), B(z), and C(z)
have no common left factor, and that at least one of the three matrices
{A » Bo» C,} is of full row rank. If the attenuating excitation controller
(23) is applied to system (1) and that

n—1

E {12+ 11,112y = O(n' +y,

1=0

1 -2u(d+1)
2d+3

a.s., for some 6 € [0,

where d and g are as in (22). Then for A%;,(n) defined by (19),

liminf \°, (n)/n°>0,  as.,a 2 1—(d+1)(u+8).
oo

Remark 3: We mention that if 4 = § = 0, then « = 1. Consequently,
the familiar persistence of the excitation condition is achieved for a class
of feedback control systems. Note that the control law (23) includes also a
large class of open-loop inputs, e.g., ARMA processes with innovations
{ Un} .

Remark 4: Several applications of the results of this note are
straightforward. For example, combining the estimation algorithm of this
note with the adaptive LQ controller in [20] or [19], we may get
simultaneously the minimality of control performance and consistency of
parameter estimates. It is also true that if we use the innovation estimate
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(11) to replace that in [18], then similar order estimation results are also
obtainable. Certainly, in these applications the SPR condition will no
longer be required.

III. CONVERGENCE ANALYSIS

In the convergence analysis of the algorithm, we will need estimations
for double array sums of the form

i-1
Sim)y=Y, fuW,o1s

j=0

O<i<n, n=].

Lemma I: Let {w;} and {f;,, 1 < i < n}, n = | be any m- and p,-
dimensional random sequences, respectively. Denote M;(n) = X J’.;(')]},,fl’"
+ B1, 3 > 0. Then,

n-1
N 1 M ()] S = O(Ps 108 Aan (Mo (n))) 4
j=0

and

n—1
tr {S: (M) 'S} = Y, 1w, wn=1.

j=0

(25)

Furthermore, if { w;} is a martingale difference sequence satisfying (6)-
(8) and f;, is F;-measurable forany 0 < i < n,n = 0. Thenas n — oo

tr {7 (MM, ()] 7' S.(1)} = O(Pn 108 Nax (M (1)) + 0({d () log n }2**)
+0({px log [e+ Anax(M)]} /2 [log! **n]ld*(n),  ve>0 (26)

and

n—1
NSz, DM () a2
i=0

=O(pn log+)\max(Mn(”)))+0({d(n) 10g n}ZH)
+0({ P l0g [e+ Mnux(M)]} 72+ [log! *<nld*(n)),

ve>0 27

where log*{ -} means the positive part of log{-}.
Proof: The key steps in the proof are first to use the matrix inverse
formula to get the following recursion (c;(n) = [1 +

Sl M ()]~ Sl =1
tr {87, (MM ()] ~'S,01(m)}

i+1

=tr {S7(n)[Mi(n)] "' Si(n)}
+2cmw,  SIIM ()]~ fn— ()| STIMi] " fulI?

i+1%0

+c(), MM Sl Wil

then to sum up both sides of the above equality and use estimations for
double array martingales to get the desired results. For details see [16,
Lemmas 3.4 and 3.6] together with their proofs.

We remark that when f; stands for the usual regressors (nondouble
array case), the quantity tr { S7(n)[M,(n)]~'S,(n)} is nothing but the
standard stochastic Lyapunov function frequently used in the literature
(e.g-, [2], [41, [5], [20], (23], [24D).

We now prove the main results of the note.

Proof of Theorem 1: Let us consider the estimation error for the
noise process first. Denote

C"(z)A(z)=l+§m: Gz, C"(z)B(z)=i Hz' (28)
and set B a
am)=[-Gy, - -G, ,H, -+ H, 1,

€(n)= i [-GyiotHua]. (29

1=p,+1
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Then by (1) and (28), (29) we see that Note that by (9), (28), (29), and the Schwarz inequality it follows that:

y,:a’(n)¢,,l(n)+e,,l(n)+w,- (30) n-1
> e
=0

which in conjunction with (11) yields

Wi(n) — w;=[a’(n) — @1 (M- (1) + €_,(n). 31 . ® -
23] 2 IG1 X 161 Iyl
Note that for any fixed n, (12), (13) is the standard least-squares im0 Uyep, Jopp

recursion, so we have

(i + 2 IHI Y IH)| !|uf-,+|||2}
Gi(ny= 9 3 v in) + 81 PRI 32) J=ppti s=pp1

j=0 j=0

© n—1
Substituting (30) into this we get <2 < E I Gj||>z E Ak
=0

]=p"+l

i-1 _1
&(m) - aln)= {2 w,-(n)w;(mwl} - y i
+2< > ||H,n> 3 )2

J=pp+t i=0

i-1
) [E Gimiw? +e}(n)]*6a(n)} =O0(r,exp { —Wpa.}),  for some A>0. (34)

Jj=0

Similarly, by (1), (7), (28), and the Schwarz inequality it is easy to verify

consequently, by noting ”\l’,-’,.(”){z;lfl) vi(m¥in) + BIY 7|2 = 1, we that
1 n—1

know that 0% liminf — 2 [l will
I

1¥7_, (mMlai(n) — a(m)]|?
1 n-1 @ s
i~1 yiml Slizlji:f; 2 {E (”Gjylﬂ H + Hfljuzﬁ'“)}
=3[¥7.(m) {E %(")‘P}("HB’} S G, |2 i Lo
Jj=0 j=0

i=0

<2 {E UG+ ||H,|\)} " liminf r,/n = O Qiminf r,/n) 3%

i-1 Lol n—oo n—oo

+3|¥r_(m) {E ¢,-(n)¢’,(n)+ﬁ1} IE Ve |2
j=0

j=0 and then we have

i1 n-1
#3097, ) [ ) ¢,(n>w,<n>+6’} a2 e Ao { X ¢’(")¢’T(")} SO e tpr O doe ). GO

i=0
i=0

Finally, substituting (34) and (36) into (33) we see from (31) that for any e

i-1 oy i-l > 0,
=3[y (m) {E ¢,(n)¢;(n)+61} ' > vimwr, |12

j=0 j=0

n-1
E ”WHl(n)_WHIHZ
=0

i—1 - i-1 )
+3 {2 ¢,(n)¢j’(n)+ﬁl} " > e 2 n n
1=0 j=o0 =0 Y ¥ miam) —amllH+0 | Y llem)?
=1

=1

i-1 -1/2 =0(p, log r,)+o({d(n) log n}>*%)
+Oly,_, () { 3w + 51} 1.
j=0 +o0({pnlog r,}Vd+<d¥n) log' **n)+ O(nr, exp { —A\p,})- (37)
Summing up from 1 to n, and applying (24), (25), and (27), we get Next, we consider the estimation error for parameter estimates. By (5)

and (18) we may rewrite system (1) as

i ' l(”)[&:(”)—"(")lnz )’:+|=07‘P?+ Wi+1=07‘Pu(”)+07[¢’?‘¢':(”)1+W:+|- (38)
=t Substituting this into (14) we obtain that

n—1
:O nl + ax ; 7 l 2+e N n—1 oy =l
<p o8 A {,E()lp(nwj(n)})JrO({d(n) o8 6(n)—6= [Z ¢1(n)<p7(n)+61:| Eso,(n)[so?—<p,(n)]’0
i=0

i=0

nl (/2 +¢ . .
to <{p" 108" Nmas I:E ‘I’J(”)‘LI(")]} Uog'“"]dz(ﬂ)> + [El qof(n)<p’(n)+61:| - 21 emw?, |
j=0 i it
i=0 =0
i=1 j=0 i-0

n o i—1 n-1 -1
+0 ( ||e,-(n)||2> : 33) ~ [E ‘Pf(n)w,’(n)+51:| Bo. (39)
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Note that by (15), (18), and (37),
n—1
E le? = (n)]I*=O(p, log r.)+o({d(n) log n}2+)
i=0

+o({ p,log r,}1P+<d*(n) log'*<n)

+O(nr, exp { —\p,}). (40)
Consequently by noting (35)
n-1
10g* Amax § O, @)@ (n)
i=0
n-1 n-1
=0 <1og* Selg J+o {logt 3 D Ied —eml?
-0 i-0
=0 (log r,)+ O (log n)=0 (log r,), a.s. 41)

Applying (25) and (26) to (39) and noting (40), (41), we finally get

I16(n)—61°
— 1 - ~12nl ,
o) L | 2 oo+ 8] X etlel - o
min =0 prt
1 (R ~12n-]) 2
+0 Monl) g eiln)e](n) +B1 ,E(, omwT
+0 I -0 1 "5:' H o (n)“z
Aoinr) )~ \ Awinl) 4 ®; @i
1 g 120} )
+0 A7) g%(”)‘ﬁ,’(ﬂ) g«:l(n)w:”
= ; 240
=0\ Rty (Prlo8 o+ Ld(m) log ]

+[palogr,] P d*n)log'*n+nryexpl - Xpn]}> .

This completes the proof of Theorem 1. #

Proof of Corollary 1: We need only to show that )\?nm(n) =
O(Npin(n)), but this is straightforward by (21) and (40), since with some
simple manipulations,

nol
N () =Nin § Y 0007 ¢ +8

=0

n n-1
<2 § D eme(n)+ 81 ¢ +2 3 00— e (n)]?

i-0 =0
<2Nnn(n) + O (log'**n) + O(1d(n) log n]***)
+0(d(n) [log n] O+ 1) = 2Nn() + 0 (A7 (M))- #

IV. CONCLUSION

By use of a ‘“‘two step’’ least-squares algorithm, we developed a
strongly consistent parameter estimator for ARMAX processes without
requiring the standard strictly positive real condition on the noise model.
An increasing lag least squares is used in the first step to estimate the noise
process, while the parameter estimate is formed in the second step by an
extended least squares. In the present algorithm, there is an increase in
computational cost in comparison to traditional algorithms. However, the
results of this note do not need any a priori information or conditions on
the noise model except that of stability, and are applicable to the
identification of general feedback control systems.
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Optimal Priority Assignment: A Time Sharing Approach
EITAN ALTMAN anpD ADAM SHWARTZ

Abstract—Jobs of several types arrive to their respective infinite
capacity discrete-time queues. During each time slot service of a single job
is attempted.

Nonstationary ‘‘time sharing’ policies are introduced to obtain
optimal controls for new constrained optimization problems. The criteria
are expected time averages of sizes of the queues. These policies and their
cost are computed through linear programs. The achievable region of the
vector of queues’ length is characterized. Other applications of time
sharing policies are discussed.
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