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CONTINUOUS-TIME STOCHASTIC ADAPTIVE TRACKING—
ROBUSTNESS AND ASYMPTOTIC PROPERTIES*
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Abstract. Adaptive estimation and control problems are considered for continuous-time stochastic
systems containing both modeled and unmodeled dynamics. The least squares method is used to estimate
unknown parameters included in the modeled part, which are used to update an adaptive control law. It is
shown that both the estimation error and the tracking error are bounded, and that the bounds are proportional
to constants dominating the unmodeled dynamics. Moreover, convergence rates of the tracking errrors are
established in the case where no unmodeled dynamics exist.
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1. Introduction. In recent years, much attention has been devoted to the analysis
of adaptive algorithms when unmodeled dynamics are contained in the system. It is
known that (see, e.g., [1]-[3]) unmodeled dynamics or even small disturbances may
cause instability in many adaptive algorithms when precautions are not taken. This
inspired the study of robust adaptive control where the primary purpose is to maintain
stability of the closed-loop system under violations of ideal assumptions. There is
already a vast literature on this topic, especially in the deterministic framework (e.g.,
[4]-[6D).

In the stochastic case, robustness results are much more difficult to obtain. This
results from the following “‘stochastic features™: (i) a priori upper bounds for the noise
sequence are usually not available, (ii) optimal or at least close to optimal rejection
of the noise effects is required, and (iii) traditionally used supermartingale methods
fail due to unmodeled dynamics. An initial attempt toward robustness analysis for
discrete-time stochastic adaptive systems was made in [7], where an a priori assumption
on the input-output data was required. This assumption was later removed in [8] for
a large class of stochastic systems represented by a full ARMAX model plus unmodeled
dynamics.

While discrete-time adaptive theory is well developed, the corresponding con-
tinuous-time analogue becomes a natural concern. There is no doubt that results of
this kind are interesting and important in many situations. Unfortunately, it seems that
they have received less attention in the literature, and that only some initial works in
the adaptive estimation aspect are available (see, e.g., [9]-[12]).

In this paper, we consider both estimation and control problems for stochastic
systems described by stochastic differential/integral equations. The adaptive control
law is defined based on a continuous-time analogue of the least-squares estimation
algorithm. We show the following:

(i) That the least squares method has some degree of robustness when unmodeled
dynamics are contained in the model, provided that the system is ““persistently excited.”

(ii) That the closed-loop adaptive system is stable, with a tracking error upper
bound. This bound implies that the tracking error will decrease when upper bounds
on the unmodeled dynamics decrease.
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(iii) That if there are no unmodeled dynamics, then the least squares estimation
results parallel those obtained in the discrete-time case (see, e.g., [13], [14]); further-
more, in the present paper we provide a precise convergence rate for the tracking error,
which in the discrete-time case still remains a standing issue.

We state here that the above-mentioned results are established under the assump-
tion that the strong solution of the stochastic differential equations describing the
closed-loop system exists. And for the time being, we know of no way to verify or
sidestep this assumption. However, we believe that many of the ideas, techniques, and
results presented in this paper are necessary preliminaries for future study.

2. The system description. Let {F,} be a family of nondecreasing o-algebras defined
on a probability space (Q, F, P), and let the system to be considered be described by
the following stochastic differential/integral equation:

[I+pSH\(S)IA(S)y, = [1 + > Hy(S)ISB(S)u, +[1 + p;SH3(S)1C(S) v,

(1)
+IJ«4S§:(J’, u), tio’ }’0=0, u0=09 §0:0

where s denotes the integral operator (e.g., Sy, =If) y.dz), and y, and u, adapted to
{F,} are m-dimensional output and I-dimensional input, respectively. The quantities
wi, i=1,-+ 4, are small constants, H,(S), i=1,2, 3, are unmodeled matrix transfer
functions, and £,(y, u), dependent on the previous observation {y,, u,, 0=s=t}, is an
unknown nonanticipative measurable process characterizing the unmodeled dynamics.
Finally, v, is the system noise that is generated via a known filter D™'(S) from a
standard Wiener process (w,, F}):

(2) D(S)v,=w,, t=0.

Assume that A(S), B(S), and C(S) are matrix polynomials in S, with unknown
coefficients but known upper bounds for the true orders:

(3) A(S)=I+A,S+ - -+A,S", p=0,
(4) B(S)=B,+B,S+---+B,S"", g=z=1,
(5) C(S)=I1+C,S+---+CS’, r=1,
(6) D(S)=I1+D,S+---+D,S".

Note that (1) may be rewritten in the form

(7) A(S)y.=SB(5)ur+C(S)U:+77:,
(8) N = wsSE(y, u) — u SHi(S)A(S)y, + u2SH,(S) B(S)u,
+ w3 SH(S)C(S)v,.

We remark that, if the unmodeled dynamics are removed, i.e., n,=0, for all =0,
then the model (7) is reduced to the one considered in [9]-[12]. Clearly, in this case
model (7) may be rewritten in the standard linear state space form, and the output
process {y,} can be uniquely‘determined by the process {u,, w,}. In the general case,
it is natural to assume that {y,} can also be determined by {u,, w,} via (7)-(8).

We denote the collection of unknown matrix coefficients of A(S), B(S), and C(S)
by 6:

(9) 0"=[-A,+--—A, BB, C---C]l
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Inthe sequel, 6 is estimated by the continuous-time extended least square algorithm
[10]-[12]:

(10) dé,= P, D(S)(dy; — 76, dt), 6,=0,
(11) dP,=—-P¢,p;P,dt, Py=al (a=dimof ¢,),
(12) e S N L A T THE s T HE R
(13) b, =y, —S67¢,.

Obviously, if »=0, then (10) and (11) can be expressed as
(14) 6. = P, J" b, dy{+ Pi(P)”'6,,

rO -1

(15) P= (L obr ds+a“) ,

and the right-hand side of (14) is completely determined by the observations {u,, y,,
s=t}

In the general r> 0 case, however, the regressor ¢, depends on {6,, s = t}. Then
(10) and (11) constitute a system of nonlinear stochastic differential equations for 6,.
The existence of the solution is far from obvious since the typical Lipschitz condition,
which plays a vital role in the standard theory of stochastic differential equations (see,
[15, Chap. 4], for example), is hard to verify in the present case. For that study, the
introduction of new techniques seems to be necessary, although our differential
equations are well motivated.

Henceforth, we assume that the stochastic differential/integral equation (10)-(11)
has a unique strong solution {6,, t =0} in the sense of [15, pp. 127].

Set

(16)  ¢7=[yi,Syi- S 'yl ul, Sui--- S ui, w7 -+ - ST,
17)  ¢,=[0---0,0---0,87---8"7'67]"  &,=v,-1D,

(18) Y, =[yl--- 8”1, Us=[ul-- ST,

(19) V=[] 87'), V=[8-S, Vi=V,-V.
Then it follows that

(20) =LY, UL, VIl ¢°=[YI, U, Vil ¢=1[0,0, VT
Furthermore, we set
-D, - .-+« =D, -C, - - =C,
I 0 “ e 0 I 0 P 0
21) F,=| 0 <o, F.=] 0

By use of these kinds of matrices it is easy to represent an input-output equation
in state space form. For example, from (2) and (19) we may write V, as

(22) dV,=F,V,dt+[L0- - - 0] dw,.

In the sequel, similar representations will be used without additional explanation.
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On the unmodeled dynamics 7,, we make an assumption similar to that used for
discrete-time systems in [8].
Assumption 1. There is a real number £ =0 such that

(23) [ Wiaszen, =0

0

where
(24) N = maéi(y, u) — w Hi(S)A(S)y, + o Hx(S) B(S)u, + us Hy(S) C(S)v,

and

(25) rf=e+J l|bsl|? ds.
0

We also need the following condition on the noise model, which in the discrete-time
case is a standard assumption.

Assumption 2. D(S) is stable and the transfer matrix D(S)C~'(S)— I/2 is strictly
positive real.

At first sight, Assumption 1 is somewhat hard to understand and rather restrictive.
However, the following examples show that there is at least one substantial and
important class of dynamical systems that does satisfy this condition.

Example 1. Let the single-input and single-output system be described by the
following system with additive noise:

(26) Yi = Go(S)UI +nGi(S)]Su, + v,

where Gy(S) = B(S)/A(S) represents the nominal transfer function, whereas G,(S) is
the unmodeled transfer function and is assumed to be stable and proper.

When the additive noise v, is identically equal to zero, then the system is reduced
to the deterministic one, and it coincides with the model considered (e.g., [6]) in the
robustness analysis for deterministic systems.

Putting the expression for G,y(S) into (26) leads to

A(S)y, = B(S)u,+uSG,(S)B(S)u, + A(S)v,.
Comparing this to (7) shows that in the present case
(27) 1= nG\(S)B(S)u,.

We now prove that Assumption 1 is satisfied for the system (26). For this the
following auxiliary result is needed. We formulate it as a lemma, as it will also be
used in the proof of the main results to follow.

LemMA 1. Let E(S) and F(S) be matrix polynomials in the integral operator S,
such that the transfer matrix F(S)E~'(s) is stable and proper. Then

t t
J ||F(S)E"(S)xz||2dz§cj l|x. |1 dz
0 0

for any square integrable function {x,}, where c is a constant depending on E(s) and
F(S) only.
Proof. Let us write

E(S)=I+ES+---+E,SY  F(S)=I+F,S+---+F,S*



Downloaded 07/10/20 to 124.16.154.245. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

CONTINUOUS-TIME STOCHASTIC ADAPTIVE TRACKING

and set
Zr=Epl(S)xra Z,=[z{ - 'Sd‘lzj]f-

Similar to (22) we have

(28) Z,=FSZ +[x{,0---0]"
with
-E, -+ -+ -E,
I 0 - 0
F,= 0
0 - I 0

The above linear differential equation has the solution

Z,=F, J exp {F.(t—s)}[x;,0---0) ds+[x7,0---0]".

0

Since F, is stable, there are constants ¢, =1 and p > 0 such that
lexp {F.t}||Sc,e™™ Vt=0

where here and hereafter ¢;, i=1,2, -+, denote constants.
It then follows that

j \Z.? dz =2 Fo P j { H j exp [Fu(z=8)](x7,0- - - O] ds
0 0 0

=2(c)’| E.|)?

2

+||xzu2} dz

0 0 0

(29) .
§z<c,>2p~‘nFen2[ {[ exp[—pu—s)]nxsnzds+nxzn2} dz

0 0

t 1
§z<c1>2p“'uFeu2{j ||xz||2dz+p—‘j Il as)
0 0

<2 | F P+ o j ) ds
0

Furthermore, by (28) it follows that

X
-1 0
SZ,=(F,) ' {Z—-].
0
and
t 1
(30) [NEARCER N
0 0

by (29).

[ e tmpz-onas [ expt-pG-sninl? ds+ el
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Finally, the lemma follows from (29) and (30):

J |F(S)E~"(S)x,|? ds=J |z, + F\Sz,++ - -+ F,8,||* ds
0 0

=J ILLO- - 01z, +[F, - - - F,1SZ| ds
0

IA

¢ J llx, 117 ds. O
0

We now turn back to show that 7, given by (27) satisfies Assumption 1.
Set

x, = uB(S)u,.
We then have
t t
I ||xs”2 ds= ,uz I "Blus+ U +Bqu“1uS||2 ds= ;ch3r,,
0 0

where r, is defined by (25) and c; is a constant.
Finally, applying Lemma 1 to (27), we find that

t

f il as= | ||Gl<s>xs||2dsécj I ds = ecar,

0 0 0

which verifies (23) with & = u’cc;. d
Example 2. Consider the following system:

A(S)y, = SB(S)u, + C(S)v, + S&(y, u).

When the last term is identically zero, this model becomes the continuous-time analogue
of an ARMAX model (see, e.g., [9]-[12]).

It is clear that Assumption 1 is verified if the nonlinear part &(y, u) is one of the
following forms:

&(y, u) =€y, sin (t) + &,u, cos (1),
gt(ya u)=81 Sin (y1)+82 Sin(ul)s €i€[09 S]a lzl’ 29
and so on.

3. Robustness of parameter estimation. We now show that the estimation error is
proportional to the constant & defined in (23) if the input-output data is persistently
exciting.

THEOREM 1. If Assumptions 1 and 2 are satisfied, then

limsup |6, — 0| = ake, a.s.

1—->00
where a € (0, 00) is a constant, ¢ is defined in (23), and

k=limsup r,/ A nin(t) <0

t->00

where Ain(t) denotes the minimum eigenvalue of P;".
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For the proof of this theorem we need the following lemmas.
LeEmMMA 2. Under the conditions of Theorem 1, there is a constant ko> 0 such that

t

. . (1/2)+7
tr 0,’PT‘0,§O(1)+O({J ll g II? ds} )+O(10g r)

0

t 1 t
w2 (k-2) [ e ase [ D) as),

0 0
Yn>0, ¢>0,

where 6, =0 — 0, 8= 5,’(1),.
Proof. By (7) and (16) it is easy to see that

dy, = 07¢| dt+ dv,+ 7, dt
=0}, dt+ 0", dt + dv, + 7, dt
and hence
0}, dt = dy,— 07, dt +(6,— 0)", dt — dv, — 0, dt
(31) =db,— 7, dt — dv, — %, dt
=—di,— 67 ¢, dt — 7, dt

or
d~r . do, -1 .
(32) C(S)(;lﬂ =-—g —"n or (i) =—-C7(S)(g+ 1)
Let us now set
_JIC(S)-D(S)]] - , &.
(33) j; - { S } U, + 2 s

it then follows that

[D(S)C_'(S)—I]}
M-

(34) fi= [D(S)C“‘(S)——zl] g,+{ -

From this and Assumption 2 there are constants k,> 0, k, > 0 such that

(35) J’g:{f;+[I‘~D(S)C—](S)]7.’s-k0gs] ds +k,> 0.

0
From (10), (32), and (33) it follows that
df,=—P,¢,D(S)[dy; - ¢76, dt]
=—P,¢,D(S)[dv, — dﬁt]‘r
(36) =—P¢,[dw,—db,— Db, dt—- - -—D,S" ', dt]”
= _Pr¢t [gt dt+ 7‘71 dt+ C(S) ; D(S) 5: dt+ de:I

1 T
=-Po, (f, dt+5g, dt+ 17, dt+dw,) .
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Applying Ito’s formula, we obtain
d[tr 67 P7'6,1= —2g7[f, dt+ 7, dt+dw, ]+ ¢ P, dt
==2g/{fi+[1 = D(S)C7'(8)1%, — kog.} dt
+2g7[1- D(S)C7!(8)], dt —2ko| g.|* dt
—2gin, dt —2g7 dw,+ ¢ P, dt;
then by (35)
0=tr §7P;'9,

t
(37) =tr 55P3‘50+J ¢TP.p, ds+2k,
0

t

+z{-kof ||gs||2ds—j giD(S)C”‘(S)ﬁst*I g1,
0

0 0

Noting the following elementary facts:

t t t
ZJ aIbSdsécI ||as||2ds+c"J' |b)>ds Ve>0,
0 0

0

J ¢:Pv¢sds=J tr [Py dS]=j tr [P, dP;']

0

"d(det P;")
L qer - = Ollog ),
and applying the following estimate for the Ito integral (see, e.g., [16, Lemma 4]):
t t 1/2+m
(38) J X7 dws=0(1)+o<{J (EAR ds} ) as.V9>0,
0 0 ’

for any predictable process (x,, F;), we can easily conclude the lemma from (37).
Lemma 3. If F, defined by (21) is stable, then

1 t
39) 7j V.Vids> R a.s. ast—>©

0

where V, is defined in (19) and
I o0
] exp {FaA} dA.

R2& F,A
L exp {F, }[0 0

Proof. Since F, is stable, there exists a positive-definite matrix P> 0 such that
PF,+F P=—-1
By this and the Ito formula we see from (22) that
I I

0 0
d[V{PV,]= V{(PF,+F;P)V,dt+tr{ |. |[L0---01Pdt+2VP|. | dw,

1
I 0
=—||V,|? dt+tr [0 0]Pdt+2V,’P 0 dw,.

0
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So it follows by applying (38) that

t I 0 t 1/2+7m
(40) V,TPV,+J nVs||2ds=tr[0 O]Pt+o<{J‘ ||VSH2ds} )

Consequently, we conclude that

(41) j IV ds=0(r), as.

0

Again, by the Ito formula we get

t t I
V,V,T=(JV V.Vg ds) FZ‘*‘E:(J V,V; ds)-i-[ O]t
0 0 0 0

1
t 0 t
+J . dwsV§+J’ V,dwi[1,0---0]

0 0

and hence
t
J V.,V ds
0
.
t z 0
(42) =J exp [F,(t—2z)] J' awVi+ Vidwi[LO0--- 0)pexp[Fa(t—z)]dz
0 0 .
0]
! I 0]
+| exp[F,(t—2z)] 0 0 zexp [Fa(t—2z)] dz
0 -

We now consider the first term on the right-hand side (42). By (38), (41), and the
stability of F,, it is easy to see that there is a constant p > 0 such that

I

t

t
J exp [Fy(t—2)] J 0 dw,Vi+ Vidw[1,0---0] yexp[Fi(t—z)] dz

0 0

0
t z 1/2+n
=0(J exp[—zp(t—zn{j ||vs||2ds} dz)+0(1>

0 0
= O(J exp [—2p(t—2z)]z"/**" dz) =0(t"**") V¥gn>0.
0

Hence the lemma follows immediately from this and (42).
Proof of Theorem 1. Since D(S)C™'(S) is strictly positive real, C(S) is stable.
Then by Lemma 1 and Assumption 1, it follows that

j | D(S)C~'(S)n,||* ds = ecor, forsome c,> 0.

0

Taking ¢ <2k, in Lemma 2, we see that

t
(43) 0=tr §7P;'6,=0(1) —<k0—§> J llg;l|* ds+ O(er,)+ O(log r,).
0
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Then for sufficiently large ¢
tr (67P;'6)
)\min(t)

)\ml(t){o(l) - ("o—g) L llg.||> ds+ O(er,) + O(log ,,)}

= o('—"g—") ~——rlf(k0—§) J lgs|I? ds+ O(zk).

r t 0

tr 5,’5,

liA

(44)

IIA

Since ¢ <2k,, the desired result will follow if we can show that r,»> 0, as t - 0.
We prove this as follows.
From (32) it follows that

3

= "'J' €Xp {Fc(t—s)}[gs-'- 779] ds.

0

Then by (43) and Assumption 1, we have for some p>0 and ¢,>0

J Il‘lll2dz§J
0 0
2

é(cmj {j eXP[~p(z—S)][||gsll+||ﬁs||]dS} iz

0

2

dz

J exp {F.(z—s)}{g,+n,]ds

gzwj j exp [—p(z=9)] dsj exp [—p(z — )L g |+ | s dsdz

0 JO 0

45 =207y j j exp [—p(z )] dz [lg, |+ [ 7] ds

0 Jz

=2p7(c,)? j g+ 1,71 ds

=2p7%(c)){O(log r,) + O(er,) + er,}
= O(log r,)+ O(er,).

Assume the converse were true, i.e., r, was bounded in ¢; then from (45) it would
follow that [; || V.|| dz would be bounded. But by (20) and (25) it is clear that

t t t t
r,zj ||Vzl|2dz=J |!Vz||2dz+J ||Vz||2dz—2j ViV, dz.
0 0 0 (1]

From this and the boundedness of r, and j; I v, |* dz, it follows that
J | V.|? dz is bounded.
0

This contradicts Lemma 3. Hence r, > 00, a.s., and Theorem 1 holds. 0
Remark 1. If in (7) the unmodeled dynamics {7} are identically zero, then we
may take ¢ as zero in Assumption 1. In this case, it follows from (44) that

~ log r,
2_pf 10817
le=o0 (Ammm) as.

This result is the continuous-time version of that obtained in the discrete-time case
(see, e.g., [13]-[14]). See also [12] for related results.
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4. Robustness of adaptive tracking. Let {u?} be a bounded deterministic and
differentiable reference signal with ud = 0. Our objective here is to design the adaptive
control u,, so that the output {y,} tracks the output of the following reference model:

E(S)y¥f=uf

where E(S)=I+E,S+---+E,S" is a stable matrix polynomial.
Similar to (18), we set

Yi=[yt- - ST

By a representation similar to (22), it is easy to see that { Y¥} is a bounded sequence.

From now on, we assume that the upper bound for the order of the polynomial
A(S) is equal to that of C(S), i.e.,, p=r.

Similar to the discrete-time case, we need the following standard minimum phase
condition.

Assumption 3. B(S) is stable.

Let us define the adaptive control u, via the following equation:

*
(46) 00 =2
This together with (1), (10), and (11) form a system of nonlinear stochastic differential
equations, for which the existence and uniqueness of the strong solution is assumed.
THeOREM 2. Consider the system (1)-(6) with p =r, and the estimation algorithm
(10)-(11). If Assumptions 1-3 hold, and the control law is defined from (46), then there
exists £,> 0 such that whenever ¢ in (23) lies in the interval [0, €,), the following properties
hold:

1 T
(47) lim sup-—-J WY AP+NUP) dt<o  as.
T->00 T 0
and
1 T
(48) lim sup—j |Y,— Y*|?dt=tt R+6 a.s.
T T 0

where |8| = O(&'/?), and R is defined in Lemma 3.
Proof. From (13) and (46) it is easy to see that

(49) yi—y¥=90, Y=Y, =V,-V.
Note that
T A
(50) rT:J WY P+ NUP+ VP dt+e.
0
We have by (39), (45), and (49) that
rT
(51) || Y:|I? dt = O(T)+ ecsrr+ O(log rr), ¢;>0.
JO

From this, (7) and the stability of B(S), we have

T

(52) |U? dt= O(T)+ecrr+O(log rr),  ¢;>0.
0
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Note also that by (45) and Lemma 3, we have
T T
J I V,]]Z dt=0(T)+2 J I ‘7,||2 dt = O(T)+ ecsry+ O(log rr).
0 0

Hence, combining (50)-(52), we have
re= O(t)+ ecgr,+ O(log r,), ce=>0,
which yields

lim sup%’<oo forany £ €[0, &,)

1—>00

with £, =1/c¢s. Thus (47) is true.
We now proceed to prove (48). From (45) we have for any ¢ €[0, ¢,),

1 log T

- e 2 g — .
(53) L[ i a=0(*2L) +oce)

then by (49)

T
LI v vnov-vaya
0

1 (7 - ~
=T (Vi=V)(V,—V,) dt
0
(54) l T 1 T -~ 1 T . .
=— V., Vi dt+— V,vVidt—— V,Vi+V, V7)) dt,
TL TL Vi TL( Vi) di
1 (7 log T) ({logT }‘/2)
=R+|—=| VVidit—R |+ + + + .
R [TL V: R] O( T O(e)+0 T €
Hence (48) is also true. 0

Remark 2. If the initial value of the reference signal is not zero, i.e., u¥ # 0, then
we may replace (46) by

%k
_dz}

0: =T
¢ dt

where z¥= E7'(S){u¥ —exp (—t*)u¥}. In this case, Theorem 2 is true for {z¥}, which
approximates {y¥} exponentially.

5. Asymptotic behavior of adaptive tracking. In this section we assume n, =0 in
(7). For this ideal case we give the convergence rate for the adaptive tracking errors.
It is worth noting that the corresponding discrete-time results have not yet been
established (see, e.g., [17], for related discussions).

LemmMmA 4. Let {x,} be any measurable process adapted to {F,}, satisfying

. ("
lim sup — J lx > dt=k, < a.s.
T 00

T,
for some constant k,. Then
-
J x, dwy
0

(55) lim sup

1
e ——— <® .S.
7o (T loglog T)"? @s
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Proof. Without loss of generality, we assume that x, and w, are scalars. Taking a
constant k, so large that

(kz)z_‘k2+2(l_k2)k1>0, k2>1,

we have
T T T
J (ky+ x,)? dtzj (x,)? dt+(k2)2T-—2k2‘[ |x,| dt
0 0 0
T T
= j (x,)? dt+(k2)2T—k2[T+J (x,)? dt]
0 0
Consequently,

J (ky+x)* dt=00 as.

0

Now, define the following stopping time:

T(t)=inf{s: JS (ky+x,)>dz= t}.

0

It is known that

(1)
J. (ICZ-F Xk) CiMQ
0

is a Brownian motion (see, e.g., [18, Thm. 4.5]). Then by the law of the iterated
logarithm for Wiener processes, we have

1
)1/2

56 —7
(56) (tloglogt

=0(1) as.

(1)
J. (ké +_]%) ‘iMG

0

Denoting
(57) a(t)=J (ko +x.)” dz,
0

it is evident that a(7(¢)) = . Then (56) and (57) imply
1

[a(T) loglog a(T)]"?

as T - o0, From this and the fact that a(T)/ T = O(1), it follows that

1
[T loglog T1"?

J (k2 + x,) dwsi =0(1) as.

J (k2+xs)dws|=0(1) a.s.

0

T
J x, dw
0

(ke +

and hence

v
[T loglog T1"?
1
é___.__.~._
[T loglog T]"?
=0(1) as.as T>0,

completing the proof. a

}

T
J (ky+x,) dw,
0
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We are now in a position to prove the following main result of this section.

THEOREM 3. Consider the system described by (7) with m,=0 and p=r, and
estimation algorithm (10)-(11). If Assumptions 2 and 3 are satisfied, and if the adaptive
control is defined from (46), then

log T
.s.as T o0
T) as.as T oo,

(58) IR~ RI?= O
where R is given in Lemma 3 and

1 T
Re=1 [ - vnon-vira

0
Proof. We first consider the convergence rate of 1/ T j()T V,V; dt.
From (40) it is clear that
T

1 1 0
lin;ﬁsotlp?J'O ||Vs||2ds§2tr|:0 ]P.

0
Then Lemma 4 implies
r
J Vidwy

li —_—s <00 as.
M SUP T loglog T) 2 || ), as.,
and hence
I
t z 0
J exp [F,;(t—2z)] J | aw, Vi+V,dwi[L0---0]pexp[Fy(t—2z)] dz

0 0 .
0

=O({tloglog t}'/?) aus.
Consequently, it follows from (42) that

” 1 4[) : J{) { } [ ] { }
— sVs - €X N S
T ) 4 0 0 4

B log log T}'”)
- o({reele T},

Setting ¢ =0 in (53) and (54), and using (59), we see that

© I 0
R = J exp {Fds}[ ] exp{Fgs} ds
0 0 0

ro{ [ ) cofe87) of[247) )

0 1/2
=L exp{Fds}[; g] exp{F}s}ds+O({g} ),

which verifies (58). Hence the proof is complete. O

(59)
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