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Tracking Randomly Varying Parameters:
Analysis of a Standard Algorithm*

L. Guo,t L. Xia,t and J. B. Mooret

Abstract. In linear stochastic system identification, when the unknown param-
eters are randomly time varying and can be represented by a Markov model, a
natural estimation algorithm to use is the Kalman filter. In seeking an understand-
ing of the properties of this algorithm, existing Kalman-filter theory yields useful
results only for the case where the noises are gaussian with covariances precisely
known. In other cases, the stochastic and unbounded nature of the regression
vector (which is regarded as the output gain matrix in state-space terminology)
precludes application of standard theory. Here we develop asymptotic properties
of the algorithm. In particular, we establish the tracking error bounds for the
unknown randomly varying parameters, and some results on sample path devia-
tions of the estimates.

Key words. Randomly varying parameters, Tracking error bounds, Kalman filter,
Large deviations.

1. Introduction
Let us first define the signal model class and estimation algorithm.

Signal Model. Consider the following linear regression model:
n=ebto, k=0, (1.1a)
Oir1 = FO, + Wiry, E|6,]* < o0, (1.1b)

where 8, is viewed as time-varying unknown parameters having a Markov model
representation. The noise sources {w,} and {v,} are mutually independent and also
independent themselves, with zero mean and covariances

EfWpa Wi ] =0, 20, E[vg410k+11 =R, > 0. (12)

(Generalization of our theory to the case of time-varying covariances is straight-
forward.) The measurement y, is assumed scalar, and the regression vector ¢, is
stochastic and belongs to &, _, —the g-algebra generated by {yo, y15---s Ya-1}-
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Much of the work done in stochastic system identification has been concerned
with identifying the parameters 6, in (1.1) for the case when 6, = 6, is constant, that
is, when F = and the covariance of w, is zero. Typically, ¢, is viewed as the
regression vector of an ARMAX model and least-squares identification of 6, is
applied. When 8, is time varying, one natural approach to use is to model 6, as in
(1.1b) where all eigenvalues of F lie in or on the unit circle, i.e., |4,(F)| < 1 for all i.
In such cases, the natural performance criterion is tracking error.

Estimation Algerithm (Kalman Filter). Consider the following estimation algo-
rithm associated with (1.1):

A A FP., A
0oy = FO, + ——————(y, — ©76)), 1.3
k+1 kTt R+ ¢1:Pk¢k(yk o 6y) (1.3a)
FP oo P F*
Py, = FRF — —OO0L (1.3b)
ket . R + ¢ P, ¢

where P, > 0,Q > 0,and R > Oas well as 90 are deterministic and can be arbitrarily
chosen. (Here Q and R may be regarded as a priori estimates for Q,, and R,
respectively. We stress that even if @, is singular, Q must be chosen to be nonsingular
to achieve a “short-memory” algorithm, meaning that the adaptation gain in (1.3a)
does not diminish to zero.)

It is known that if the noise source {w,, v} is a gaussian white noise sequence,
then 6, generated by (1.3) is the best estimate for 6,, and P, is the estimation error
covariance, i.e., X \ .

8, = E[0|F_1 1, P, = E[0,6{|%-, ],

provided that Q = Q,,, R = R,, 8, = E[8,], and P, = E[8,6], where 6, is the
estimation error: B X
6,=6,—46,. (1.4)

This remarkable result was first observed by Mayne [M1] and later expanded on
by various authors, e.g., Astrém and Wittenmark [AW] and Kitagawa and Gersch
[KG].

In the nongaussian case, however, the properties of (1.3) applied to (1.1) have
not been well studied. The reasons for this may be explained as follows. (a) In
the time-varying case, there is no almost sure parameter convergence. Also, the
stochastic Lyapunov function technique, as well as the traditional martingale limit
approach used in the convergence analyses of both the least-squares (e.g., [L], [M2],
[LW], and [CG1]) and the stochastic-gradient (e.g., [CG2]) algorithms, cannot be
directly used in the time-varying case. This is so even though (1.3) is the standard
least-squares algorithm when F = I, @ =0, and R = 1. Similar observations are
also made in [MC]. (b) The algorithm (1.3) is a Kalman filter when Q = Q,, and
R = R,. 1t is optimal in a linear minimum variance sense when ¢, is deterministic
(e.g., [AM1]), not stochastic as here. Thus, the stochastic nature of the regressors
precludes applicability of the useful properties of the Kalman filter, even when Q,,
and R, are precisely known. (c) The existing theory for time-varying linear systems
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usually requires that the system output gain matrix (i.e,, ¢, in the present case) is
bounded for all k (e.g., [AM2]). This requirement turns out to be unrealistic for
applying the theory to general adaptive control and identification problems. This
is especially so in the stochastic case, because ¢, may contain the past system inputs
and outputs, and the system noise may be unbounded. Hence, the unbounded
nature of the regressors {¢,} also precludes the direct application of the standard
theory.

In this paper we establish asymptotic properties of the Kalman filter when it is
used as a parameter estimator for stochastic linear regression models. The main
contributions of the paper are the following:

(i) For the case where the parameters are generated from a stable linear model,
i.e., (1.1b) with |4;,(F)| < 1, upper bounds for the averaged tracking errors are
established without any excitation requirement.

(i) In the cases of drifting parameters, ie., (1.1b) with F = I, and disturbed
parameters, ie., 0, = 0, + w,, averaged tracking-error bounds are also
established under some excitation conditions on the regressors {,}.

(iit) If instead of the averaged values, the tracking error itself is concerned, large
deviations of the estimates may occur, and the rate for these deviations is
also established.

2. Tracking-Error Bound

In the following we denote by 4.,,(4) and 4_;,(4) the maximum and minimum
eigenvalues of a matrix A, respectively, and let [|4}j = {1,,..(44%)}"* be its norm,
so that |[A]| = A4,,,(4) when A4 is symmetric and nonnegative definite.

Let us first denote

Ky = FPo(R + (P;Pk%)-l (2.1)

and rewrite (1.3) as
6,01 = Fb, + Ky (3 — 080, (2.2a)
Pesr = (F — Ky@?)P(F — K 0f) + K RK} + Q. (2.2b)

The lower bound to the tracking error is relatively straightforward by combining
(1.1b) and (2.2a), indeed, we have

Theorem 2.1. Consider the signal model (1.1) and algorithm (1.3). If Sup, E||w,||*** <
o0 for some ¢ > 0, then

inf E|6,]1 > tr(Q,,) (2.3)
k
and
fim inf% T 1602 > tr(Q,) as. (2.4)
n—ow i=1

where Q,, and 0, are defined by (1.2) and (1.4), respectively.
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Proof. By (1.1) and (2.2a), the error equation is
By = (F = Ked)B — Kivy ~ Wiy 2:5)

Set f, = (F — K, ¢0)6, — K,v,; then {féwis1} is a martingale difference sequence
with respect to the o-algebra generated by {v;_,, w;, i < k + 1}, so the first assertion
(2.3) follows from (2.5) and the orthogonality of f, and w,.,.

Now, by an estimate for the weighted sum of martingale difference sequences (e.g.,
[LW]), we know that

Z": SifWiy = 0({2": ||f.-l|2}“/2)+n> as. forall ne(0,1%).

Consequently, it follows from (2.5) that

TIPS S P ety
lim inf - Zl 16:1% = lim inf _ZO {107 + 26 wiry + Wi}

n—cw n—w

n—1
> lim inf-l— 2 Iwel® 2 (@) as,

n—~o Ni=0

which is the second assertion (2.4). Hence the proof is complete. [ ]

The upper bounds for the tracking error depend on the stability of the equation
Cir1 = (F — Ky )i k=0, (2.6)

as can be seen from (2.5), which we will show depends on the bounds for {P,}.
A lower bound to P, is easy to get since, from (2.2b),

P>0>0 forany k> 1. 2.7)

However, upper bounds for {P,} are far from obvious for general F and {¢,}. Let
us first see the role played by the upper bound of {P,} in the stability of (2.6).

Lemma 2.1. Assume that there exists a random constant b such that

sup |Bll <b< o as. (2.8)
k>0
Then, for K, defined by (2.1),

< Bt as, foramy j>i=0, (2.9)

i-1
kH_ (F — Kioi)

where o and f are defined by
_ IFll(a + b)b*?
[@ + [FIP@ + b)*b] ™’

B=1[b/a]"?,  a=Ana(Q) (2.11)

(2.10)

The proof is given in the Appendix. The key point here is the precise expressions
for « and B in (2.10) and (2.11), which lead directly to the following observation.
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Remark 2.1. If b, the upper bound of P,, is a deterministic constant, then the
exponential bounds claimed in (2.9) are also deterministic (albeit ¢, is random!).
This fact is crucial in establishing the upper bound for the tracking errors in terms
of mathematical expectations in the following.

We now establish an upper bound for the tracking errors by considering different
parameter models separately.

A. Parameters Generated from a Stable Model
In this case, [4,(F)| < 1 for all i, then, by (1.3b),

k
Pesy < 3 FIQ(FYY + F*IP(FTY* forany k20, 2.12)
i=0
and hence
b2 | Y FQ(FY| + sup | F*Po(F7)| 2.13)
i=0 k>0

can serve as a finite deterministic upper bound for {P,}, since P, is deterministic.
This enables us to establish the following results.

Theorem 2.2. Consider the signal model (1.1) with |1,(F)] < 1, for any i, and the
estimation algorithm (1.3). Then

ﬂ P b\ 12 p
lim sup Z |[9|[" < <1 a) [Lp(w) + |Fli <§> Lp(v):l (2.14)

n—0

ﬂ 4 b\12 14
11m sup E||0 [I? < <1 ) |:M (w) + ||F||< ) Mp(v)] , (2.15)

here 6, = 0, — 9,,, b, a, and B are given by (2.13), (2.10), and (2.11), respectively, and
p > 1 is any real number such that

and

L) 4 lim sup {% ; ||v,-||’}1/p < as, (2.16)
L,(w) 2 lim soup {% il I wl.”,,}llp <o as, 217
M,(v) = sup {Ellv;[”}*” < o, (2.18a)
M,(w) £ sup {Efjw;||?}""? < oo, (2.18b)

and E||6,]]” < co.

Proof. By (2.5) we have

N k kT &
O = l—!) (F — K;07)0, + 'zo [ 11 (F-K; <P_, :|(—Kivi + Wigq)-
i= i=
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Applying Lemma 2.1 we see that

~ ~ k N
641l < B 16,1l + B .;) Kl + wisrd)- (2.19)

Applying the Minkowski inequality gives

n - 1/p . n 1/p n k . F AR
( > M6 H") < ﬂﬂ%ﬂ( > a”(k“)) + ﬁ{ D (Z Ot""NKiviH> }
¥=0 k=0 k=0 \ i=0
n k P)1p
+ ﬂ{ ) <Z a""fuwmu) } . (2.20)

=1

k= i=

By the Hdlder inequality it follows that (1/p + 1/g
k ] P k ' ) P
(Z ak_‘”Kivi") — {Z a(k—l)/q[a(k-l)/!’”Kl_vi”]}
i=0 i=0
\prla [ k . 1 Pla k .
< ( ka_‘) (Z ak_'”KiUi”p) < (1——> Z Kl
i - i=0

=

—— I4 1 pla n n -

a WKl ) < 11— Z 20‘ | Kol
— i=0 k=i

1 P+ n n
< ) ;0 [KevlP=(1—a)7" ;) IKul7. (2.21)

- ]

and then

5 (3

i=0

uM:

1 —
Let us now consider the upper bound for K. Since b is an upper bound for || B[,

then, by (2.1),

oi Pl oy Ok P i
K < |FI* s——=5—3 < IFI*b .
1K | R+ o By k)z R+ (kak(pk)z
2p,
< ”F}Q forany k>0, (2.22)

which together with (2.16) and (2.21) yields
n k F 127)p
(Z K .I!) ['—]—q(b—m)—} [L,(v)]" (2.23)

lim sup — Z
=0 =0 \i=0
Similarly,
n k i p 1 4
lim sup Z (Z a"“]lwml{) < (ﬁ) [L,(w)]*. (2.24)
n— k=0 \ i=0 -

Finally, the first result (2.14) follows from (2.20), (2.23), and (2.24).
Let us now consider (2.15). The inequality corresponding to (2.20) can also be
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derived by the Minkowski inequality and takes the form

. - k . P 1p
(ENGrs 1P)V? < Ba**(EGolIP)? + B {E< > a""IIKiv,-II> }
i=0

k rYlp
+ ﬂ{E<i=Zo a""'llwmll) } .

From this, a similar argument as used in the proof of (2.14) leads to (2.15) because
in this case the constants b, &, and § are all deterministic. This completes the
proof. [ ]

Remark 2.2. From the proof of Theorem 2.2 we see that the independence assump-
tions made on the noise sequences {w,} and {v,} are not really used; indeed,
Theorem 2.2 holds for any random sequences {w, } and {v, } satisfying (2.16)—(2.18).
In particular, w,, which appeared in the parameter model (1.1b), may have nonzero
mean.

Remark 2.3. We have recently applied the property (2.15), with p = 4 + ¢ for some
& > 0, to adaptive control problems [GM], and it appears that the nontrivial
stochastic adaptive control problem considered in [MC] can be generalized to the
case where the noises are nongaussian with unknown covariances.

Remark 2.4. Observe that there is no excitation requirement to achieve the bounds
of the theorem. Of course, from (1.3b) and the matrix inversion lemma,

Py = F[(Pk)_l + (PkR_l‘P;]_lFt +0Q

and it is clear that the greater the excitation of ¢, the smaller is P,,, in norm, and
the lower are the tracking error bounds (a, § are smaller).

B. Drifting Parameters

In this case, F = I and similar arguments as used in (2.12) for the boundedness proof
for { P, } fail. Moreover, it turns out that it is impossible to establish the upper bounds
for P, without further assumptions on the regressors {¢, }. To see this, take ¢, =0
for all k = 0, then, by (1.3b),

Piyi=P+Q=P+(k+ I)Qk__; . (2.25)
Nevertheless, we have the following results.
Lemma 2.2. Assume that there exists a strictly increasing sequence of random

integers {t,} witht, = 0,d £ sup,(t, — ty—y) < © a.s., and a random constant § > 0
such that, for any k > 1,

I t
D 0;

——— > 0] a.s. 2.26

=ty +1 1+ Il‘P;"z ( )
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Then {P,} defined by (1.3b) with F = I has the following upper bound:
sup 1P < IPoll + (1 + d)IQN + (R + d2[QI)5 (£D) as. (2.27)

The proof of this lemma is given in the Appendix. Condition (2.26) can be regarded
as requiring certain kinds of excitations; thus divergence phenomena as in (2.25)
may be explained as arising from lack of excitation.

Remark 2.5. Lemma 2.2 can be generalized to the case where F # I, and a similar
bound is obtained. Results like the following theorem (Theorem 2.3) are also
available. However, the matrix on the left-hand side of (2.26) will involve the matrix
F in general.

Remark 2.6. Let {t,} be a sequence of increasing random integers with t;, = 0,
sup,(t, — t,—y) < co. If

inf A,;.(k) >0 as. (2.28)
k
and
lmax(k) >
sup ——— < 0 a.s., 2.29
WP ) : (229)

where A...(k) and 4,,,(k) denote the maximum and minimum eigenvalues of the
matrix Y i, ., @;¢f, respectively, then (2.26) holds.

It is interesting to compare conditions (2.26) or (2.28)—(2.29) with the standard
persistence of excitation condition used in the analysis of short-memory adaptive-
control algorithms in the literature (e.g., [ABJ]). That is, there exist constants
0 <, <9, < o0 and N < o0 such that

k+N

1< Y @of<d,] forany k=0. (2.30)
i=k

This implies that {¢,} is a bounded sequence. Clearly, condition (2.28)~(2.29) is
weaker than (2.30), and it means that 1__ (k) and A,,;,(k) may grow at the same rate,
and does not necessarily mean that {¢,} is bounded. As an example, take ¢, as a
scalar, linear function: ¢, = ck, ¢ # 0. Then, clearly (2.30) fails, while (2.28)—(2.29)
still holds because A,,,(k) and 1_,;,(k) coincide in this case.

Theorem 2.3. Consider the signal model (1.1) with F = I and the estimation algo-
rithm (1.3). Assume that the conditions in Lemma 2.2 apply. Then

. 1a o B\ b\ 2 4
lmnl_’iup; iZi 1817 < (1—:—(1) [Lp(w) + (E) Lp(v)] < 0. 2.31)
Here 8, = 6, — 8, @ and B are defined by (2.10) and (2.11) with F = I and with the
upper bound b for {P.} given in (2.29). Also, L,(w), L,(v), and p > 1 are defined in
(2.16)-(2.17).
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Proof. The proof is actually the same as that for (2.14). Note that the result (2.15)
is also achieved in the present case provided that the quantity on the right-hand
side of (2.29) is deterministic. u

Remark 2.7. An alternative excitation condition which involves the use of condi-
tional expectation, may also be used to establish the tracking error bounds. To be
precise, assume that there exist two deterministic constants é > 0 and N < oo such
that

(m+1)N-1 (pi(pit
E 1+ e ”2 |Emn-1 ¢ =01 as, forall m>0,
i=mN i

where {&,} is any nondecreasing family of o-algebras such that ¢, is &;-measurable
for any k. Then finite upper bounds for both E||6,||*> and (1/n) ) 1, ||6,]] can also be
established if {w,, v, } satisfies (2.16)—(2.18) for some p > 4. For details see [G].

As an example, let us now consider. the ii.d. noise case, and without loss of
generality assume that 6, is one dimensional. More precisely, let {w,} be iid.
random variables with mean zero and variance 62 > 0. Putting F = ] in(1.1b) we get

Oy =0y +w,=0,+8,, S,=) w. (2.32)
i=1

Consequently, by a result in [DV, p. 751],
n 1 i 2
lim inf< y s,?) OBOER_T s
n—w i=1 n 4
Hence with probability 1, the averaged value of parameters
n 1 n
Sop-L(55) ne
i=1

1

ni=1
has at least a divergence rate of n/log log n as n — co. However, from (2.31) it is
known that the averaged value of the tracking error (1/n) 3 7., ||6;|* is bounded.
This shows that the estimation algorithm (1.3) can indeed perform the nontrivial
task of tracking rapidly varying parameters in the long-run average sense.

Let us consider another situation.
C. Disturbed Parameters
By disturbed parameters we mean that the parameters can be modeled by
0, =6, +w, (2.33)

with unknown 6, and noise {w,}. This case is not a specialization of (1.1b), but can
still be studied by use of the theory developed.

Theorem 2.4. Consider the signal model (1.1a) with parameters described by (2.33),
and the algorithm (1.3) with F = I. Assume that conditions of Lemma 2.2 apply. Then

0 P 12 P
lim sup % ; 6117 < (T%) BLP(W) + <%> L,,(v)] , (2.34)

n—wx
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where 8, = 8, — 0,, a = 2,,,,(Q), and the constants «, B, b, L ,(w), and L,(v) are all the
same as those in Theorem 2.3.

Proof. With 6, = 0o — 6, and F = I, the error equation (2.5) is now changed to
Os1 = (I — K, 000, — K v, — K ¢ w,. Note that by (A.1) in the Appendix, K, ¢
is bounded by ||K, ;|| < b/a. Hence, an argument like that used in the proof of
(2.14) leads to the desired result (2.34). |

3. Deviations of the Estimates

A major difference between the algorithm (1.3) and the standard least-squares
algorithm is the introduction of a nonzero term @ in (1.3b), which prevents P, from
tending to zero, and hence guarantees (1.3) to be a short-memory algorithm. This
is why the estimator (1.3) can track time-varying parameters in a certain sense.
However, due to the short-memory property of the algorithm, large deviations of
the estimates may occur. Indeed, in almost all cases, for a fixed L > 0, there is a
probability of 1 that the norm of the estimates has exceeded L after a sufficiently
large time. In the work of [CFM] the mean exit-time problem for a stationary
Markov chain, which is produced by a constant gain Robbins—Monro algorithm,
is studied. Related problems for adaptive control algorithms are also considered in
[BAG]. Here we are chiefly concerned with the asymptotic properties of the estima-
tion error §, itself, rather than its averaged values as in the previous section,
especially the possible divergence rates of 6.

It is easy to see that in the study of large deviations for stochastic algorithms, the
case where the noises are possibly unbounded is of major interest. Henceforth we
make the following assumption:

(A) The noise sources {w,} and {v,} are mutually independent iid. random
sequences with zero mean and nonzero variances as defined in (1.2), and the tail
probability of {w,} does not vanish “too fast” in the sense that

lim inf exp{hx?} P(Jlw ]l = x) # 0

P 2md ]

for some constant h > 0.

Obviously, this assumption includes a large class of random sequences, in par-
ticular the gaussian case. By the Borel-Cantelli lemma, it is easy to obtain the
following result.

Lemma 3.1. If {w,} satisfies conditions in assumption (A), then

lim sup ——"— 1] !

2 —5 as.
o (log n)? = 17

We also need the following result which can be proven by a technique similar to
that in [CT, p. 135].
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Lemma 3.2. Let {x;} be an iid. sequence and let {1;} be any sequence of finite
stopping times such that 1 < 1; < 7,4y, a5, for i > 1, with {x;} and {1,} independent.
Then {x,,} is also an i.i.d. sequence, having the same distribution as x, .

Theorem 3.1.  Consider the signal model (1.1) with the noises {w,} and {v,} satisfying
assumption (A). If either |A(F)| < 1, for all i, or F = I but with conditions in Lemma
2.2 satisfied, then the estimation error 6, = 6, — 8, produced by (1.3) has the following
property: )
. (16, ] ¢
P{hr?_‘iup Tog n)” 25 (= 1, (3.1)

wherec = [1 + [|F||(1 + b/a)]™}, @ = Anin(Q), b is given by (2.13) or (2.27) according
to |A,(F)| < 1or F = I, and h is given in assumption (A).

Proof. By the error equation (2.5) and the upper bound for K, ¢f as provided by
(A.1) in the Appendix, it follows that

lim sup ————

A (log )1/2 Weer — Kityll

. c it 1aY)
< lim SUPW 161 — (F — K, @7)0,|

k- (

PN £ (et V)l R
SASPC Togk [logk + )]

. I A
+c 1"’:1_::1;’ ”F Kk(pk " [log k]llz

' ”ék+1” b\ .. i ~k”
< — 4| F{14+-})1
= hr{lﬂlp “Tog(k + NI~ *el "( o) LR Tog k17 [log k1"

. (A
< 3.2
< hT_,iuP [log k]2 (3.2

Now, let us define a sequence of increasing stopping times {;} as

Tiey = inf{n > 7 o, < 2(R,))?}, 1, =1 (3.3)
Since
}er - 'Z v} = as.,

it is easy to see that {r;} is a sequence of finite stopping times and is independent
of {w,}. We now show that

liminfX>0 as. (.4)

v Ty
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Otherwise, if (3.4) did not hold, we would have the following contradiction:

R, —-hm—Zv —hmsupT—Zv

n—o0 Ty i=1 n-ra

1 1
> lim sup — Z v oi> 2r, 0 = 4R, im sup — Z Tioi> 2R,

n-o  Tpi=t n-+o0

> 4R, lim supr [t, —n] > 4R, [: — lim inf1]=4Rv,

n—cwo n—w

and so (3.4) holds.
Now, by (3.2)-(3.4) and the upper bound for K, provided by (2.22), it follows that

. Al b v
im sup o S 2 lim sup o )1,2 Wil = IFI{ = ) lloel
x) )

[We a1l . log k\'2 [lw, 4]
> cli ottl _ o1 i
¢ IT~2ouP (log 7,) ¢ ]T-.Smup logt,/ (logk)'?

> lim sup ——— fios )1/2 {Ilwt,‘ﬂ” 2| F]| (

k— oo

ogk\'? . Iwesdll €
>c hknl :onf (lo—gr.,) llr’f]_’?p (Tog_k)_’ﬁ > Pr] a.s.

Here we have used (3.4) and Lemmas 3.1 and 3.2. This proves the theorem. |

The above theorem tells us that there is a subsequence of { Ilékll} which diverges
at least at the rate of O({log n}"?). However, we note that under the conditions of
the theorem, the divergence rate of such a subsequence is also dominated by that
of the noise sequence, because, by (2.19),

max [|f,]l = 0( max {[lv ]| + IkaII}>-

0<k<n O0gkgn

Remark 3.1. Various generalizations and variations of the above theorem are
readily obtained. In particular, we point out that if in assumption (A) the conditions
on {w,} and those on {v,} are interchanged, then under a mild regularity condition
on the regressors {¢,}, results like Theorem 3.1 still hold. This can be proved by an
approach similar to that in [BAG].

4. Conclusions

When the Kalman filter is applied to estimation of randomly varying parameters,
our results show that it has quite reasonable tracking properties—even in the
nongaussian case when it is not an optimal filter. If the parameters are generated



Tracking Randomly Varying Parameters 13

from a stable model, we have seen that there is no restriction on the regressors
needed to achieve tracking error bounds. The bounds obtained have application
for adaptive controller analysis. If the parameters are drifting, as when the param-
eter model is unstable, the theory of this paper shows that the regressors must be
suitably exciting to achieve tracking-error bounds. For the case of parameters
disturbed by noise, there is again an excitation requirement to achieve tracking-
error bounds. Finally, deviation phenomena of the estimates have been studied here,
which will provide valuable information for adaptive controller design for time-
varying systems.

Appendix

Proof of Lemma 2.1. We first establish the upper bound for K, ¢ as follows (note
that ¢, may be unbounded):

IF I Pl lel?
R + ¢ P,

< _IFIble”
" i@l 041171

1Kol <

(by (2.7))
b
< IF]-. (A.1)
a
Let us then denote for simplicity F, = F — K, ¢f. An upper bound for F, is

b
IRl < [ F]l (1 + E)' (A.2)

Now consider the following inequalities. By (A.2), (2.2b), and the matrix inversion
lemma,

Pt — FPCAF = P! — Fi[F,P.F; + K,RK} + Q17'F,
> P ~ F[FPF + Q1'F,
=[P, + RFQ'FP]!
> [P, + (P)VI(R)FQT R(P) (B

. b\?b T
> [Pk + ||F||2<1 + Z) EP"]
2 -1
- [1 + uFu2<1 + 9) 9] Bt
a a

Consequently, by definition (2.10) for a,

EPAF <«*P;'  forany k=>0.
k



14 L. Guo, L. Xia, and J. B. Moore

Thus, noting (2.7) and (2.8), and repeately using this inequality, we get
-t {2 e B -1
fin] < |(Hr) e (fs)

. b .
< ba?UTOPTY < (Z) o2t7H forany j>ix=0. [ |

Proof of Lemma 2.2. Clearly, if the result holds for any deterministic sequences
{o.} and {t,} and deterministic constant J, then the stochastic case can be proved
by applying the result for each sample path. So, without loss of generality, we assume
that all the quantities appearing in the lemma are deterministic in the following
analysis.

Let us first establish the upper bound for the subsequence {P, ., }. To this end,
we introduce an auxiliary stochastic system

Xes1 = X + 014, (A.3)

= @ix, + (R, (A.4)

where {5!°,n#} is an iid. gaussian random sequence with zero mean and unity
covariance. Assume further that var(x,) = P, and x, is independent of {#;*, ##}.

Denote by %, the estimate for x, based on {z,, ..., z,} which is given by the

Kalman filter. Then it is well known (e.g., [AM1]) that Pk defined by (1.3b) (or (2.2b)
with F = I} can be represented by

Poy=%Z, 40 forany k>0, (A.5)

where Z, = E(x, — £,)(x, — %)
Let us consider another linear estimate £ for x, at time n = ¢, as follows:
123 Iy T
A - (Pizi A (pl(pl
£* = Wl(k) ——, W)= T2
f* i=z§,+1 1+ {ofl? Z.+1 L+ ol

Note that by (A.3) and (A.4),

X, — %k = W“(k){W(k)x,k -y —92——}

=+ 1+ oll?
¢ T t ¢ 1/2.,2
_ X @i X £ @(R) ’h}
=Wk 1/2
( ’{Z T lol 2 0 7 T Ll T Tl
= 1,(k) + I,(k). (A.6)
We now proceed to estimate the covariances of I, (k) and I, (k) as follows. Denote
J »0;
sty %%
Z+1 1+ gl

By interchanging the order of summation we have

=1

g T e
Z 99 Z Quz’b— = Z SQI/Z

i=t,_,+1 1+ ”(le2 =it J=te—y+1
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Then, by orthogonality of {5} } and monotonocity of {S},

he—1

IEL(IN < | W) ¥ IS:QS.-W‘I(k)“

i=t_ +

<|ww S (si)‘ﬂsi(si)*'ZW*(k)“ 11

=ty +1

te—1

Wik Y SiW"‘(k)” IS, el

=ty +1

A

-1
< | Wk S, WK

i=t_y+1

(& — te-D) 12l

< (4 — b PIWTH R < d2(1211/5,

while for I,(k) we have

e T
@:Ro;
i=1kZ_,+l (1 + llg:ll?)?

> R|W™ (k)| < R6™.

IEL (k)15 (k) = “ Wi (k) w(k) “

Thus by the orthogonality of I, (k) and I,(k) from (A6)—(A8) we get
IE@,, — £%)(x, — 221 < R + d*[1QI)/5.
From this and the optimality of the Kalman filter
L, = E(x, — %, )(x, — %) < E(x,, — %) (x, — 23)
the following upper bound for F, ., follows by noting (A.5):
1P+l < QI+ (R+d*Qf)/6  forall k>1.

15

(A.7)

To complete the proof, we have to establish the upper bound for {F,}. Since {z,}
is a sequence of strictly increasing integers, for any integer n > t; + 1, there exists
aninteger k > 1suchthatz, + 1 < n < t,,,. From this and the following inequality

(by (1.3b) with F = I),
Py <P +Q forany k>0,

we obtain

[Pl < WP arll + (n — tIQN < 1Pyt + (tsy — 81O

<A+ QN+ R+ aQls, nxt +1,

while for the case where n < t,, by (A.9),

1Pl < 1Py + £, Q1 = |Po + (2, — 20)QIl < |1 Poll + 41IQI.
The desired result follows by combining this with (A.10).

(A.9)

(A.10)
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