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SUMMARY

The Kalman filtering algorithm, owing to its optimality in some sense, is widely used in systems and
control, signal processing and many other fields. This paper presents a detailed analysis for the L,-
stability of tracking errors when the Kalman filter is used for tracking unknown time-varying parameters.
The results of this paper differ from the previous ones in that the regression vector (in a linear regression
model) or the output matrix (in state space terminology) is random rather than deterministic. The context
is kept general so that, in particular, the time-varying parameter is allowed to be unbounded, and no
assumption of stationarity or independence for signals is made.
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1. INTRODUCTION
Consider the time-varying linear model
Y=@d0c+vi. VK20 ¢))

where yx and vy are the scalar output and noise respectively and ¢« and 6; are the r-
dimensional stochastic regression vector and the unknown time-varying parameter
respectively. For simplicity of notation, denote the parameter variation at time instant kK by wg:

wké()k—ak_l, vk>1 2)

In the special case where vk is a moving average process and ¢, consists of input-output data,
i.e. ‘

@r = [Vi-1.ve Yims U=1 ... Uic—i]

with u, being the input signal, then the linear model (1) is reduced to the ARMAX model with
time-varying coefficients.

Tracking or estimating a system or a signal whose properties vary with time is a fundamental
problem in system identification and signal processing. This problem has received considerable
attention in the field of signal processing (see e.g. References 1-7), where most of the works
are concerned with the study of the so-called least mean squares (LMS) algorithm or the
normalized gradient algorithm, and usually some sort of stationarity and/or independence is
required. In contrast to this, few precise studies have been done on the time-varying parameter-

This paper was recommended for publication by editor A. Benveniste

0890-6327/91/030155-20$10.00 Received 31 January 1990
© 1991 by John Wiley & Sons, Ltd. Revised September 1990



156 J. F. ZHANG, L. GUO AND H. F. CHEN

tracking problem in the area of system identification, and most of the works are concentrated
on the constant-parameter case, i.e. wx = 0 in (2) (see e.g. References 8—10).

Note that if we regard (1) and (2) as a state space model with state 84, then it is natural to
use the Kalman filter to estimate the time-varying parameter 6 (see e.g. References 6 and
11-14). The Kalman filter takes the form

5 5 Prok 5
Or1=0c+ R+ ol Peor 7k — ¢40r) 3)
Proxpk Px
Pesr = P~ Sxoror b | 4
k1= P T Pren Y]

where Py 2 0, R > 0, Q > 0 and &) are deterministic and can be arbitrarily chosen (here R and
Q may be regarded as the a priori estimates for the variances of vx and wi respectively).

It is well known that if o« is - -measurable, where Fx-1=o(y;,i € k— 1), and {wx, vk}
is a Gaussian white noise process, then 8x generated by (3) and (4) is the minimum variance
estimate for 8, and Py is the estimation error covariance, i.e.

bk = BBk | Fic-1), Py =E@b6% | Fic-1) Ok = 0k — Bx) 5

provided that Q = E(wxkwf), R = Evi, 6o =E8y and Py = E(of{ ) (see e.g. References 15 and
(16).

In studying asymptotic properties of the above algorithm, the primary issue is to establish
boundedness (in some sense) of the tracking error 8. This problem is obviously related to the
stability theory of the Kalman filter, and the standard condition for such a stability
(boundedness) is that the regression vector ¢k is deterministic and satisfies

m+h
al < 2 ool <BI, Vm (6)
k=m+1
for some positive constants «, 8 and integer A (see e.g. Reference 17).

As pointed out by Guo,'® condition (6) is mainly a deterministic hypothesis; it excludes
standard stochastic signals, including the Gaussian signal and white noise signals, and hence
(6) is unsuitable for the stability study of the Kalman filter when ¢4 is a random process. To
the best of our knowledge, the first result which guarantees the stability of (3) and (4) and
allows {¢x) to be a large class of stochastic processes appears in the recent work of Guo,'®
where it is assumed that {¢x, %} is an adapted process (Fx is any family of non-decreasing
o-algebras) satisfying

E( K ¢k‘PE
2 T+ e

ym) Sal, as, vm>0 @

for some constant « > 0 and integer A.

In this paper we will weaken condition (7) and generalize results in Reference 18, and at the
same time provide new results and insights. The paper is organized as follows. In Section 2
we present our main results. Section 3 provides some lemmas and establishes the properties of
{ Px}. The proof of the theorems is put into Section 4. Finally, in the Appendix the proof of
auxiliary results which are used in the text is provided.

2. MAIN RESULTS

In the sequel the norm || X|| for a matrix X is defined as || X|| = {Amax(XXT)} /2, and
Amax (X)) (Amin( X)) denotes the largest (smallest) eigenvalue of X. Let us first give a definition.
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Definition 1

A random vector sequence {xx, k = 0} defined on the basic probability space (2, &, P) is
called L,-stable (p > 0) in the sample average sense if

sup E|| Xk ||? <
k>0
and in the time average sense if
1 & »
sup - 2, || xillP <o, p>0, as.
k>0 i=0

We now give the main condition that will be used in the paper.

Condition 1

{ek, Fi) is an adapted sequence (i.e. ¢i is Fi-measurable for any k, where { %} is a family
of non-decreasing o-algebras) and there exists an integer # > 0 such that

m+h T
E< PrkPk

1
——F= | Fn) 22— I, as.,, Ym20 8
ks T el ’") p ®

m

Here {am, m} is an adapted non-negative sequence satisfying
Um+1 K AQm + Mm+1, YM 20, Mo 2 Eal*t? < )

where {n., #n} is an adapted non-negative sequence,

sup E(ati | Fn) <M, a.s. 10)
m20

and where @€ [0,1), 0 <d < o and 0 < M < o are constants.

Remark 1

At first glance, Condition 1 looks rather complicated; however, it does have a clear meaning
and is satisfied by a large class of stochastic signals. Note first that if in (9) we take @ =0 and
nm=a"! for some a >0, then (8) reduces to (7), which is weaker than (6), and hence
Condition 1 includes (6) and (7). Next note that the sequence {ax} required in (8) may not be
bounded in the sample path and hence the matrix on the LHS of (8) may not be uniformly
positive definite, so (8) is really weaker than (7).

Let us further illustrate Condition 1 by the following examples.

Example 1

Let {¢x} be an r-dimensional ¢-mixing process; that is, there is a deterministic sequence
{¢(h), h > 0} such that

@ ¢(h)~0 ash—>w

(i) sup | P(A|B)- P(A)| < (h), V¥s20, vhz0

Fs+h

Be 7}
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where, for any non-negative integers s> 0 and h 20, %62 oler,0<k<s} and
Font olor,s+h < k< oo},
Suppose further that

inf MminE(ked) >0 and sup E|¢x||* < an
k k

Then Condition 1 holds with &, = #¢".

The proof of this example is given in the Appendix. We remark that any h-dependent
random process (including moving average processes of order %) is ¢-mixing. This kind of
condition has been previously used, for example, by Eweda and Macchi,® Macchi* and
Kushner ! in their study of the LMS algorithm.

Example 2
Let {¢x} be the output of the linear stochastic model
Xe= Axe-, + Bte, VK31, El x|’ < (12)
ek=Cxx+ ¢k, VYk20 a13)

where A€ R"*" Be R"*9 and Ce R"*" are deterministic matrices, 4 is stable and (A4, B, C)
is output-controllable in the sense of Fortmann and Hitz.2°

Suppose that {&} and {{x} are independent processes which are also mutually independent
and satisfy

E& =0, E{e=0 (14)
E¢Gtd) 2 el, vk20 (15)
E(J& 1" + | el Y SM< o, Vk20 (16)

for some constants £ > 0, p > 0 and M > 0. Then Condition 1 is fulfilled.

The proof is given in the Appendix. It is worth noting that it is generally hard to show that
{ox} defined in Example 2 satisfies condition (7) unless the noise process {&, {«} is assumed
to be bounded (see Reference 18, Example 2). We now present the main results of the paper.

Theorem 1

Consider the time-varying model (1) and (2). Suppose that {ve, wi} is a stochastic sequence
which satisfies for some p>0and > 1

0,2 sup E{ZP[log(e + Zx)]#* %) < a7
k=0

E( /6o |”log(e+ [0 [D1#7*} < o (18)

where Zi = ||vi ||+ || wks1 ||, Go=00—08o and vk, wk, 6o and fo are given by (1)~(4)
respectively. Then under Condition 1 the estimation error {6x — 8x, k > 0} generated by (3) and
(4) is Lp-stable in the sample average sense and

lim sup E |6k — 0 ||” < A[op log 322 (e + 0, )] 19
k—o

where A is a finite constant dependent on A, a, M, M, and 6 only.
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Moreover, if vy = 0 and wg = 0 (.e. §x = 6), then
E|l 6k~ 8c]|P~0 as k- (20)
E|| 6~ 0|70, exponentially fast @
for any g€ (0, p).

The proof is given in Section 4.

Remark 2

If in Theorem 1 {¢x} and (v, wk} are assumed to be mutually independent, then for the Lp-
stability of {0« — 8¢}, condition (17) can be replace by a weaker one:

sup EZf < o 22)
k>0

This condition is obviously a natural one for the desired Lp-stability. What condition (17)
effectively means is that if the independence between {¢«] and {vk, wi} is removed, then the
L,-stability of {0k — 6k} is still preserved provided that the moment condition (22) is slightly
strengthened.

Next we present a result on the time average of the estimation error {fx — 6i}.

Theorem 2

Consider the time-varying model (1) and (2). Suppose that {v, wi} is a stochastic sequence
and for some p>0

. 1 K
gt hrzl sup ;) (vl + || wisr ||”) < 0, aus. (23)

Then under Condition 1 {fx — 60,k > 0} is L,-stable in the time average sense for any
g€ (0, p), and

k
lim sup % D 116i—6i]|7 < B(ep)?'” (24
K~ i=0

where B is a finite deterministic constant depending on gq,h,a, M, My and & only.
Furthermore, if vx = 0 and 8, = 6y, then

Ox — 6o, a.s., exponentially fast (25)

The proof of this theorem is also given in Section 4.

We remark that both Theorems 1 and 2 are significant extensions of those in a recent work
of Guo.'® For example, Guo'® has only studied the L,-stability of {fx — 6«}, for which he has
assumed that

sup EZ3*P < o
k20

while here for such a stability we only need
sup EZ}[log(e + Zx)]**# <
k20

where 8 > 1 is a constant.
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3. PROPERTIES OF {P]

In this section we establish some properties of [P}, which is a basic step in the stability study
of [fx — 0r}. To this end we first give some lemmas.

Lemma 1

Let {am, ¥} be an adapted random process satisfying

am€ [0,1], E(am+1 | Fm) 2 lam, ¥Ym20 (26)
where {ou) satisfies properties (9) and (10). Then there exist two constants C > 0 and y € (0, 1)
such that

n
EJl d-a)SCYy"™™, vazm20 27
k=m ’

where C and v depend on a, M, M, and § only.

The proof of this lemma is given in the Appendix.

Lemma 2

Let {xx, %«} be an adapted non-negative random process satisfying
Xee1 € (1= agar)axe +C, vk 20, Xo=1 (28)
where {ax} is defined as in Lemma 1 and « and C are finite, positive constants. Then there
exists a constant &* > 1 such that when «€ [1,a”)
k
xi<C', a.s. 29)

. 1
lim sup —
i=0

k—w i
where C' is a constant.

The proof is also presented in the Appendix.

Lemma 3
Let {Pix} be generated by (4). Then
Twir € (1 — ame1)Tw+d (30)
where
mh—1
Tm= 2, trPe+1, To=0 (31)
k=(m-1)h

(m+Dh-1 T
trl (Pon + HO)? _Prpk >
(( mh + hQ) im I+ o]

D1 = J R+ DU+ hmvax (Prat + RO E(Poots + hQ)
=3 h(h+ DirQ (33)

and where h is the constant appearing in Condition 1.

(32)
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Proof. Note that by (4)
PP +Q< ... S P+ hQ (34)

holds for any k € [mh, (m + 1)h]. Hence by the matrix inverse formula it follows that for any
k€ [mh,(m+ 1)k]

Pir1=(Pe'+ R 'oned ) 1+ Q
< [(Pwn+hQ) '+ R ekl '+ Q
_ (Pmn + hQ)‘Pk‘PE(th + hQ)

g R + @& (Pmn + hQ)ex (h+1Q
T
(Pmn + hQ) ﬁw‘lllc%? (P + hQ)
< Pun — h+1
P k (R -+ 1)[1 + )\max(th + hQ)] +( * )Q
¢k¢g
(Pmn + hQ) —l-—_:n———u—i (Prun + hQ)
< P — Pk Atr Py + (R + 1)0 (35)

AR + D1 + Amax(Pmr + hO)Itr(Pmn + hQ)
Summing both sides of (35) and taking into account (31) and (32), we obtain
Tins1 < ArPon — @ 1Mt P + h(h + 1)trQ (36)

Again, by (31) and (34)
mh—1

k=(m-1h

mh—1
< 2 tr[Pies+(mh-k)Q]
k=(m-1)h

L Tu+ih(h+DtrQ

Substituting this into (36), we get the desired relation (30). O

We are now in a position to prove the following main result of this section.

Lemma 4

For {Px} generated by (4), if Condition 1 holds, then there exists a constant £* > 0 such that
for any €€ [0,¢¥)

sup E exp(e|| Px||) < C 37
k>0
1 k
lim sup — Y exp(e|| P:}|) < C'. a.s. (38)
k—eo i=0

where C and C’ are constants.

Proof. Denote %y, = Fmn—1, Where { ] is the same as in Condition 1. Then it is clear that
for T\, and a, defined by (31) and (32), T\ and a,, are #»-measurable, and moreover, by (32)
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and Condition 1
1
- , — 9
ane[o R+1] (39)
tr(Puwn + hQ)?
amh-1h(R + D1 + Amax(Pmn + RO tr(Pmn + hQ)

S r= [tr(Pon + hQ)1 °
7 ami—thR + D[1 + Amax(Pmn + hQ) tr(Pmn + hQ)

N lo] 1
TrR+DU+A||Q|) amr-1

E[am+1| Y] 2

Set
Bu=r|| Q"R+ 1A +h|| Q|etmi-1

Then we have

E(am+1| %n) 2 1/Bm (40)
It is easy to verify that {8,,, %)} is an adapted sequence which satisfies via (9) and (10)
Bm+1 < aBm + im+1, m 20, EBo < o @n
where @ = a" and {fim, %n) is an adapted sequence satisfying
sup E(imil | %m) < M 42)
m20

for some constant M > 0.
Consequently, by applying Lemma 1, we obtain

n
EJ] d-a+s))SCYy"™™", vazmz0 (43)
k=m
for some constants C > 0 and v € (0, 1).
Next, from Lemma 3 it follows that for any ¢ > 0
exp(€Tm+1) < eXpl(1 — dm+1)eTm] €% (44)
Consequently, noticing the obvious inequality

explax)— 1< aexp(x), 0<a<l, x>0
we get

exp(eTm+1) € € [(1 = am+1)exp(eTm) + 1] (45)

Hence from this and (43) it is easy to convince oneself that if e* > 0 is taken small enough
such that €% y < 1, then

sup E exp(eTm) < ©, Vee(0,e%)

mz0

This proves the first assertion (37) of the lemma, while the second assertion (38) follows
immediately by applying Lemma 2 with xx = exp(eT%) and « = €% to (45).
Hence the proof is completed. ]

The following result is a direct consequence of Lemma 4.
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Corollary 1
For {P} generated by (4), if Condition 1 holds, then for any m > 0
sup E|| Pc||" < o
k20

hm sup o Z [Pf|"<C, aus.
where C is a constant.

4. PROOF OF THEOREMS

In this section we will give the proof for Theorems 1 and 2. Let us first prove some lemmas.
Denoting

0 =0k —0x and Vk=5EPE15k, vk>20 (46)

we then have the following result.

Lemma 5

For any g > 0 there exist two constants g € (0,1) and C = 1 such that

Vi< ( ) VE+C( +tr P ZEe (47)

l+tP

where Zg = || vk || + || wi+1 ]l

Proof. From Lemma 6 of Reference 18 we know that

Vis1 € <1— )Vk+C1(l +trPy)ZE, VK20 (48)

1+trP

holds for some constants u; € (0,1) and C; < co.
We first consider the case where g > 1. Note that in this case x?, x > 0, is a convex function.
Hence it follows from (48) that

Ci(1 +trPy)? 5\
Viag(1-—8—)yg+ & ( ! Z}
fo ( 1+ tl'Pk> £ 1 +trPy pi ,

which implies the desired result.
We now assume q € [0, 1]. In this case the desired result (47) can also be easily derived from
(48) by applying the following elementary inequalities:

(x+)9I<x9+ 9 vx20, 20, q€l0,1]
(1-x)9<l-¢gx, 0<x<1, ge€[0,1]

This completes the proof. O

Lemma 6
Let {xx, #x} be a non-negative adapted process, xx = 1, which satisfies
Xes1 € (1= aes1)xe +C, VK20, Ex3 < (49)
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where C > 0 is a constant, {a«} is defined as in Lemma 1 and ax € [0,a], @a < 1. Then there
exist constants N > 0 and A€ (0, 1) such that

n
E H (I—L) < NAP-m+L vhzmz0 (50)
k=m Xk

This lemma can be proved along the lines of arguments of Lemma 4 in Reference 18. For
a detail derivation see the Appendix.

Lemma 7

Let { Px} be defined by (4) with {¢x} satisfying Condition 1. Then for any p € (0, 1) there exist
constants N> 0 and A\ € (0, 1) such that

n
E ]I
k=

m

1- [ S n—m+l’ v ? 20 5]
( 1+trPk) N nzm 1)

Proof. Let us denote
Xm = '1' (h+ Twm)
"
where Ty, is defined by (31); then it follows from Lemma 3 that

h+d
Xme1 € (1= @Gms1)Xm +

Hence by noting (39)—(42), we see that Lemma 6 is applicable. So there are Ny > 0 and
Mo € (0, 1) such that

n
E I <1— 1 )sNo)\é"'"“, vazm>20
k=m Xk +1

From this it is easy to conclude (51) (see the proof of Lemma § in Reference 18). [

Lemma 8
Let Cux € [0,1], n = k > 0, be a double-indexed stochastic sequence satisfying
ECik SN\, vnz k20
for some constants N > 0 and A€ (0, 1). If {xi} is a non-negative stochastic sequence and
02 sup Exx logP(e+ xx) <

k20
for some 8 > 1, then

n
20 B(Cuxk) < Clo log(e+a7™Y)], n20
k=0

where C is a constant depending on 3, N and A.

The proof is given in the Appendix.
We are now in a position to prove our main theorems.
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Proof of Theorem 1
We will repeatedly use the following inequality
x*y < ap exp(ex) + Ciy[log®(e + o5 ') + log*(e + y)] (52)
< 0p exp(ex) + 2C [log(e + a5 1)1%y log*(e + y) (53)

where x, y, € and « are any non-negative numbers, o, is as defined by (17) and

Ci= (——-—1 +a) 4lte log"‘[e+ (————1 +a>]
€ e

Inequality (53) follows directly from (52), while (52) may be derived from the well-known
Young’s inequality (see the Appendix).
Denote
f(x)=xlog?’*(e+x), p>0, x>0 (54)

Then from (52) (with @ = pf2) and the definition of Vi in (46) it follows that for any p>0
16x 117 < || Pal|?2VE < 0p exple | Pull) + C’ [log?"*(e + 0 YWE> + f(VE/H]  (55)

where and hereafter C’ denotes some constant, which may be different from place to place.
The first term on the RHS of (55) is easy to deal with, since by Lemma 4

sup E exp(e|| Pnl|) < o, vee(0,e*) (56)
n

We now proceed to estimate EVZ/2 and Ef(VZ/?). By Lemma 5 we know that
VEA < (1 -—E—VE?+ CU +tr Po)*Z 7
P < ( 1+trpk) £+ C(1 +tr PP ZE 7)

Note that f(x) defined by (54) is convex. It follows from (57) that
/2 S /2 5

1y < (1- A e + b 58)

where

be=—"
1+ trPx

(0(1 4+ trP)P+! 7 f:)
"

It is easy to see that

C(l + trPy)?*! 7 f)

fe=C(l +trP)PZE log”/2<e+ f

+1
< CU +trP)PZE 1og”’2[(e + zf:)<e+ Ca+trPOP" ‘;Pk)” )]

+1
<2°7%C(1 + trpk)"[f(zf) + 2§ log”? (e petidil; il )]

u
S C (1 +tP)PA(ZE) + (1 + tr P)P 2 ZE) (59)
By (53) we see that
(1 + trPe)Pf(ZR) < 0p exple(l +trPy)] + C' [log(e + o, D1 Pf(ZB)og? [e + f(ZR)]
(1 +tr Po)2ZE < ap exple(l +tr Py)] + C' [log(e + 0, 1)) *?72ZE log3?/* (e + ZF)
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From this and (59) we arrive at
& € C'op exple(l +trPy)] + C' [log(e + 0, )] 3772 ZF log®?*(e + ZF) (60)

Now let us define ®(n, k) as follows:

=11~ it =
d(n+1,k)= [1 T trP,.](I)(n’ k), &k, k)= 1 (61)

Then by Lemma 7 we known that {®(n + 1, k)} satisfies the same condition as that of Cpt in
Lemma 8.
By (60) and (61) it follows from (58) that (¢€ (0, £*/r))

n+1

fVERD <P+ 1,00/(VE>)+C'op 2, &(n+ 1,k)exple(l + trPy)]
k=0

n+l

+C' 10g®%(e+ ;1) D, ®(n+1,k)ZE log???(e+ ZE) (62)
k=0
By Lemma 7 it is seen that

E®(n+1,k) SN\"¥, vnzk>0 (63)
for some constants #n > 0 and X\ € (0, 1). Hence we have
EN® @1+ 1,00 S NON)", VYNE(LIN)

5

IngL

N+ 1,0)) =2, E\Nf®(n+1,0)] <o
0 n=0

which implies
AM®(n+1,00—0, a.s. (64)

Hence the expectation of the first term on the RHS of (62) converges to zero by condition (18)
and the dominated convergence theorem, while the other two terms can be estimated by
applying Lemma 8. Therefore we have

lim sup Ef(VE{}) € C'op log®??* e+ 051) (65)

n—roo
Next we estimate EVZ/2. By (53) it is seen that
(1 +trPy)?ZE < 0p exple(l +trPy)] + C' [log(e + 0, )1?ZF logP(e + ZF)
Hence, in exactly the same way as the proof of (65), from (57) we conclude that

lim sup EVZ{3 < C'o, log?t (e + 0, ") (66)

n— o

Finally, substituting (65) and (66) in (55) and taking account of (56), we obtain

lim sup E||8x]|” < C'0p log??"?* 1 (e+0;")

n-—+o

This proves the first assertion (19).
We now prove (20) and (21). In this case Zx = 0, so by (57) and (58)

vEd < ®(n+1,00V87? (67)
FWVEDH <@+ 1,0 /(VE?) (68)
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Note that (55) is true for any o, > 0 (not necessarily the one defined by (17)). Consequently,
by (67), (68) and the dominated convergence theorem we see from (55) that

lim sup E||6,[|” < C'0p, 0p>0

n-»o

Hence (20) follows by letting g, — 0.
For the proof of (21) we take s > 1 and ¢ > 1 so that 1/s + 1/t + g/p = 1; then by the Holder
inequality we have

E||6.]|9 <E| P.||*?Vi"7?
< || PgH|92E || Pall97?®(n, 0) || 6o ||°
S| PGP E || Pal|%7) S [E®(n,0)] V(|| 6o || )97

Hence by virtue of Corollary 1, (63) and (18), E || 8, |7 tends to zero exponentially fast. This
completes the proof of Theorem 1. O

Proaf of Theorem 2
Let us take s € (g, p). Then by Corollary 1 and the Holder inequality we have (gfs + 1/t = 1)

n n
lim sup 1 2 118k ]|? < lim sup 1 >l Pel|9?ve?
n-eo N k=0 n-e N k=0

1 n V,‘:/Z q/’s /2 +1s)
<l = 1+trP, s
= lI:l_.Sul;lp n kgo (1 + tl‘Pk> ( rPe)

n V;/Z q/s
now M koo 1+trPk>

£C <lim sup 1 %

where C’ is a constant.
Summing both sides of (47) leads to

2 VicY/z <M—1Vs/2+ —lC i (1+trPk)sZs
o 1+trPy 0 # k=0 *

Then, applying the Hélder inequality (1/u + s/p = 1), we see that

1 & V;/Z 1 & s/’p
li - < C' i -~ VA
lr:l»?p n kz=:o 1+ trPy (IT—.?p n kz=:o f)

Hence from this, (69) and condition (23) it follows that
lim sup % 2 18|17 < C'(ep)?7?, aus.
n—oo k=0

This proves (24).
To prove (25), we first note that by (38) of Lemma 4

lim sup % exp(ef| Px||) < 0, a.s.
n—coo
and hence

lim sup M < co, a.s. (70)

n-—+o log n ’
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Therefore from this and (64) we see that
162112 < Vall Pall < @(n,0)Vo | Pl

tends to zero exponentially fast. Hence the proof of Theorem 2 is complete. E]
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APPENDIX

Proof of Examples 1 and 2

Proof of Example 1. From Reference 19 it is shown that

T
g.m) _E Pm+hPm+h

(2 +I|¢;4‘T +h
s <2r¢(h), vm>=0 7D
( L+ lomenll?

1+ " Pm+h “2

We will need the following inequality: '®

<Pm+h¢;lr.t+h {Amin [E( ‘Pm+h‘PrTn+h)] l2
Amin| E ) 2 2 2
1+ “ i E(l| em+n il + | @menl|*)
For the proof of this let us denote x as the unit eigenvalue corresponding to

T
Cm+hPm+h
)\. E.—______.__
'“"‘( 1+||<pm+hn’>

(72)

Then by the Schwarz inequality we see that

| xTomn| 2

] e P e e CR I ke
I e e Py
om0 T

Hence (72) is true. Therefore by (i), (11) and (71) we see that there is a constant o > 0 such that

E< ‘Pm+h6031+h2
L+ “ ©Pm+h “

holds for all m > 0 and large A. This shows that (7) and hence Condition 1 are true.

gm) ? al

Proof of Example 2. Let us denote %,, = o{xo, &, ¢i, I € n}. Similar to (72), it is not difficult to see that

A [E( s hPI %.)]> Oumin [ECom cnoin o | )] 12

73
s T EI emea I+ | @men [1*) | Fond
We now proceed to estimate respectively the numerator and denominator on the RHS of (73).
From (12) and (13) it follows that
m+h
emin=CA"Xm+ 2, CA™"BEi+ Crsn (74)

i=m+1
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From this, (14) and (15) we then have

m+h

E(@mnomen| Fn) 2 25 CA™"'BE(t£T)CA™"'B)T
i=m+1
Z CA'B(CA'BY" 2al>0, Ym>0, Vh>n (75)

i=0
where the last inequality is derived by the output controllability of (4, B, C) and « is a constant.
Since A is a stable matrix, there exists a norm ||+ ||, on R" such that its induced matrix norm (also
denoted by ||+||1) satisfies || 4 ||12 @ < 1. Consequently, by (12) we have

| Xms1llh < a||xml||+||Bg,,,+l||l
{ i B
| Xm+1 11 < @ll X ||i + (1 - @) ____..__12'”*;
- 1

since x' is convex for x > 0 and / > 1. From this it is easy to find a constant b > 0 such that
I Howet E + 1 Xomsd 1< @ I+ 1} 20 ) + B St I+ [ a1 (76)
Again from (74) and (14)—(16) it is easy to see that there exists a constant d > 0 such that
E(llemer |” + | @mer |*] Fn) < dC)| X 1>+ | 2 [|) + @
Consequently, by the equivalency of the norms ||+ || and || - ||» we know that there is di > 0 such that
E( emet 12+ | @mer 1*] Fn) S Al X |+ || 2 1) + & a7
Set
om=oa " 'di(|| Xm |3+ || Xm ||1) + ™ 'd

Then from (73), (75) and (77) we see that (8) holds, while (9) and (10) can be seen from (76) and (l%
This completes the proof.

Proof of Lemmas 1 and 2

Let us first construct an adapted process {Bm, %=} such that 8, > 1,

E(am+1| Fm) 2 I/Bm9 Bm 21 (78)
Bms1=bBm+ &me1, 0<b<], BB+ < (79)
and {&, %} is an adapted sequence satisfying
& 20, sup Ettil < w (80
N& 21;1(9) E(¢k+1| F) <D (81)

The property (81) characterizes the key difference between {ni} and {&].
We proceed as follows.
Define a constant L by

L =max[l, CM)'?] 82)
where 6 and M are the same as in (10). Then we take b as
b=L+(1—a)/2 3)
L+(l—a)

where a is the same as in (9). Obviously, b€ (0,1) and b > a.
Next let us introduce two processes {af”} and [« f?} as follows:

af)i = aok” + nes 1 IGpe+1 < L), af?=0

(84)
a2y =baf? + st I(ks1 = L), af? =ao
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Obviously, af” < L/(1 - a), vk >0, and by (9) and the fact that b > @ we have

L
o <af+af g Tt af?

Now define 8x = Lf(1 ~ @) + af?. Then ax < Bk, B« > 1 and hence (78) holds. Furthermore, from (84)
it follows that

Bi+1=bBk + k41

where £x41=(1 = b)L{(1 ~ @) + ne+1I(ni+1 = L); hence (79) is true and we need only to verify that {&)
satisfies (80) and (81).
By (10) and (82) we know that

1+8
Nk+1 M 1
Elge+1I(e+1 2 L)| %) <E (L; -%c) L5<2
and by (83)
(1 b)L
b=
2 1-a

and hence (81) holds, while (80) is obvious. This proves (78)—(81).
We are now in a position to prove Lemmas 1 and 2.
Proof of Lemma 1. Let us define a sequence {xx}, k€ [m,n], by
Xev1= (1 = @rs1)Xx, Xm=1 (85)
Then by (78)—(81) and (85) it follows that

E(Br+1Xk+1| Fi) S E[(BBk + Ex+1)(1 — @ 1) Xk | Fi]
< bB[l ~ E(ak+1| Fa)lxx + xxE(fx+1| Fi)
< bBr(1 = 1/Br)xi + Nxx
= bfrxi + (N — b)xk < bfrxi

Consequently, we have

B(Bu+ 1Xn+1) < BE(Bnxn) € -+ < D" " E(Bmkm) = b" " 'Efm < b"""“(Eﬁo +1 fb> (86)
where for the last inequality we have (79) and (81).
Finally, by (85) and (86) and noting that 8, > 1, we obtain
E kH (1= @k41) = Exns1 S E(Bns1Xns1) € (Eﬁo+——-b—b>b" e
Hence Lemma 1 horlnds. 0

Proof of Lemma 2. We will need the following fact: for any martingale difference sequence [f,;, %}, if

sup E| fu|'* €< 0, for some e>0 (87
n
then as n >
l n
-2 /x>0, as. (88)
N k=0

To prove this, we first note that (without loss of generality assume €€ (0, 1)

1+¢ oo 1+¢
[Z E( L gkq)jl = Z %<w

k=1
E <
kgl ( k

so we have
1+e

.%-1) < o, a.s.
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Consequently, by Corollary 5 of Reference 21 we know that the series 2=, fi/k converges almost surely.
From this and the Kronecker lemma we see that (88) is true. .
Now let us denote

dx = ax — E(ax | Fx-1), £ =& — E(ix | Fx-1)
where {£:] is the process appearing in (79)—(81). By (78) and (81) it is easy to see that
A1 2 Ora1 + 1B, fe1 S Er + b (89)

By this, (28) and (79) we have

< (BB + Ex1)(1 — Gk 1)axk + CBr+1

€ BBk (1 — ak+1)axi + &k 10Xk + CBr+1

< BBk (1 — Gk+1— 1Bi)axe + (Eiv1 + D)axe + CBi1

= abxfk — abdi1 %Pk + Exv 10Xk + CBi (90)

Br+1Xk+1

We now proceed to estimate the last three terms on the RHS of (90). By (79) and (80) it is easy to see
that
sup BB} ¥ < 0 ¢3))
k

By Lemma 1 and (28) it is easy to verify that
sup E(xx)?7< 0, v¥g>0 92)
k
provided that o < min[1/y, (1/7)'/ 9], where vy € (0, 1) is the constant appéaring in (27).
Next let us take € (0,6), ¢ = (1 +8)(1 + €)/ (8 — €) and define a¥= min(l/b, 1/v, (1/7)"?]. By (91),

(92) and the Holder inequality we get (| ax| < 1)

sup B dk+1xkBe |+ < sup B(xiBe)' T € < sup(ERA+8 )1 TN+ ExgyB -l (1+8) ¢ o
k k k

Similarly, we have
sup E{&erixe | T < 0
k

Hence, applying (87), we obtain

1 & ~
- 2 (—ablie e + afiexe) =0, as., asn— oo 93)
k=1
Summing both sides of (79) and taking account of (89), we see that
n n n
2 Bk <bBo+b D B+ 2 E+bn (94)
k=1 k=1 k=1
But by (80) and (88) we know that
n
1 > &0, as., asn—w
n k=1
Hence by (94)
lim sup 1 D Bk <2 as 95)
neew M k=1 1-b

Finally, summing both sides of (90), we get

n n n-1 n
> xiBx S ab D) xiBi+ abxoBo+ 2, (—abdks Bk + afir1xk) + C 25 Br
k=1 k=0

k=1 k=1
Consequently, taking account of (93) and (95), we have
1 & C 1
lim sup — Xy € ———, a.s., Va€ll, -
o ,Z:I B S T = ab) ( b)

which implies the desired result (29) with «*=1/b and C’'=C[(1 - b)(1 —ab) since
Bk =1, Vk. O
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Proof of Lemmas 6 and 8

Proof of Lemma 6. Without loss of generality we assume that

Xee1=(1— axs)xe+C, Yk 20, Ex} < (96)
We first prove (50) for the case C < 1
Definé a sequence {y«, k€ [m,n]) by

1
Y= (1 - "")}’k-h Ym-1=1 97
Xk
Then we have

XYk = (Xk ~ Dye-1 < (1 = ar)Xe-1¥5-1

and then

<TI0 - a)xme: (98)

Note that by Lemma 1 and (96)
sup Ex¢ <

k
Hence by this, Lemma 1 and the Schwarz inequality we obtain

EH (1—-——)=Ey,,<C"y("”"“)’2, vazm, C' >0, v€(0,1)
Xk

which shows that (50) is valid.
Next we consider the case where C > 1.
Let us take £ = C™'; then £¢€ (0, 1) and

exkri=(—axsrdexk+1, exx 21, k21 99

Hence by the argument above we know that

EH(E

" ) < Cl (n- m+l)/2 vazm (100)
k

where C’ > 0 and ye€ (0, 1).

Since ax€ [0,4],a < 1, we see from (99) that

exxmiz(l-a)+1, vkx1
We need the following inequality: '®
1-x< (A -do)?™4 0gde<t<l, d>1
To see this, let f(x)=x+ (1 — dx)" "9~ 1, Then f(0)=0 and the derivative of f(x) satisfies
SO)=1-(1=HA-dx)d" - (1= - Y1211 -0n""Y920 (101)

Hence (101) holds. Now, substituting x = 1/xx, d=1/¢ and 1= 1/(2 — @) in (101), we have

1 1 (1-a)/2-4a)
l——S(l—-——) , Vk22
Xk EXk

Consequently, by the Holder inequality and (100) we get
n (1-a)/Q2-a)
1-— E
el () <[ 1L (-25)
< C'\"" '"“, for some C’' >0, ~€(0,1), vagpm>2

By suitably adjusting C' we know that the above inequality holds for all # > m > 0. Hence the proof
of Lemma 6 is complete. O
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Proof of Lemma 8. Let us take a constant d > 1 such that d\ < 1. Then we have
E(Crexk) = E(Cuexi ) (xx < 0d” %) + B(CuicXi) I (xx > 0d" %)

_ xk log®(e+xx)

S oN(@N"*+E ===

S oN(dh) logf(e+od™ %)

g

n-k
SN et 0d™ )

If 0 > 1, then it is easy to see that

n
—'T—'—l———jk—SC', vnz20 (103)
-0 logi(e+ad"™%)

where C’ is a constant mdependent of o.
If 0 < 1, define ko as the smallest integer such that odk" > 1; then it is easy to see that ko < (log d)~!

log(e+ a“) + 1. Thus we have

n ko + n
SRS S 1 — < C'[1+logle+ o) (104
i=0 log‘s(e+od” K ,g, log?(e + od" %) k=Zk log? (e+ad" ") [ gle+ o)) (104)

where C” is some constant independent of o.
Combining (102)—(104), we finally get

I N
E(C <
Eo (Coe¥) S 7

for some constant C. This completes the proof of Lemma 8. O

o+a(C’'+C")+ C"q log(e+0~') < Co log(e+ o7 !)

Proof of equation (52)

Take ¢(2) =exp(t"*)— 1, y(t) =log*(t + 1) in the following Young’s inequality (see e.g. Reference
22):

Xy € Sox e(t) dt + Soy y@yde, x=20, y>20, e (@) =t
We get
xy < x exp(x"*) + y log*(1 + »)
Note that
x < explax’®), vx>0, a>0
So we have

< explla+ DxV*] + y log*(1 + »)

Replacing x and y in the above inequality by

( €x > and (a+ 1) y
a+l € op
respectively, we see that

a+1 € Op
< op explex) + ( at l) y log® [ (g_-(*_l_) !-]
€ € op
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Thus completing the proof,

10.
i1,

12.

13.

14.

15.
16.

17.
18.

19.
20.
21.
22
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Jrioele (] (0+2)

Jorlowler (Y] 02

Jreen (S e (e2)
]

R
+

™

<€ ap exp(ex) + (

R
+

< ap exp(ex) + (

™

R
+
+

< gp exp(ex) + (

™

R
+

£ op explex) + ( . 1) 4%+ 1y log® [e ( 1) [log® (e+op‘)+log (e+ y)]
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