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Necessary and Sufficient Conditions
for Stability of LMS

Lei Guo, Senior Member, IEEELennart Ljung,Fellow, IEEE and Guan-Jun Wang

Abstract—In a recent work [7], some general results on ex- risk-sensitive optimal and minimizes a certain exponential cost
ponential stability of random linear equations are established function (see [11]).

which can be applied directly to the performance analysis of a | many sjtuations, it is desirable to know at least the
wide class of adaptive algorithms, including the basic LMS ones, . )

without requiring stationarity, independency, and boundedness answers to the following questions.

assumptions of the system signals. The current paper attempts < Is the LMS stable in the mean-squares sense?
to give a complete characterization of the exponential stability ~ « Does the LMS have good tracking ability?

of the LMS algorithms by providing a necessary and sufficient o does one calculate and minimize the tracking errors?
condition for such a stability in the case of possibly unbounded,

nonstationary, and non--mixing signals. The results of this paper Now, for a given sequencg¢,}, (1) is a linear, time-
can be applied to a very large class of signals, including those varying difference equation. The properties of this equation

generated from, e.g., a Gaussian process via a time-varying linear gre essentially determined by the homogeneous equation
filter. As an application, several novel and extended results on

convergence and the tracking performance of LMS are derived Thg1 = (_7 _ IM/)M/)Z)M 2)
under various assumptions. Neither stationarity nor Markov-

chain assumptions are necessarily required in the paper. with fundamental matrix

Index Terms—Exponential stability, LMS algorithm, nonsta- +
tionary signals, tracking performance.
Y =9 9P Bt k) =TT (1= nej 7). 3)
j=k

I. INTRODUCTION . . .
The expression for tracking errors will then be of the form

A. The Contribution

HE WELL-KNOWN least mean squares (LMS) algo-
rithm, aiming at tracking the “best linear fit” of an
observed (or desired) signdly;,} based on a measurett Where{v(k)} describes the error sources (measurement noise,
dimensional (input) signal¢y }, is defined recursively by ~ parameter variations, etc.). As elaborated, e.g., in [8] and [6],
the essential key to the analysis of (4) is to prove exponential

> Bult, kyv(k) 4)
k=1

Tht1 = Tk + pdr(yr — dr.28), zo € RE (1) stability of (3). This was also the motivation behind the work
of [1]. We shall establish such exponential stability in the sense
where, > 0 is a step-size. that for anyp > 1 there exist positive constant¥/, «, and

Due to its simplicity, robustness, and ease of implemep such that
tation, the LMS algorithm is known to be one of the most 1P i
basic adaptive algorithms in many areas, including adaptive [ENBut RIFT < ML = pe)™%,
signal processing, system identification, and adaptive control, vt >k, Y € (0, 1] (5)
and it has received considerable attention in both theory and ] o
applications over the past several decades (see, among mafy €xpectatiort, here, is with respect to the sequeres. .
others, books [20], [19], and [2], the survey [14], and the Clearly, (5) is a property of the sequengg,} only. We

references therein). Also, it has been found recently that thall here establish (5) under very general conditiongdar}.
LMS is H> optimal in the sense that it minimizes the energThese are of the kind (precise conditions are given in Theorem

gain from the disturbances to the predicted errors, and it is a
« restrictions on the dependence among ¢he This takes
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for somea > 0 and some constan®. Here e, is the however, that the signal proce§g;. } defined by (8) need not
“source” from which¢; was formed. be a stationary process nor a Markov chain, in general.
Both of these restrictions are very mild and allow, for ex- Unfortunately, (9) withé > 2 excludes the case whe{ey, }
ample, the Gaussian, dependent case (unlike most previéud@ Gaussian process, since such signals could only satisfy a
treatments). Now, for sequences, subject to these two Weaker condition

restrictions, thenecessary and sufficiewbndition for (5) to )
hold is that sup Efexp(allex|[)] < oo, for some o> 0. (10)

sy - The motivation of this paper has thus been to relax (9) so

Z El¢ig7] = oL, vk =0 (7) that at least the signal procegs;. } defined by (8) and (10) can
i=k+1 be included. This will be done in a more general setting, based

for someh > 0 and § > 0. This is the “persistence of ON @ relaxation of the moment condition used in [7, Th. 3.2].

excitation” or “full rank” condition ongy,.

This result is the main contribution of this paper. Fur- Il. THE MAIN RESULTS

thermore, several direct applications of the stability result to '

adaptive tracking will be given under various noise assumf)- Notations

tions, which in particular, yield more general results on LMS Here we adopt the following notations introduced in [7].

than those established recently in [8]. 1) The maximum eigenvalue of a matriX is denoted by

Amax(X), and the Euclidean norm ot is defined as its

B. Earlier Work maximum singular value, i.e.,
Most of the existing work related to exponential stability 1X|| 2 {)\Inax(XXT)}%
of (2) is concerned with the case where the signglg} . _
are independent oM/-dependent (cf., e.g., [20], [19], [4], and theL,-norm of a random matri¥X is defined as
[1], and [2]). This independence assumption can be relaxed X, 2 {E(HX”P)}%’ p> 1.

considerably if we assume that the signéds,} are bounded .

as in, e.g., [6], [18], and [12]. Note that the boundedness?2) Forany square random matrix sequeitce- { .}, and
assumption is suitable for the study of the so-called normalized ~real numbergp > 1,.* € (0,1), the L,-exponentially
LMS algorithms (cf. [19], [6], and [15]), since the normalized ~ Stable familys,(n*) is defined by

signals are automatically bounded. In this case, some general

results together with a very weak (probably the weakest ever k ‘
known) excitation condition for guaranteeing the exponential ~ Sp(p*) = < F': H (I—pFy)|| <M - pa)**
stability of LMS can be found in [6]. Moreover, in the bounded j=it+l »

¢-mixing case, a complete characterization of the exponential

stability can also be given. Indeed, in that case it has been Y € (0, 1], vk >i>0,

shown in [6] that (7) is the necessary and sufficient condition
for (2) to be exponentially stable.

For general unbounded and correlated random signals, the for someM > 0 anda € (0,1)
stability analysis for the standard LMS algorithm (1) becomes
more complex as to have defied complete solution for over
30 years. Recently, some general stability results applicable
to unbounded nonstationary-dependent signals are established
in [7], based on which a number of results on the tracking
performance of the LMS algorithms can be derived (see [8]).
In particular, the result of [7] can be applied to a typical . i
situation, where the signal process is generated from a white Sy =91 H (I = nBIE])|| < M(1 = pa)™™,
noise sequence through a stable linear filter g=itl

Likewise, the averaged exponentially stable family
S(p*) is defined by

k

> > Ve (0,p*], VE>i>0,

$=Y_ Ajer—j+, o l4jll <o (8)
j=—0o0 j=—00
where{e;} is an independent sequence satisfying for someM > 0, anda € (0,1)

sup Elexp(a|ex||®)] < oo, for some a >0, § >2

» (9) In what follows, it will be convenient to set

and {¢;.} is a bounded deterministic process.

It is obvious that (8) has a similar form as the well-known SE U Sswn,  s&E | swH). (1)
Wold decomposition for wide-sense stationary processes. Note, nre(0,1) we(0,1)
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3) Letp > 1, F & {F;}. Set We remark that the summability condition in (14) is pre-
cisely the standard definition for uniform stability of time-

M, = {F : sup HSi(T)Hp =o(T), as T — oo} varying linear filters (cf., e.g., [13]). Also, recall that a random

i sequencege; } is called¢-mixing if there exists a nonincreas-

where (12) ing functiong(m) (called the mixing rate) witlp(m) € [0, 1],
Ym > 0, and¢(m) — 0 asm — oo such that
(i+1)T—1
() — - : sup P(B| A)— P(B)| < ¢(m),
s = ZT (F; — E[F}]). (13) AefﬁwBemml (B[ A) - P(B)| < ¢p(m)
J=i

Vm > 0,k € (—o0, 00)
The definition of M), is reminiscent of the law of | qre by definition?, —oo < i < j < oo is the o-algebra
large numbers. As shown by [9, Lemma 3], it Incmdeaenerated ber.i < b < j}_ SJ=

a large class of random processes. The ¢-mixing concept is a standard one in the literature

. for describing weakly dependent random processes. As is well
B. The Main Results known, theg-mixing property is satisfied by, for example, any
We first present a preliminary theorem. M-dependent sequences, sequences generated from bounded
Theorem 1:Let {F},} be a random matrix process. Then white noises via a stable linear filter, and stationary aperi-
odic Markov chains which are Markov ergodic and satisfy
{FleS=>{m}es, Vp=x1 Doeblin’s condition (cf. [3]).
The main result of this paper is then stated as follows.
Theorem 2: Consider (2). Let the signal proce$s;} be
generated by (14) wheré¢é,} is a bounded deterministic
sequence, andke; } is a ¢-mixing process which satisfies for

n anyn > 1 and any integer sequenge < jo -+ < jn
exp EZHF
=1

exp <a2 ||sji||2>
holds for any integer sequenfe< j; < jo -+ < Jn. i=1
2) There exists a constanf and a nondecreasing functionwherec, M, andK are positive constants. Then for amy> 1,
g(T) with ¢(T") = o(T’), asT — oo, such that for any there exist constan{s* > 0, M > 0, anda € (0, 1) such that
fixed T, all small. > 0 and anyn > i > 0 for all o € (0, *]

E{exp (u 2. HSE”H)}
j=i+l

provided that the followingwo conditionsare satisfied.
1) There exist positive constantsM, and K such that for
anyn > 1

E

< M exp(Kn)

E < Mexp(Kn) (15)

t

pq1/p
E|| T (- uéie3) ] < M(1 - pa)=",

j=k+1
< M exp{[pg(T) + o(p)](n — i)} V> k>0 (16)
where S](T) is defined by (13). if and only if there exists an integei > 0 and a constant
The proof is given in Section IV. & > 0 such that
Remark 1: The form of Theorem 1 is similar to that of kth .
[7, Th. 3.2]. The key difference lies in Condition 1). This Y. Elgigi] 281, Vk=o0. 17)
condition was introduced in [5, p. 112] and is, in a certain i=k+1

sense, a relaxation of the corresponding condition used in [7,The proof is also given in Section IV.
Th. 3.2]. Such a relaxation enables us to include GaussiarRemark 2: By taking A(k,0) = I, A(k,j) = 0,Vk,Vj #
signals as a special case when the LMS algorithms arelipnand ¢, = 0,Vk in (14), we see tha{¢;} coincides with
consideration, as will be shown shortly. {e1}, which means that Theorem 2 is applicable to aRy
Based on Theorem 1, we may prove that for a large classxing sequences. Furthermore {H} is bounded, then (15)
of unbounded nonstationary signals including (8), (7) is al$® automatically satisfied. This shows that Theorem 2 may
necessary and sufficient for the exponential stability of LMSnclude the corresponding result in [6] as a special case.
Let us start with the following decomposition which is more Note, however, that a linearly filterettmixing process like

general than that in (8): (14) will no longer be ap-mixing sequence in general (because
oo oo of the possible unboundedness{et. }). In fact, Theorem 2 is
$r= > Alkjer—j+ &, S supl|A(k,j)|| < oo @pplicable also to quite a large class of processes other than
oo oo K ¢-mixing, as shown by the following corollary.

(14) Corollary 1: Let the signal procesq¢;} be generated
where{¢;} is ad-dimensional bounded deterministic procesdly (14), where{{;} is a bounded deterministic sequence,
and{e; } is now a generain-dimensionak)-mixing sequence. and {¢;} is an independent sequence satisfying (10). Then
The weighting matricesi(k, j) € R4*™ are assumed to be {¢;¢7} € S, for all p > 1 if and only if there exists an
deterministic. integerh > 0 and a constant > 0 such that (17) holds.
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Proof: By Theorem 2, we only need to show that (15) is Theorem 3: Consider the LMS algorithm (1) applied to
true. This is obvious sincge; } is an independent sequencé&18). Let Condition Al) be satisfied. Also, It} be as
satisfying (10). O in Theorem 2 with (17) satisfied. Then for &ll> 1 and all

Remark 3: Corollary 1 continues to hold if the indepen-small x > 0
dence assumption ofe;} is weakened toM-dependence. ) 2
Moreover, (10) used in Corollary 1 may also be further relaxed EHa?t - 37?” = O<0'2 + —2> +O([1 = ppl")
if additional conditions are imposed. This is the case when, K
for example {¢ } is a stationary process generated by a stabi¢here 5 € (0,1) is a constant.

finite-dimensional linear state-space model with the innovation This result follows immediately from Theorem 2, (20),
process{e; } being an i.i.d. sequence (see [16]). and the Hbider inequality. We remark that various such

“worst case” results for other commonly used algorithms (e.g.,
recursive least squares and Kalman filter) may be found in
[6]. The main implication of Theorem 3 is that the tracking

Let us now assume thdty} and {¢:} are related by a error will be small if both the parameter variatim) and the
linear regression disturbance(s) are small.

I1l. PERFORMANCE OFADAPTIVE TRACKING

Yk = PrTy + Uk (18) B, second Performance Analysis

where {z}} is the true or “fictitious” time-varying parameter By this, we mean that the tracking performance analysis is
process, and v} represents the disturbance or unmodelegfrried out for zero mean random parameter variations and
dynamics. disturbances which may be correlated processes in general. To

The objective of the LMS algorithm (1) is then to track th&€ specific, we introduce the following set for> 1:

time-varying unknown parameter procegs; }. The tracking ktn
error will depend on the parameter variation proc¢ss.} A, = w:sup Z wi|| < vn, Vo >1p (21)
defined by i=k+1 ||,
Ay = — 25, (19) Wherec;’ is a constant depending enand the distribution
of {w;} only.
through the following error equation obtained by substituting Obviously, V,. is a subset ofAM, defined by (12). It is
(18) and (19) into (1): known (see [9]) that the martingale difference, zero mgan

anda-mixing sequences can all be includedhf). Also, from
Trgr = (I — pondr) & + pdrve — Apgr (20)  the proof of [9, Lemma 3], it is known that the constaiit
A can be dominated byup,, ||ws||, in the first two cases and by
where, =y, — af. . _ supy, ||wi|lr4s, (6 > 0) in the last case.
Obviously, the quality of tracking will essentially depend \j5reqver, it is interesting to note that, is invariant under
on the properties of¢, Ay, v} The homogeneous part Ofjinear transformations. This means that{if;} and {e;} are

(20) is exactly (2) and can be dealt with by Theorem 2. Hencgyateq by (8) with¢, = 0, then {e,} € N, implies that
we need only to consider the nonhomogeneous terms in (2

) . o . . %k} € MN,. This can be easily seen from the following
Different assumptions ofA, v } will give different tracking inequality:
error bounds or expressions, and we shall treat three cases

separately in the following. ktn o0 ktn
Z Pif = Z 4; Z Ei—j
A. First Performance Analysis =kl |lymmee i=kL ;
H . . o0 k+n

By this, we mean that the tracking performance analysis < Z 1A - Z i
. . 2T < ; i
is carried out under a “worst case” situation, i.e., the param- oo ’ P} ’

= .

eter variations and the disturbances are only assumed to_be

bounded in an averaging sense. To be specific, let us make Ih&'S: random processes generated from martingale differ-
following assumption ences, okp- or a-mixing sequences via an infinite order linear

X filter, can all be included inV..
Al) There exists > 2 such that Now, we are in a position to introduce the following
condition for the second performance analysis.
A2) For somer > 2, {A} € N, and{¢pui} € N,..
and Theorem 4: Consider the LMS algorithm (1) applied to
(18). Let{¢;} be defined as in Theorem 2 with (17) satisfied,
v = sup || Al < 0. and let the Condition A2) hold for a certain Then for all
k t > 1 and all smallp > 0

o= s%p||vk||r < o0

Note that this condition includes any “unknown but ) ) (CA)Q
bounded” deterministic disturbances and parameter variations||z; — 2} |” = O <u(cf”) + ’—) +O([1 = pufh)
as a special case. ’“‘
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where ¢¢¥ and ¢ are the constants defined in (21), which wherer > 2 andM > 0 are constants, ané; denotes

depend on the distributions ¢fvy } and{A,}, respectively. the s-algebra generated ble;, A;, v;,1,1 < k}.

Moreover, 3 is the same constant as in Theorem 3. Theorem 5: Consider the LMS algorithm (1) applied to
Proof: By [8, Lemma A.2] and Theorem 2, it is easy tq18). Let Conditions A3) and A4) be satisfied. Then, the

see from (20) that the desired result is true. O tracking error covariance matrix has the following expansion
Note that the upper bound in Theorem 4 significantljor all ¢ > 1 and all smally > 0:

improves the “crude” bound given in Theorem 3 for small 5
i, and it roughly indicates the familiar tradeoff between noise E[j;ta}tf] =1, + O<a(u) {u + e +(1- ﬁu)tD
sensitivity and tracking ability. H

Theorem 4 can be applied directly to the convergenggere the functions(y) — 0 asp — 0, andIl, is recursively
analysis of some standard filtering problems (cf. [20], [4Hefined by
and [2]). For example, lefy;} and {¢;} be two stationary
processes, and assume that our purpose is to track the LMBe+1 = (I = uS)IL(I — uSy)" + p® Ry (£)Se + Q(t + 1)

soltion 1 with S; = E[¢.¢7] and R, (t) and Q(t) being defined as in
a* = [E(ondi)] E(dru) Condition A4).
of This theorem relaxes and unifies the conditions used in [8,

Th. 5.1]. The proof is given in Section IV. The expression for
min E(yp — 27 ¢r )’ the functiono (1) may be found from the proof and from the
* related formula in [8, Th. 4.1]; see (45).

Note that in the (wide-sense) stationary casg,= S,
R, () = R,, Q(t) = @, and 11, will converge to a matrix

recursively, based on real-time measuremdnitse;, i < k}.
Now, define{v} by

k= opz* + vk IT defined by the Lyapunov equation (cf. [8])
It is then obvious thatE¢rv; = 0. Furthermore, in many ST+ IIS = uR,S + Q
standard situations it can be verified tHat,v,} € N, for H
somer > 2. Thus, Theorem 4 applied to the above linear |n this case, the trace of the matiik which represents the
regression gives dominating part of the tracking errdr||z.||? for small . and
E|lz, — z%))? = O(p) + O([1 — pA]) large ¢, can be expressed as
which tends to zero as — 00 and . —>_0. _ tr(1l) = 1 {uRvdJr M}
Apparently, Theorem 4 is also applicable to nonstationary 2 2

signals {y.} and {¢}. whered £ dim(¢y,). Minimizing tr(IT) with respect tq:, one

C. Third Performance Analysis obtain the following formula for the step-size

By this, we mean that the analysis is purposed to get an (S TQ)
explicit (approximate) expression for the tracking performance o= R,d
rather than just getting an upper bound as in the previous
two cases. This is usually carried out under white noise IV. PROOF OF THEOREMS 1, 2, AND 5
assumptions oAy, v }. Roughly speaking, the parameter
process in this case will behave like a random walk, and some proof of Theorem 1
detailed interpretations of this parameter model may be foundBy the proof of [7, Lemma 5.2] we know that Theorem 1

in [14] and [8]. We make the fgllowmg assumptlon_s. will be true if [7, eq. (32)] can be established. However, by
A3) The regressor process is generated by a tlme—varylﬁg eq. (34)] and Condition 2), it is easy to see that we only
causal filter need to show that for any fixed > 1, ¢ > 1, and7 > 1,

= . = . and for all smally > 0
dn =D Ak e +&e Y swp Ak < oo o

§=0 5=0 n 4
(22) L+ 22| D] < MA+0@N"™",  Vn>i
where {£,} is a bounded deterministic sequence, an jzlll( FurelED)| < M+ OW) g
{exr, Ak, vr—1} IS a¢-mixing process with mixing rate ¢ (23)
denoted byp(m). Assume also that (15) and (17) holdwhere A > 0 is a constant and
A4) The process{Ay, v} satisfies the following condi-

tions: PP Hy = 1 Hyj(2) + p*Hj(3) + - - + p" Hy(T) + O(1i”)
a) Eluk|Fi] =0, E[Apt1|Fi] = E[Arprvk|Fr] = with
0;
b) E[vi|Fx] = Ru(k), E[AAT] = Q(k); Hj(k) = > Fy - Fy,
c) sup E[jv|"|Fr] < M, £ sup||Axll, < oo; FT <1 <o <o <jr <(G+1)T—1
k k
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Now, let us set

(+1)T—1
1
fi=expSut > |IF] .
s=4T
Then for any2 < k < T andjT < j; < -+ < jp <
(j + )T - 1, by using the inequalites > 2 + % and

z < exp(z), we have fory € (0,1)

. 3 1 1
PRI E - F < p (3 1 E 01) - (2 1)
3 1
< p2exp {pd (| )|+ + 1 F5 D
3
< pzfi
Consequently
(1 + el Hyl)
T
< [T+ il Hy(R) DA + O(1?))
k=2
T
<11 11 L+ el Eye - F )
k=2 {T<j<jo--<je<(i4+1)T—-1
x (1+0(u*))
< (1+pfef;)” A+0(w?) (24)
Note that
n n—i s k
[T (ttufess) =3 (n3e) > i
j=it+l k=0 i+1<j1 < <jp<n
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The proof of Theorem 2 is rather involved, and so it is
divided (prefaced) by several lemmas.
For the analysis to follow, it is convenient to rewrite (14) as

oo
Z a; < o0

j=—co

oo

d)k: Z GJE(k,J)+£k,

j=—c0

(25)

where by definition

a; = sup Ak, ), <k 5) 2 a7 Ak, j)en—y.  (26)

(We sete(k,j) =0, Vk, if a; = 0 for somej.)

The new procesge(k, j)} has the following simple prop-
erties.

1) For anyk andj, [[e(k. /)| < llexjll-

2) For any fixedj, the procesge(k, 7)} is ¢-mixing with

the same mixing rate ag}.

3) For anyk andy, e(k, ) is o{ex—, }-measurable.

These three properties will be frequently used in the sequel
without further explanations.

Lemma 1: Let { £} } be a¢-mixing d x d-dimensional matrix
process with mixing rat€¢(m)}. Then

T-1 i
p 7], < M{T 5 Wm}  vrsa

m=0

where 57 is defined by (13) and: is defined byc
sup; ||E - EFZ||2
Proof: DenoteGGy = Fy — EF}. Then by [10, Th. A.6,

Now, applying the Minkowski inequality to the abovep. 278], we have

identity, noting the disjoint property of the sefs;7 < 5 <
Gi+ DT =1}, i = 1,2,---, for j; < jo < ---, taking p
small enough so thaTtut < e, and using Condition 1), it
is evident that

Jj=i+1 2T
n—u
1 KT
<> i)t > MZ**XP{(@)’“}
k=0 i+1<G < <G <n

K n—i
SMﬁ<1+cu%eXp<2—Tj;>> .

Finally, from this and (24), we have for any > ¢

n

1T @+ el Hl)

j=it1 .
2T

[1+ 03]

27¢

< M{ [1 +cp? exp <§—T€>} : }"‘i[l +O0(* )"

n—t

< M[1+0(*)]"

n

<|[ TT (@+uies))

j=i+1

for all smally > 0

which is (23). This completes the proof of Theorem 1.

IE[G,GF|| < 242 V/o(j —K]), Vi k.

Consequently, by using the inequality

ltr | < d|F||,  VF e R

We get

(+1)T-1

pEe

G k=iT

(G+1)T-1
<ty Y. EGG;

. k=iT
(+1)T—1
<d ), |EGGE

Jyk=iT

(i4+1)T—1

<23d > V(i — kD)

Jyk=iT

<4ctd*T z_: Vv o(m).

m=0

|51z =&

This gives the desired result. |

Lemma 2: Let I, = ¢r¢}, where{¢,} is defined by (14)
with supy, ||ex]la < oo. Then {F;} € M, where M, is
defined by (12).
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Proof: First of all, we may assume that the procé¢ss}
is of zero mean (otherwise, the mean can be includeg).)n
Then by (25)

15571,
(i+1)T—-1
= > [po7 - Edio]]
t=1T" 2
oo (i+1)T—1
< D wayl| Y [t R)e(t )T — Ee(t R)e(t 5)]
k,j=—o0 t=iT 2
oo (i+1)T—1
+2 ) aill D et (27)
Jj=—00 t=iT"

2

Note that for any fixedk and j, both the processes

{e(t, k)e(t, )7} and {e(¢,5)} are ¢-mixing with mixing rate
#(m — |k — j]) and ¢(m), respectively (where by definition,
#(m) £ 1,¥Ym < 0).

By Lemma 1, it is easy to see that the last term in (27) is of
ordero(T’). For dealing with the second last term, we denote

TS dm = k=)

m=0

(28)

:

wherec is defined as in Lemma 1. Consequently,diyn) <
1, ¥m, it is not difficult to see that

fkj (T) = QCd{

sup f1,;(1) < 2¢dT (29)
k,j

and

sup iy (T) = o(T). (30)

|k—j|<vT
Now, by the summability of{a; }
lk—i|>vT
Hence by (29)

ara; — 0, asT — oo.

(31)

2.

|k=j1>VT

akajfkj (T) = O(T)

and by (30)

> (32)

lk—=jl<v'T
Combining (31) and (32) gives

oo

> awa;fii(T) = o(T).

j=—oo

ara; i (T) = o(T).

(33)

By this and Lemma 1, we know that the second to the last

term in (27) is also of the ordex(T"), uniformly in ¢. Hence,
{Fi} € My by (12).

Lemma 3: Let sup;, E||¢x]l2 < oo. Then {¢¢} € S if
and only if (17) holds, where is defined in (11).
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Proof: Let us first assume that (17) is true. Take =
(1 + sup,, E||¢x||*)~*. Then applying [6, Th. 2.1] to the
deterministic sequencd;, = pE[¢r¢}] for any € (0, p*],
it is easy to see thafprgr} € S(u*).

Conversely, if{¢r ¢} € S, then there existg* € (0, (1 +
supy, E||¢x||*)71] such that{¢x¢}} € S(p*). Now, applying
[6, Th. 2.2] to the deterministic sequengl, = p* E[¢pr 7],
it is easy to see that (17) holds. This completes the praof.

Lemma 4: Let F, = ¢nof, where {¢,} is defined by
(14) with (15) satisfied. TheqF},} satisfies Condition 1) of
Theorem 1.

Proof: Without loss of generality, assume thgt = 0.
Let us denote

(34)

where{q; } is defined by (26). Then by the Schwarz inequality
from (25) we have

o>
lgell> < A > ajllen;l*.

j=—c0

Consequently, by the élder inequality and (15) we have for

|

Eexp {Ezn: |55,
i=1
eAd D aiy el
{EA%Z ||€jz-—j||2}
=1

< Fexp
j=—00  i=1

=F ﬁ exp

< ﬁ <Eexp{
[I (Mexpianp®

j=—0o0

= M exp{Kn}.

n
eA?Y " |leji—ill?

=1

<

This completes the proof. O
The following lemma was originally proved in [5, p. 113].
Lemma 5: Let {z.} be a nonnegative random sequence

such that for some: > 0,6 > 0, and for alli; < i <
< tp,Vn > 1

Eexp{

Then for anyL > 0 and anyn > i > 0

1 n
2

(35)

n
E iy,

} < exp{an + b}.
k=1

— Z ZjI(Zj > L)

j=itl

Eexp } < exp{e® % (n — i) + b}

where I(-) is the indicator function.
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Proof: Denote

1
fi =exp <§zj>l(zj > L).

Then by first applying the simple inequalit{x > L) <

e%/e% and then using (35), we have for any subsequence

Jr < j2r < gk

%ZJI(ZJZL)}
Eﬁ exp{%zj'](z]' zL)}
<E H {1+exp<1 )I(zsz)}

Jj=i+1
=k [ 0+5}
j=i+1
fjl T fjk }
) n—i L
€ Z Z exp{(a—§>k}
{k=0 1< < <Gp<n
= ﬁ {l—i-exp <a— £>}
2

2>

k=04i+1<j1<---<jr <n
. L
<expq(n—i)exp a=3 +bs.

This completes the proof of Lemma 5. O
Lemma 6: Let Fy, = ¢r¢j,, where {¢,} is defined by
(14) with (15) satisfied. Theq F},} satisfies Condition 2) of
Theorem 1.
Proof: Set for any fixedk and!

(+1T—-1

> et ket ) -

t=4T

zj & zi(k,1) = Ee(t, k)e(t,)7]||.

Then, similar to (27) from (25) we have

S s 3 wa Y s

j=itl ke lm— o0 j=it1
n G+DHT-1

Y ay| Y

e(t, k)& |- (36)
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We first consider the second to the last term in (36). By the

Holder inequality
2kl

Eexp{u Z axay Z %
{uakal Z Zj
A2
}} @
where A is defined by (34).

k,l=—o0 j=i+1
j=i+1
Now, let ¢ = sup;, E||ex||?, and note that

lle(t, B)e(t, D7l

=F ﬁ exp

kl=—o0

i

kl=—o0

{Eexp {/JAQ Z %

j=it+1l

< %[Ile(t,/f)ll2 + et D]

1
< §(|l<€t—k||2 +llee—ll?)

and we have
1 (G+1)
<5 Z ||5t—k||2 + lletall?) + €T

By this and (15) it is easy to prove that the sequefiee; }
satisfies (35) witha = (K + ¢)T andb = log M, where
is defined as in (15). Consequently, by Lemma 5 we have for

any L > 0
zjl(z > LT)}

Eexp{% Z
< Mexp {G(K"'c_%)T(n - L)} (38)

j=i+1

Now, in view of (38), taking: < 24~ andL > 2~ (K +
¢), and applying the Blder mequallty, we have

n

>

Eexp< 2uA?
j=i+1

zjl(zj > LT)}

< Mexp{po(T)(n — i)} (39)
where§(T) — 0 asT — oo, which is defined by

al

§(T) = 4ot A2 exp { <K to— 7)T}.

Next, we consider the term; = z;1(z; < LT).
By the inequalitye” < 1+ 2z, 0 < = < log2, we have
for small » > 0

exp{QuA2 Z z;

j=itl

(40)

} < ﬁ (1 +dpAay).

j=itl

As noted before, for any fixed: and [, the process
{e(t, k)e(t,1)™} is ¢-mixing with mixing rate¢(m — |k — ).
Consequently, for any fixe#l and/, both {z;} and{z;} are
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also ¢-mixing with mixing rate¢((m — 1)T"+ 1 — |k —I|). to show that for any; > 3, there is a bounded functiaf{m)

Note also that by Lemma 1 such that
Er; < Ezj < |lzlle < fu(T) §(m) =0, as m— oo

where fi (7)) is defined by (28). and

Therefore, applying [7, Lemma 6.2, p. 1383], we have || E[¢y¢} | Fiein] — E [pr6]] Hq <é(m), Vk=0,m20.

n (42)

E H (1 +4pA’s)) First of all, since{ey, Ay, vi_1} is $-mixing, we can apply

j=it1 the mixing inequality in [17] to obtain

< 2{1 4+ 8p A’ [fu(T) + 2LTH(T + 1 = |k = 1]} |1 Ele(k, ek, )7 | From] — Ele(k, d)e(k, 5)7]llq

< 2exp{8uA?[fu(T) + 2LTH(T + 1 — |k = 1)](n —4)}. < Cylp(m — max(i, )N]~T " (43)

(41)

for any nonnegative integeisj, k,m andq > 3, wheres(k, j)
Finally, combining (39)-(41) and using the Schwarz i defined by (26)C; depends only omup; ; (|7 ||, and

equality we get where by definitionp(m) £ 1 for m < 0.
Without loss of generality, we may assume tHay} is
y " of zero mean. Then, with some simple manipulations we get
Eexp{ pd® Y z from (22) or (25) that
J=i+l
: sup | E[gndf | Fim] = Elonei] |,
<< Eexp{ 2uA? z;I(z; > LT) = . .
{ { j;l 5 4% < Z a;a; SlipHE[E(k,'L)E(k,j) | Freem]
1 1,)=
n ’ — Ele(k,i)e(k, )7
= +25up 6] D ail Efe(k,6) | Faomllly  (44)
< V2M exp{pu[§(T) + 8A% fr(T) K i=0
+ 16LTA*¢(T+ 1 — [k =1)](n—14)}. Now, by (43), the second last term in (44) can be bounded
by
Substituting this into (37) and noting (33), it is not difficult oo
to see that there exists a functig(Z’) = o(T) such that for c, Z aia;[¢(m — max(i, )P0
all small 4 > 0 1,5=0
o0 n which tends to zero as — oo by the dominated convergence
Eexp< i Z apay Z % theorem.
k,l=—00 j=it+1 The last term in (44) can be treated similarly. Denote the

< \/mexp{ug(T)(n —9)}) right-hand side of (44)_ byo(m). It thus tends to zero as
m — oo. Hence, (42) is true and the proof of Theorem 5

Obviously, for the last term in (36), a similar bound cais complete. To find the degree of approximation, define,
also be derived using a similar treatment. Hence it is easyaoalogously to [8, Th. 4.1]

see that the lemma is true. O olp) = ;?izﬁ{m\/ﬁJr §(m)}. (45)

B. Proof of Theorem 2 O
Necessity:Let {¢r¢], } € S, for p = 2. Then by [7, Lemma

2 and Th, 3.1], we know thaf¢r¢;,} € S. Consequently, by V. CONCLUDING REMARKS

Lemma 3 we know that (17) holds. The LMS is a basic algorithm in the estimation of time-

Sufficiency: If (17) holds, then by Lemma 3 we have,aying parameters of dynamical systems as well as in adaptive
{¢xd;} € S. By this and Lemmas 4 and 6, we knowgigna| processing. There is an extensive and growing literature
that Theorem 1 is applicable, and consequedthé;} € devoted to the study of its properties from various aspects,
Sp,Vp = 1. This completes the proof. among which the exponential stability is the most fundamental.

Despite the remarkably simple structure of LMS, character-
C. Proof of Theorem 5 izing its properties analytically has long been known very

We need to verify all the conditions in [8, Th. 4.1]. However¢omplicated in general. The main contributions of this paper
by Theorem 2, Lemma 3, and the conditions of Theorem 5,df€ summarized as follows.
is not difficult to see that we need actually to verify the weak 1) For a large class of nonstationary weakly dependent
dependence condition in [8], p. 1392. In other words, we need  signals, (17) is shown to beecessary and sufficiefar
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the exponential stability of LMS, even in the case wherg7] R. J. Serfling, “Contributions to central limit theory for dependent

i n@m' i variables,”Annals Math. Statsvol. 39, no. 4, pp. 1158-1175, 1968.
the Slgnals are unbounded and IXIng. V. Solo, “Averaging analysis of the LMS algorithm,” i@ontrol and

) ) 18]
2) The main stability result—Theorem 2—has quite W|dé Dynamic Systems: Advances in Theory and Applicatiénd. Leondes,

3)

(1]

(2]

(3]
(4]

(5]

(6]
(7]

(8]
(9]

[10]

[11]
[12]

[13]
[14]

[15]

[16]

applicability. In particular, it is applicable to a typical Ed., vol. 65, Part 2. New York: Academic, 1994, pp. 379-397.

; ; ; 9] V. Solo and X. KongAdaptive Signal Processing Algorithms: Stability
situation where the signals are generated from, e'él" and Performance Englewood Cliffs, NJ: Prentice Hall, 1995.

Gaussian white noises via a time-varying linear filtepo] B. widrow and S. Stearnsdaptive Signal Processing Englewood
of infinite order (see Corollary 1). Cliffs, NJ: Prentice-Hall, 1985.

A “three-stage procedure” for the tracking performance

analysis is delineated (see Section Ill), according to

different assumptions on parameter variations and distur-

bances. These assumptions include “worst case noise
“colored noises,” and “white noises.” By doing so, we
have also generalized and simplified the recent relat
results on LMS in [8]. The basis for this tracking
performance analysis, in all its stages, is the exponent
stability.
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