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The information uncertainty coupled with the structural complexity is more pertinent than the rate of
parameter changes in characterizing the capability of adaptation for time-varying systems.

Abstract

The primary function of adaptation is to deal with systems with uncertain and time-varying dynamics. However, a natural question
is: how fast must the rate of change of the uncertain dynamics be, before it can no longer be captured by adaptation? In order to
initiate an understanding of this problem, we consider in this paper a first-order linear system with time-varying unknown parameters
modeled as a finite state hidden Markov chain. It is shown that the key factor inherent in characterizing the capability of adaptation is
the information uncertainty coupled with the structural complexity of the systems under control, rather than the existence of a certain
critical rate of parameter changes that has been conjectured by many in the area. © 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Adaptive control is designed primarily for dealing with
systems with uncertain and changing structure and/or
environments, which has been a main focus of investiga-
tions in automatic control for the past several decades
and has been an area of many successful practical ap-
plications.

Intuitively, adaptation should at least be able to cap-
ture slowly time-varying structure of a system, as has
been shown rigorously for a large class of linear finite
dimensional adaptive control systems in both the deter-
ministic framework (e.g. Ioannou & Tsakalis, 1985;
Middleton & Goodwin, 1988) and the stochastic frame-
work (e.g. Guo, 1990; Meyn & Brown, 1993). There are
also considerable research efforts devoted to the identi-
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fication of time-varying systems, see, Benveniste (1987),
Millnert (1987), Guo and Ljung (1995), and Zames, Lin,
and Wang (1994), among many others. To get a compre-
hensive understanding of the capability of adaptation,
one is naturally concerned about the following questions:
(i) How fast can the rate of parameter changes be cap-
tured by adaptation? (ii) Is there a critical value, that we
can find, of the rate of parameter changes in determining
the adaptive stabilizability? (iii) What are the limitations
of adaptation? (iv) What are the key factors on which the
capability of adaptation depends? There is still a lack of
theoretical understanding of these questions.

As a starting point towards understanding the above
questions, we consider in this paper a first-order linear
control system with the unknown time-varying param-
eter process modeled as a finite state Markov chain, with
states denoted by {a;, 1 <i< N}. The Markovian
transition probability p;; will then provide a natural
measure of the rate of parameter changes, while the
degree of dispersion of the states {a;, 1 <i < N} may be
regarded as a measure of the model complexity.

To understand the capability of adaptation, one
needs a precise definition of it first. By adaptation we
mean adaptive feedback which captures the uncertain
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information of the system by properly utilizing the mea-
sured on-line system data.! However, as mentioned by
Astrom and Wittenmark (1995), since it is practically
difficult, in general, to distinguish adaptive feedback from
ordinary nonlinear feedback by looking at either the
software or the hardware of a controller, we will speak of
adaptive feedback as any causal functions of the observed
output process. This will prevent us from restricting the
capability of adaptation at the outset by (artificial) defini-
tion. Thus, the capability of adaptation that we are going
to investigate is also the capability of generally defined
feedback.

With the above formulated framework, we are able to
explore rigorously and quantitatively what the capability
(and limitations) of adaptation is, and how, if at all, it
depends on the rate of changes of the unknown system
parameters. It turns out that the key factor inherent in
characterizing the capability of adaptation is the in-
formation uncertainty of the underlying Markov chain,
described by the transition probability {p;;}, coupled
with the model complexity exhibited by the dispersion of
the states {a; }. However, the rate of parameter changes, is
found not to be a key factor in characterizing the capabil-
ity of adaptation, since there is not a monotonic depend-
ence relationship between the two. This fact is made more
evident by studying a simplified example of systems
where the Markov chain is of only two states. In this case,
an explicit connection between the information uncer-
tainty and the Shannon information entropy is estab-
lished, showing that the capability of adaptation can
reach its maximum in both cases where the rate of para-
meter changes is fast or slow.

Besides, this paper will also study the worst case where
the transition probability {p;;} is unknown and treated as
arbitrary. A necessary and sufficient condition on the
structural complexity is found for robust stabilizability in
this case, which demonstrates how conservative the worst
case framework can be.

The aforementioned results will be presented in the
following section, with proofs of these results given in
Section 3. Section 4 concludes the paper.

2. The main results

Consider the following first-order time-varying linear
stochastic system:
Verr = a0)y, +u +wepq, =1,y eR', (1)

where y,, u,, w, and 6, are the system output, input, noise
and unknown time-varying parameter processes, respec-

! The traditional on-line identification-based certainty equivalence
principle is only an example of such philosophy.

tively. Assume that

(A1) {0,} is a homogenous hidden Markov chain with
finite states taking values in {1,2,..., N}, and with
probability transition matrix P = (p;;)y xy, Where
pijéP(01+1 = jl0; = ).

(A2) {w,} is a martingale difference sequence indepen-
dent of {0,}, with Ew? = g2, >0, Vt > 1.

(A3) a; # a;,Vi #j, where a; 2 a(i),1 <i<N.

Obviously, it would be a trivial control problem if {0, }
were observable or available. For example, the simple
feedback u, = — a(0,)y; will be stable and optimal for
regulation, regardless of the degree of dispersion of {a;}
as long as a(0,) is available. In our present case, however,
the control problem is far from trivial, since the uncer-
tainty of {0,} compounded with the complexity (or de-
gree of dispersion in this case) of {a;} will make it
impossible to control in many cases no matter how we
design the adaptive feedback. To make this fact more
precise and to pursue further, we first give a definition of
adaptive feedback together with stabilizability.

Definition 2.1. A control sequence {u,, t > 1} is called
adaptive feedback, if at each time t > 1, u, belongs to
a(y1, ..., ), the o-algebra generated by {y;, ...,y }, or, in
other words, if there exists a Lebesgue measurable func-
tion f;(+) such that u, = f,(y1,2,...,y:). Furthermore,
system (1) is said to be stabilizable by adaptation if there
exists a sequence of adaptive feedback {u,} such that the
output process is bounded in the mean square sense, i.e.,

lim,,, Ey? < o0, Vy, eR".

Our main objective is to clarify which cases in (1) can
be controlled by adaptive feedback and which cases can-
not, or in other words, to understand quantitatively the
capability and limitations of adaptation in the presence
of information uncertainty and structural complexity.
For this purpose, we introduce a matrix function

C(-):RY - RY*N defined as follows for any
V= (Ul,Uz, ...,UN)rERN:
C(V)é{(aj - Ui)zpij}NXN- )

Let the minimum spectrum radius of C(V) over RY be
denoted by p*, ie.,

p*£min p(C(V)), (3)

VeR

where p(A) denotes the spectrum radius of a matrix 4, i.e.
p(A) = max; |p;(A4)] with p;(A)s being the eigenvalues
of A. The following theorem shows how important
the value of p* is in characterizing the capability of
adaptation.
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Theorem 2.1. Consider the control system (1). Assume that
assumptions (A1)-(A3) hold and that the probability
transition matrix satisfies P>=0.> Then, the necessary and
sufficient condition for system (1) to be stabilizable by
adaptation is p* < 1.

Remark 2.1. The proof of Theorem 2.1 given in the next
section is constructive in the case p* < 1, where we can
see that a recursive stabilizing adaptation law can be
constructed in this case.

By (2) and (3), it appears that the quantity p* depends
on {g;} and {p;;} in a rather complicated way. To make it
more clear in understanding how the capability of ad-
aptation depends on both the complexity and uncertain-
ty of the system, measured by {a; —a;} and {p;;},
respectively, we present the following corollary whose
proof is also given in the next section.

Corollary 2.1. Under the conditions of Theorem 2.1, we
have

(i) System (1) is stabilizable by adaptation, if
Yi<k<jen (@ — a)pyps <1, Vi: 1 <i < N.

(i) System (1) is not stabilizable by adaptation, if
Yi<k<jen (@ — ak)zpijpik =21, Vil<i<N.

To further understand why the capability of adapta-
tion may not be a monotonic function of the rate of
parameter changes in general, we consider the following
example:

Example 2.1. Let the Markov chain {0,} have two states
{1,2} only and let py, = p,;. Obviously, the rate of
parameter changes can be simply described by
P12 €[0,1]. Now, by the fact that N = 2, p;, = p,;, and
pir +pin =1, i =12, it follows from Corollary 2.1
that the system 1is stabilizable if and only if
(a; — a)*(1 — p1,)p1» < 1. Let us denote I(p,,) as

I(Plz)él —(a, — 31)2(1 — P12)P12, “4)

which may be regarded as a measure of the capability of
adaptation, and may be further represented by

I(p1,) =1—-CU, (5)

where C2(a, — a,)* and U2(1 — py,)p12 can be inter-
preted as measures of the structural complexity (degree of
dispersion) and the information uncertainty of the sys-
tem, respectively. Obviously, the system is stabilizable
< I(p;,) > 0. Now, the following two facts are most
intriguing to us:

2To avoid conflicts with the traditional notation for positive definite
matrices, throughout this paper, 4 >>0 means that all the elements of the
matrix A are positive. Likewise, we can define A4 :=0. Furthermore,
A>B means A — B>>0 and A4 ;=B means A — B=0.

Fact 1. The capability of adaptation I(p,,) is a monotonic
function of the uncertainty U but is not monotonic in the
rate of transition pi,. Furthermore, there does not exist
a critical rate of transition pt, €(0, 1) such that the system is
stabilizable or I(py,) > O0<py, €[0,pf,). Moreover, the
capability of adaptation I(py,) achieves its maximum
when the uncertainty U reaches its minimum. However,
U reaches its minimum in both cases where the changing
rate pi, is “slow” (p1, ~0) and “fast” (p1, =~ 1). The
minimum capability of adaptation is reached at p,, = 3,
corresponding to the case where the uncertainty U reaches
its maximum.

Fact 2. Our uncertainty measure U is closely related
to the well-known Shannon information entropy, which
is a measure of information uncertainty defined by
H= — lez 1D1;logpy; in the current case (see e.g. Cover
& Thomas, 1991). Note that H can be rewritten as
H= —(1 —py3)log(l — p12) — p12logpy, and that the
dependence of H on py, €(0,1) is completely similar to that
of U as defined above. Hence, it is not difficult to see that
there exists a monotonically increasing function m(+) such
that U = m(H). This fact justifies why we refer to U as the
measure of information uncertainty here. Now, by (5) we
have I =1 — Cm(H), which implies that the capability of
adaptation is also a monotonically decreasing function of
the Shannon information entropy H.

Finally, we present a theorem on stabilizability in the
“worst case” framework where the transition probability
{pi;} is not known and is treated as arbitrary.

Theorem 2.2. The necessary and sufficient condition
for the existence of a robust stabilizing control law for
system (1) with arbitrary unknown transition matrix P is
max; <; j<n |t — a;] < 2.

Remark 2.2. Comparing the conditions imposed on {g; }
in Corollary 2.1 with those in Theorem 2.2, one may find
how conservative the “worst case” framework can be.
Besides, we remark that the noise variance ¢2 does not
affect the stabilizability in both Theorems 2.1 and 2.2;
however, it does affect the upper bound of the output as
can be seen from the proofs.

3. Proofs of the main results
3.1. Some preliminaries

For simplicity of presentation, we introduce the fol-
lowing notations:

(1>

Fi20(0;-1,w; 1 <i<),

T £ [p(0, =1),...,p(0, = N)T,
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Moreover, without causing any confusions with (2), for
a random variable v taking values in R!, we denote

C(V)é;(aj - U)Zpij}NXN- (8)

To prove the necessity part of Theorem 2.1, we need
the following four lemmas whose proofs are given in
Appendix A.

Lemma 3.1. Let P}>0, JiLe,  and define
JEc1 2 s JEr i n ]S k= 0 with Ji 1y ; recursively
defined by (1 <i < N)
N
J;ck+1,i = min |:Z (aj xkl p1]Jk1:| (9)
xk,,eR1
Then, we have (1) J§>0, and for 1 <i< N
Tt = Zj>l —a) P1;P11Jk; Ji ’ (10)
pitJiL + P12Jk,2 + o+ pinJin
where the minimum value is attained at X 2 (x¥, ..., Xiy)
with x¥; expressed as 1 <i <N,
= arpinJiés + apinJis + - + anpinJin (11)
o pinJEr + pdia + o + pindiEN ’
ie. Jf = C(X¥HJE
(2) For any V{,V,,...,V,eRY and t =1, we have

CV1)-C(V2)---C(Vy)-e=JE.

Lemma 3.2. Let P>>0 and let us define

) ) T
Jiv1 = (Akr1,15 s Akt 1N)

é J;erl,l J;f+l,N ’ (12)

Jeo T i )
where J§ is as defined in Lemma 3.1. Then there exists
a vector X* eR" and positive numbers Joo,ieRl,

i=1,...,N, such that () 2,; - p*>0,i=1,...,N; (ii)
t— oo

and p(C(X%)) = p*¥,

where p* is defined in (3), and Xj
Lemma 3.1.

JEilp* = Jou > 0; (i) X - X%,
t— w0 k—

is defined as in

Lemma 3.3. For any t > 1, there exists a deterministic

vector V, e R" satisfying
min E[(a(6,) — v,)*|7,]

wEF,
= er. Cr(Vt) [1(9:—1 =1)s >

where C(V,) is defined in (2).

Lo, -m]° as,

Lemma 3.4. If >0 is an N-dimensional deterministic
vector, vi is a random variable, then

min f; - EC' () [, :1)J/1%, cs :N)yI%]T

VEF |

= min S EC(v) [Le_, =1)

vi€a(O-1)

2
I, , :N)]ryk-

To prove the sufficiency part we need to construct
a feedback law first. Without loss of generality, we as-
sume that the states of the Markov chain satisfy
a; <a; < -+ <ay, and we denote d2min,,la; — aj|.
Introduce a function y(x):

1, — o <x<a; +3d,
2, a; +3d <x<a, +1id,
Y(x) ={: (13)
N—-1, ay_,+3id<x<ay_, +3d,
N, ay_, +id<x< + .
Let Ji2e. For t>=1, recursively define

JEE(JF, ..., JEy) by (10), and denote V, as V, = X{ 4
where X is as in Lemma 3.1. Now, define the control law
by

I(ll/((yr —u-1)/yi-1)=1)

u = —Vi- T

I(‘//((Yr —t-1)/y:-1)=N)
AN

= — v Iy 20V (14)

where . is the indicator function, and v, is defined in an
obvious way.

To show that the above defined adaptation law is
indeed stabilizing, we need the following lemmas whose
proofs are given in Appendix B.

Lemma 3.5. Let P>0 and p* < 1. Then there exist to >0
and N x N matrix C,, satisfying p(C,)= p, <1 such that
C(V. )< C,, Vt = ty, where V, is defined as above.

Lemma 3.6. For any /. > 0 and d > 0, there exists a con-
stant M, > 0 such that system (1) under control (14) satis-
fies (Vt = 2)

Eyt2+11(|w,/y,,l|>d/2) Ay, 200 S M; + 2 Eyi—y. (15)

Lemma 3.7. Let P>0 and p* < 1, and let us denote
Ye+1 éE[I(e,:l) "'I(e,:N)TYtZH
XX (v jy,- 1| <d2.3-1 % 0)- (16)

Then for any A >0 and t > ty, there exists a constant
M* such that system (1) under control (14) satisfies

Yer1 S Cho e+ (M* + 2Ey?,)-Cle + aye, (17)

where to and C,, are defined as in Lemma 3.5.

Corollary 3.1. Under the assumptions of Lemma 3.7, there
exist constants co > N, pe(0,1) and My = M (ty) such
that V't > t,

€1 < My +},Eyt20,2 -copt"'l_t" 4 ..
+ /’{Eytz_z 'Cop. (18)
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Lemma 3.8. Let {b,} be a sequence of positive numbers
satisfying the following inequality:

bir1 <M +n max b;, Vk=k, (19)
ko <i<k

where M > 0 and n€(0,1) are constants and ko > 0 is an
integer. Then

M
by < max{bku,bk0 T, }, Vk = k.
—n

3.2. The proof of Theorem 2.1

(i) Necessity: We will show that if p* > 1, then no
matter how the feedback control u, €a{y,,...,y} is con-
structed, the output sequence is always divergent in the
sense that lim,., Ey? = oo, Vy, eR'. Now, for any
feedback sequence {u,} with u, €a{y;,...,y}, let us de-
note &£ — (up/vi)ly, £0)- Then

Eyt2+ 1 = E(a(0,)y, + ut)2 + 6‘24;
= O'vzv + E(a(0,) — ‘ft)zJ’tz

+ E{E((a(@,) - ét)2|'97t)'yt2}

[l
Q
TN

> oy + E{min E((a(0;) — ét)zlfz)'ytz}

&eFy
=on + € C(V) E[lp_, =1y, Io_, =m0
(20)
where the last relationship follows from Lemma 3.3 with

V,eR"Y being a deterministic vector. Next, for any
je{l,...,N}, we have

Eygl(o,,lzj) = E[a(0,-1)y.—1 + %—1]2'1(0,,1 =j)

+ ofVEI(BH:j)

= E[a(0,- ) — ft—1]2%2—1 T, =j
+ 0% Elg -

= E{E[(a(0;-1) — 5:—1)2'1(9H :ﬁ|v97z—1]'%2—1}
+ 0% Elg, , -

Note that &_; is #,_; measurable, and {0,} is a
Markov chain, we then have

N

EJ/zzI(et,, =j = E{ Z (a; — éz—l)zpijl(al,z:i) 'Ytzl}

i=1
+ 0w Elg,_, .

Consequently, by denoting

Xy = Lo, , = 1)yt2 I, =N)yt2]t

and recalling the notations in (6)-(8), we then have for
any feR" with >0,

BEx,
N
Z (a; — ft—1)2Pi11(e,,l:i)‘J’t2—1
e pli=1 .
> pE| .
Z (ay — ‘ft*l)zpiNI(O,,z=i) 'yf2—1
i=1
Elg,_ =1
+onp :
Elg,_, -w

=B ECY(E-1)Xi—1 + onfm—y

> min  FEC(u-1)%—1 + 00 fm 4
W-1E€F -1

= min  fEC(u-1)X-1 + oufm—1, (21)
Hi-1€0(0;-2)

where for the last equality we have used Lemma 3.4.
Since y, - 1 € (8, - »), we may assume that the minimum in
(21) is reached at y,— 1 = Y =10, 1, L, ,-p. Let us de-
note V,_y =(;—1.1,-.-,0;—1.5)"- Then by (21), we know
that for any ¢t > 2 and >0, thereis V,_; € RN which may
depend on f such that

BEx, > fC(Vi- )Ex -y + 03fm . (22)

Let us set ; = C(V,)e and take f, £ C(V,_)B;. Since
e>0and P>0, it is easy to verify that f; >0. Similarly,
we have f§, >0. Hence, by (22) with § = f; we have

B1 Ex, = B5 Ex, 4 +0-3vﬁtlnt—1- (23)

Now, the term f5 Ex,_; can be analyzed by applying
(22) again with = f, and with ¢ replaced by ¢ — 1.
Hence, there exists p52£p5CY(V,_,) such that
B5 Ex,_1 = 5 Ex,_, + o257, _,. Substituting this into
(23) gives i Ex, = f5 EX,—5 + 00 f5m 5 + onfim 1.
Continuing this procedure, we finally get

By Ex, = i Exy + oul[fi-1my + -+ + Bim—1], (24)

where fi = C(V,)C(V,-1)--C(V,-;+1). By Lemma
3.1, we know that f; > J§. Hence, by (20) and (24),
Eytiy =0y + i Ex, = 0y, + f{ Exy + o [JiE 4+ T,
T, + -+ + J¥m,_1]. By Lemma 3.2, there exists ¢, > 0
such that J* =cop*'e, Vi = 0. Also, by the definitions of
e and m;, it follows that nje = 1. So, by p* > 1 we have

Eyiey = 0u + BiExy

wt—1

+ anlcop ey + o+ copFrem_y]

= aw + BT Exy 4 cooy (0¥ T 4 o+ p¥)

— 00.

t— o0

(i) Sufficiency: We will show that if p* < 1, then the
adaptation law defined by (14) is stabilizing for any initial
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condition y; e R'. For any t > to, by (16) we have

2 2
Eyivr = Eyic iUy <a2) + Lowoy za e, #0)
2
+ Eyii1ly, =0

= et + Evis tlguy 1242 Lo #0)
+ Eyteily,  -o)- (25)

By (14), we have u,_; =0 and u, =0 on the set
{ye-1 =0}. So, by (1), EyZi I, -0 = E[a(0)w, +
W1 121, —0) < 2max; < <ylal o3 + 205, Hence,
there is a constant M, such that Ey,zﬂl(ylfl —0) < M,.
Substituting this into (25) and applying Lemma 3.6, we
have

Eyt2+1 <e +M; + )vE.VtZ*I + Mo, (26)

where A > 0 is an arbitrary constant. Now, let us take
A >0 to satisfy Aco/(1 — p) <1, where ¢, and p are
defined as in Corollary 3.1. By Corollary 3.1, it follows
from (26) that

EyZ.i <M, + 2EVE _5 cop™ i 70 4 -

+ JEy;_5-cop + M; + JEy; 1 + M,

<M, + max Ey?-[cop’ 17+ -

to <k<t—1
+ cop + 112

;VCO 2
SM; +—— max Ey;,

1— P oty <<t
where we have used the fact that c¢o > 1, and where
MzéMl + )LEytZO—Z'CO + ;LEytzo_l’Co + MZ + Mo.
Hence, by Lemma 3.8, we have Ey? < max{Ey;,Ey .,
M, /(1 — Aco /(1 — p))}. This completes the proof of
Theorem 2.1. O

3.3. The proof of Corollary 2.1

By the definition of ,; in (12), the expression of J§ ; in
(10) and the fact that J§ =1, we know that
i =Y 1<k<jen (@ — a)’pijpu, i = 1,...,N. Moreover,
by Lemmas 3.2(i) and A.1, it is clear that min;{1;;} <
p* < maxi{)»li}- Hence, if 21 <k<j<n (@ — ak)zpijpik =1
for any i:1 <i < N, then we have p* > 1. Therefore, by
Theorem 2.1, we know that the system is not stabilizable.
Similarly, if Y <i<j<n(aj — a)’pijpa <1 for any
i:1 <i< N, then we have p* < 1, and hence by Theorem
2.1, we know that the system is stabilizable. [J

3.4. The proof of Theorem 2.2

Without loss of generality, we assume that a; <
a, < - < ay.

(i) Sufficiency: Let u, = — [(ay — a1)/2]y,. Then sub-
stituting it into (1), we have y,.; =[a(8,) —

(ay —ay)/2]y; + w,41. It is quite obvious that
la(0,) — (ay — a1)/2| < (ay — a1)/2, 50 Ey?. 1 = E[a(0,) —
(ay — a)/21%y7 + o3, <((ay — a1)/ 2)*Ey; + o3, Since
by assumption 0 < (ay —a;)/2 <1, we have for any
t>1,Ey?, <Ey} + d2/(1 — ((ay — ay)/2)%), and hence
the desired result is true.

(i) Necessity: Let us assume that the system is stabiliz-
able for any {p;;} butay — a; > 2. Then we take a special
transition matrix as p;; = p;y = + and p; ; = 0, otherwise,
which means that the Markov chain reduces to a two-
state one within the first two steps, with a simplified
transition matrix {p;;},x2 = {3}2x2. Now, by the defini-
tion of C(V), we know that C(V)=3%{(a; — v;)*}2 -
Hence, we get

(a, —ay)?

con(DNaY 2 (Y vver
@Y ~ 5 € .
1)72l(a; —ay)? 1
2

So, by the theory of nonnegative matrix (Horn &
Johnson, 1985, p. 493), we have minyg2p(C(V)) = 1.
Hence by Theorem 2.1, we know that the system is not
stabilizable. This contradicts our assumption, and thus
the proof is completed. [

4. Concluding remarks

A fundamental issue in adaptive theory, is to under-
stand the capability, and limitations, of adaptation for
time-varying systems. As a starting point towards this
investigation, we have in this paper studied a first-order
linear control system with time-varying parameters
modeled by a hidden Markov chain. The basic insights
that we have obtained into the capacity of adaptation
and its inextricable link to structure complexity, informa-
tion uncertainty and the rate of parameter changes
should have meaningful implications for more general
time-varying systems. In particular, the demonstrated
fact that “uncertainty” is more pertinent than the “rate of
parameter changes” in characterizing the capability of
adaptation has furthered the existing understanding
of adaptation. For further investigation, it would be
of interest to characterize the capability of adaptation
for more general high dimensional time-varying systems,
by finding an explicit necessary and sufficient con-
dition connected to structural complexity, and informa-
tion uncertainty, as was done in Theorem 2.1 and
Example 2.1.
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Appendix A. Proofs of Lemmas 3.1-3.4

Proof of Lemma 3.1. (1) We first prove that Ji>O0.
By the assumption that P>0 and a; #aq;, i #j, it
follows that if J#>0, then (a; — xp)’puJis + -+
+ (ay — X))’ pinJiy > 0Vx; eRY, i=1,...,N. Since
the optimization problem in (9) is solved essentially with-
in a closed set of R, it is clear that the optimal value is
greater than 0. Hence, by induction we have J§ >0, as
long as J,>0. Note that (9) is simply an optimization
problem on nonnegative quadratic polynomials, so the
optimal value is simply (10) and the optimal solution
is (11).

(2) We use induction to prove the second conclusion.
First, for t = 1, it is clear that

N

min Z (a; —X1,1)2P1i
X1 eR i=1

C(Vy)e= : =JT.

N
min Z (a; —X1,N)2pNi
xmveRl i=1
Hence, the conclusion is valid at t = 1. Suppose that
the conclusion is true for t = k, i.e., for J defined by (10),
CVy)-C(Vy)---C(Vy)-e=JE YVy,...,V,eRY. By this
induction assumption and the fact that all the elements
of C(V) are nonnegative, we have for t=k+ 1,
CV 1) C(V3)-C(Vis1) e=C(V 1) JiE =i 1. Thus, by
induction we have completed the proof. [

To prove Lemma 3.2, we need the following two auxili-
ary lemmas.

Lemma A.l. Under the assumption and notations of
Lemma 3.2, we have for any integer k > 1,

min A ; < min i
1<i<N 1<i<N

< max /,{k-*-l,i < max /lk,i' (Al)
1<i<N 1<i<N

Proof. By Lemma 3.1, we have for 1 <i < N,

N
Jié 1 = min [ (a; — ”)Zpijjffj]
1

ueR' Lj=
N
— 1 2 %k
= min Z (aj — u) pij']kfl,j)"k,j .
ueR' Lj=1
So, we have
. < ) T
min }uk’j'J;‘k’i <J§+1’i < max /L'k,j J];k’l
1<j<N 1<j<N

Hence by the definition of A,4+;; we have
Ji+1, € [min; {2, ;},max;{4, ;}], which is tantamount to
the desired result. [

Lemma A.2. Let P>0. Then there exist constants 6 > 0,
¢y > 0 and ¢y €(0,1) such that

(1) min; J§¥;/max; JiE; = 0, VK (2) ¥/ < ey
Vk,i; and (3) Qiv1 — rv1) < (1 — o)A — Ap), where

+ A ) N
Ak :maxlgjgN Ak,j? and j‘k :mlnlgjgN A‘k,j'

Proof. (1) We need only to verify the result for k > 1.
By Lemma 3.1, we have J#>0. Then by p; <1, it
follows that Ji; = min,p [Y = 1(a; — u)’piiJi-1;] <
min,eg [Y 5=1(a; — u)?Ji- 1 ;12m, k> 1. On the other
hand, if we denote 6 2 min; ;p;; > 0, then it can be easily
verified that J§; > dn,, hence, it follows that
min J§;/max J§; = o/ =0 >0, k> 1.
(2) By the following formula:

N
Jié+ 1, = min z [(a; — “)zpijJikj],
ueR' j=1
we have by setting u =0 and noting (1), JF;; <
(va:1 alz)-maxl <n<n JEn < (va:1alz)(1/5)'Jik,i~ So we
just need to take ¢; = (Y)~;a7)1/d for the desired result
to hold.

(3) As before, let us define 6 and d by 6 2 min; ;p;; > 0
and d£min;jla; —a;] >0. We consider two cases
separately.

Case 1: N =2 (without loss of generality, we assume
that a, > ay). In this case,

J¥4 1,1 = min [(a; — w)’pirJi + (@ — w)’piaJinl,

Uy

Jie1, =min [(a; — v)’parJify + (@2 — v)’paadin ]

Uk

It is easy to see that the corresponding minima are

_ aip11di&s + axpi2Jis
P11t + pi2Jis

u

=%

a1p21Ji¥ + axpaaJis
P21J¥ + P2aJis

v =

By this and (1), we have

_ (ay —ay)p12Jis _ (ay — ay)pi2
piidiL +pi2J P110 + P12’

uf —ay

which implies that there exists a constant ¢ such that
|uf — aq| = ¢ > 0. Similarly, it can be shown that there
exists ¢ > 0 such that |a, —uf| = ¢ and |a; — vf| =
g, i=1.2.

Next, without loss of generality, we assume A =
and 4, = A,. Then

* — * 294 1k
JEra = (ay —uf_ ) A - JEo 1P

+(ay — w12 " Ji-1.2P12

2
< /ll:— Z (a; — u;ckfl)z"]l}ckfl,ipli
i=1

- (;LkJr — g Nay — uf—1)2'J1§k—1,2P12
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< lkJrJI;ckl - (/Lk+ - /1{)3/25'-]7571,2

< [l{r - 8’2'i(ik+ - /lk_)]JzT,l-
C1

Likewise, we have Jii1, <[4 —&? (1/cy)
(A = 2)VEa So, Afer <A — (€% er) (" — 4.
By Lemma A.1, /5, = /¢, and consequently, A, —
Fier <(1—&2/er) i — ).

Case 2: N >3 . For k > 1, there are at least two
elements 4, ;, and 4 ;, in the set {A1,42, ... ,Aun }, bOth Of
which are either less than or equal to (A7 + A;)/2, or
greater than or equal to (A + Az )/2. Without loss of
generality, we assume that both 4, ; and 4, ; are less
than or equal to (4 + 4;)/2. We may also assume
thatj, =1, j, = 2. Foranyie{l,...,N}, let uj_, be the
solution of the minimization problem: min, Y ",
(aj — ue—1)?pijJit;. Then

N
J¥y1,; = min Z (a; — “k)zpijJif,j
=1

e J

<
i

N
< /Lk+|: Z (a; — “1?"1)2171‘,‘]?1,;}
j=1

2 "
(a; — ui—1)7pij - A jJiE- 1.5

M=

1

+ —
)Lk - )uk

3 [(ay —”ik—1)zpi1]ik—1,1

+(a; — ur’ffl)zpinf—l,z]
Py

7 9

)+
< A JiE

x min Ji¥_q ;- [(a4 —uf_ 1) + (ay — ui—1)?]
1<j<N
2+ - 2
. A — A d .
<iiJp - 5= min Jf_ ;. (A2)
2 1<j<N

Now, since by (2) and (1),

. 1 1
min J}>€X<_1’j> min _'JIT’]‘>C_'5'JI>¢’<J9
1

1<j<N 1<jsNC1
we have by (A.2),
1 d2 1+ 9 —
T <A T ——02 S T gy
’ Ty 4 2 ’
d*s?
- [z,: B —m]-m.
801

By Lemma A.l, /1=, so we have
Mt — deer S(U—d?0%f8cy) (A — A¢). O

Proof of Lemma 3.2. By Lemma A.2, we know that /,;,
1 <i <N, tend to the same limit py > 0 as t > oo. Let

us write A,; = po + 4,;, then it is easy to see that
|At,i| < ()vz+ - /lt_) < (1 - SO)F1 (/1:— - ;L;)
A1 —gp) ' 4. (A.3)

Furthermore, by J¥i= i hmri A I =
l_HcZI(pO + A4,;)-J§:, we have J¥/po = chzl(l +(1/
00)4:.:)-J§.:, where the product converges to a positive
number by (A.3). So there exists J,, ; > 0 satisfying:

Jii
~—>J,:>0, t— 0. (A4)

t

Po

Next, we proceed to prove that p* = p,. By Lemma
3.1, C(X¥)J¥ =J¥ 1, hence we have C(X¥)-J¥/py =
JE /o5t po. By (11) it is obvious that the value of X* is
related to the ratios between the components of J#, so if
J#/pl, has a limit, then X3 has a limit X* too. Now, let
t—> oo, we get C(X%)J, = poJs. Since C(X%) =0, by
the theory of nonnegative matrix (Horn & Johnson, 1985,
p. 493), we have p(C(X%)) = po. So by the definition of
p*, we have p, = p*. Hence, if pg = p* were not true, we
would have p, > p*. By (3) we may assume that C* is the
matrix satisfying p(C*) = p*. Therefore, by Lemma 3.1(ii)
we see that (C*)e=J¥ or

(C*Ye Jf
po " po

The right-hand side tends to a vector with nonzero com-
ponents as t — oo by (A.4), while the left-hand side tends
to zero by po > p*. This is a contradiction, which shows
that py = p* is true. [

Proof of Lemma 3.3. For v,e % ,, we have
E[(a(0,) — v)*|7 ] = E[(a(0,) — x)*|7 lx=,
= E[(a(0;) — x)*10; - 1 lx=.,

N

=2 (a— vl piile, =
i,j=1
From this we see that the coefficient of Iy, , -;, denoted

as o;(v,), is a nonnegative quadratic function of v, with
deterministic coefficients. So on {0,_; = i}, there exists
a deterministic v,; that minimizes o;(v;). Thus, defining
V.20, ..., 0), We get

min E[(a(0,) — v,)*|Z ]

V. ETF,
N
= Y (a5 —va)pisle,_, =)

ij=1

= et'Ct(Vt)'[I(glilzl),...,I(glil:N)]r a.s. D

Proof of Lemma 3.4. If we denote

Jéﬁi "EC(vi) [L,_, :1))/1%, N - :N)yllets
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then J must have the form: J = E[o;(vy) I, =1) + -

+ox(vi) Lo, ,=m] Ve, where o;(vy),j=1,...,N are
nonnegative quadratic polynomials of v,. So, there exists
a unique deterministic v,; € R' that makes o;(v,) reach its
minimum for any j. Hence, a lower bound to J is
J = E[oy (e, =1) + - + on(n)o,_, =m1Vi» YV €
F 1. Now, if we set v, =Y _qv;; 1, , —j, then J can
reach its minimum, and obviously, v, ea(0,-). O

Appendix B. Proofs of Lemmas 3.5-3.8 and Corollary 3.1

Proof of Lemma 3.5. By Lemma 3.2, we see V, has a
limit X% and so lim,,, C(V,) = C(X%). Also, by
p(C(X%)) = p*, it is clear that we can select a 0 > 0 small
enough such that p* < p(C(X ) + 0-ee’) < 1. Thus, if we
denote C, 2 C(X%) + &-ee” and p, 2 p(C(X%) + 5 ee),
then there exists t, > 0 such that C(V,)<x C,, Vt > t,.
This completes the proof. [

Proof of Lemma 3.6. By the definition of V,, we know

that ||V,]| < \/Nmaxl <k<n lax|, so there exists M >0
such that [a, — v,I,, , 0)]> < M, Vt > 0, where v, is de-
fined in (14). Hence denoting A, = Ijy, 1y, > /2., #0)» WE
have from (1)
EJ’tZ-#lit = E{[at - VtI(y,,l #0)]% + Wz+1}2A-t

< M-Eyi, + o2

<2M?-Ey? i, +2Mol + o3 (B.1)

Now, notice that

b STy < smram 2 T o> 2000

Substituting this into (B.1), we have
Eyli 14 <2M?-Ey? 1

(Iye-11 S/ (2M%07/7) - 2/d)
2 2 2
+ 2M* - Ey; (12> ame2y + M + 1)oy,
2 2
2M~<a;, 4

< 2M2 . o
A d?

2 2

M
F2M?- P<w3 > 28 Ow

)- Eyl | +(2M +1)a2,

_[16M*s2
| d?

+ (M + 1)03,] + A Eyt,. O

Proof of Lemma 3.7. For any ie {1,..., N}, we have by
denoting 2y = I,y \1<a/2.5.- #0)s

EI(G,:i)yt2+1 Ay
< E{la; — vy, 20108 7 + 00}, =)
= E{E[(a; — v/1y, , ;&0))2'1(9, =i T Qv
+ a3, - PO, = i). (B.2)

By (1) it can be seen that on the set {|w,/y,—| <
d/2,y.-1 # 0}, e —w—1)/yi—1 = alli—1) + wi/y,—1.
Hence  Y((y; — ty—1)/y;-1)=0,-1, on the set
{w/yi—1] < d/2,y,—; # 0}. Substituting this into (14),
we know that on the set {|w,/y,—i| <d/2,y,—y #0},
Vel 20y = Vil =1) + -+ + vl =5 So, by (B.2),

El(el=i)J’z2+1 ly

N 2
= E{E|:<ai - Z Uth(6,1=j}> I((),=i))~t|<g;t:|yt2}
j=1

+ a2 P(0, = i)

= E{E[(a; — v L, =1) — -
— vl , :N))2'1(01:1')|0tf1]'/1tyt2}
+a%- PO, =)

N

2 7,2

=E Z Lo, =@ — vu) " Priteyi
k=1

N
< Y (& —va)’pui - El, , —yy? + o5 - P(0, = ).

Hence, by this , (16) and (2), we have

Elg,_, - 1))’:2
Vt+1<C(Vt)t' +Ua;7'5t~
Elg,_, =N)yt2

Now, it is easy to verify that if 0 4,<B;, and
0<A,<B,, then A;A,<B{B,. Hence, by denoting
x, 2L, =1yyi Lo, =myil5 it follows from Lemma
3.5 that for t > t,,

P41 CLEX, + obm,
=CLy, + CLEx]I, ,—o) + CLEX -y + 0o,
<Ciy + Co - Eyll, o) e
+ C%-Eyli,—y e+ ape. (B.3)
By (14), we have u,_, =0 and u,_; =0 on the set
{yi-2 = 0}. So, by (1),
Ey,zl(yH -0y = E[a(0,—1)w,—1 + w,]zl(yﬂzo)
< E@(0,— )W, -1 + w,)?
<2 max |ag| 0% + 202.
1<k<N

Therefore, substituting this into (B.3) and by Lemma 3.6,
we have

Ver1 s Coye + |:2 max |a| oy + 20,
1<k<N

+ M, +)VEy,22:|C;e+afve. O
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Proof of Corollary 3.1. By Lemma 3.7, we have
Yi+1=Ciye + M*Cle + AEy;,Cle + ore
<(CL)?y-1 + MH(CL)’e + 2Ey;-5(Cy)%e
+ 0% Cle + M*Cle + AEy; ,Cle + ane
< (G Ty ML) T e
+ JEyE _5(CL) M e 4+ ap(C) e
+ 4+ M*Cle + AEy;_,Cle + ope.

Now, by Lemma 3.5 we know that there exist con-
stants ¢, > N and pe(p*,1) such that €(C%)%e < cop",
Vk > 0. Hence, by the fact that y,, < Ey7 - e, we have for
t= tO)

€1 < ef(czk)t*to Hvto + M*er(C;)t—to +1,
B 5e(CL) T e 4 g2y e
+ o+ M*eChe + 2Eyi-,e'Cle + aye’e
<coep' T e EyE + M*co(p" 0 + - 4+ p)
+ AEYE _scop' T + AEYE _1cop' T + oo
+ AEyE scop + 0o (P + - +p 4+ 1)

M*c
<coN-Eyi + 1 _; + ZEyi —acop' 0!
olc
+ AEYE _1cop' T + - + AEYE scop + lw_(;).

Finally, by denoting M;£¢,N-Ey} + M*c,/
(1 — p) + o2¢co/(1 — p), we get the desired result. [

Proof of Lemma 3.8. Obviously, when k =k, the
inequality is valid. We proceed to prove the result
by induction. Suppose that when k<K, we
have b, < max{b,,,b;, +1,M/(1 —n)}. Consequently,
My £maxy, <;<x by <max{by,,by, 1, M/(1 —n)}. If
Mg <M/l —n), then by (19), bg+1 <M+
n-Mg <M+ Mn/(1 —n) =M/l —n); Otherwise, if
Mg > M/(1 —y), then M + nMg < Mg. Hence by (19),
bxt1 S M+ n-Mg < Mg <max{b,,,by, +1, M/(1 —n)}.
Hence, in any case we have by, < max{by,,by, +1, M/
(1 — n)}, and the proof is completed by the induction. O
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