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Abstract

It is fairly well known that there are fundamental differences between adaptive control of continuous-time and discrete-time
nonlinear systems. In fact, even for the seemingly simple single-input single-output control system yi+1 = 61 f(y¢) + ue + wit1
with a scalar unknown parameter 6; and noise disturbance {w;}, and with a known function f(-) having possible nonlinear
growth rate characterized by |f(z)| = ©(|z|®) with b > 1, the necessary and sufficient condition for the system to be
globally stabilizable by adaptive feedback is b < 4. This was first found and proved by [4] for the Gaussian white noise case,
and then proved by [8] for the bounded noise case. Subsequently, a number of other type of “critical values” and “impossibility
theorems” on the maximum capability of adaptive feedback were also found, mainly for systems with known control parameter
as in the above model. In this paper, we will study the above basic model again but with additional unknown control parameter
02, i.e., us is replaced by O2u; in the above model. Interestingly, it turns out that the system is globally stabilizable if and
only if b < 3. This is a new critical theorem for adaptive nonlinear stabilization, which has meaningful implications for the

control of more general uncertain nonlinear systems.
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1 Introduction

It is well known that a fairly complete theory exists for
adaptive control of linear systems in both continuous-
time and discrete-time cases (cf. e.g., [1]-[5]). Extensions
of the existing results on linear systems to nonlinear sys-
tems with nonlinearity having linear growth rate are also
possible (cf. e.g. [16]). However, fundamental differences
emerge between adaptive control of continuous-time and
discrete-time systems when the nonlinearities are al-
lowed to have a nonlinear growth rate. In fact, in this
case, it is still possible to design globally stablizing adap-
tive controls for a wide class of nonlinear continuous-
time systems (cf. [11]), but fundamental difficulties exist
for adaptive control of nonlinear discrete-time systems,
partly because the high gain or nonlinear damping meth-
ods that are so powerful in the continuous-time case are
no longer effective in the discrete-time case. Similarly,
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for sampled-data control of nonlinear uncertain systems,
the design of stabilizing sampled-data feedback is possi-
ble if the sampling rate is high enough (cf.e.g., [13] and
[15]). However, if the sampling rate is a prescribed value,
then difficulties again emerge in the design and analy-
sis of globally stabilizing sampled-data feedbacks even
for nonlinear systems with the nonlinearity having a lin-
ear growth rate. The fact that sampling usually destroys
many helpful properties is one of the reasons why most of
the existing design methods for nonlinear control remain
in the continuous-time even in the nonadaptive case (cf.
[12]), albeit many results in continuous-time still have
their discrete-time counterparts (cf.e.g., [6]).

Knowing the above difficulties that we encountered in
the adaptive control of discrete-time (or sampled-data)
nonlinear systems, one may naturally ask the following
question: Are the difficulties mainly caused by our inca-
pability in designing or analyzing the adaptive control
systems, or by the inherent limitations on the capabil-
ity of the feedback principle? As pointed out in [19], to
answer this fundamental question, we have to place our-
selves in a framework that is somewhat beyond those
of the classical robust control and adaptive control. We
need not only to answer what adaptive control can do,
but also to answer the more difficult question what adap-
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tive control cannot do. This means we need to study
the maximum capability of the full feedback mechanism
which includes all (nonlinear and time-varying) causal
mappings from the data space to the control space, and
we are not only restricted to a fixed feedback law or to
a class of specific feedback laws.

A first step in this direction was made in [4], where the
following basic model is considered:

Yer1 = O (ye) + v + Wiy, (1)

where 6; is an unknown parameter, {w;} is Gaussian
white noise sequence, and where f(-) is a known non-
linear function possibly having a nonlinear growth rate
characterized by

If(z)] = ©(z|’) with b>1.

It was found and proved that the system is a.s. globally
adaptively stabilizable if and only if b < 4 (see, [4]). This
result is also true if the Gaussian noise is replaced by
bounded noises (see, [8]). It goes without saying that this
critical case on the feedback capability naturally gives
an“impossibility result” on the maximum capability of
feedback for the case where b > 4. It is worth pointing
out that such “impossibility result” obviously holds also
for any (more general) class of uncertain systems, which
contains the above basic model class described by (1) as
a subclass.

Later on, the above “impossibility result” was extended
to systems with multiple unknown parameters and with
Gaussian white noise sequence by providing a polyno-
mial rule (see, [17]). Similar results can also be obtained
for the case where the uncertain parameters lie in a
bounded known region with Gaussian white noises again,
but with a more general system structure (see, [19]).
More recently, [9] proved that the polynomial rule of [17]
does indeed gives a necessary and sufficient condition
for global feedback stabilization of a wide class of non-
linear systems with multiple unknown parameters and
with bounded noises.

It is worth pointing out that, for nonlinear systems with
nonparametric uncertainties, fundamental limitations
on the capability of adaptive feedback may still exist
even for the case where the nonlinearities have a linear
growth rate. For example, for the following first-order
nonparametric control system:
Y1 = fye) +ur +wepr; >0, yo € RY,
where the unknown function f(-) belongs to the class of
standard Lipschitz functions defined by:

FL) ={fC): [f(@) = f)| < Llz —y|,  Va,y}

and where the noise sequence is bounded. It was found
and proved by [19] that the maximum “uncertainty ball”
that can be stabilized by adaptive feedback is F (L) with

L= 3 ++/2. This critical case again gives an “impossibil-

ity result” for the case where f € F(L) with L > g—i—\/ﬁ

A key observation for this phenomena is that the non-
parametric uncertainty essentially depends on infinite
number of unknown parameters. Related “impossibility
results” are also found for sampled-data adaptive con-
trol of nonparametric nonlinear systems in [20].

However, all the results mentioned above assume that
the parameter in front of the control law is known. A
challenging problem that is important both practically
and theoretically is to understand what will happen if
the control parameter is also unknown. The main pur-
pose of this paper is to answer this fundamental problem
by establishing a new critical theorem for a basic class of
uncertain nonlinear systems, which naturally has mean-
ingful implications for either practical applications or for
understanding more general uncertain systems.

2 Main Result

In this paper, we consider adaptive control of the follow-
ing basic uncertain system

Yer1 = 01 f(yr) + Oauy + Wiy, (2)

where {u;} and {y;} are the system input and output
processes, both 61 and 05 are unknown parameters, {w; }
is a disturbance process, and f(:) : R — R is a known
function. To study the capability of adaptive feedback,
we need the following assumptions:

A1) The unknown parameter vector § = (61,602)" be-
longs to a bounded domain [0, 61] X [0,,02] C R xR,
and the interval for 65 does not contain 0.

A2) The noise sequence {w;} belongs to a class of
bounded sequences with an unknown bound w > 0,
ie.,

sup |wy| < w. (3)
t>1

A3) The nonlinear function satisfies | f(z)| = O(|z|®) as
|x] — oo, in the sense that there exist some constants
2’ > 0 and ¢y > ¢; > 0 such that

< @)
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<cz, Vz|>7, (4)

where b > 1 is a constant reflecting the rate of nonlin-
ear growth.

We are interested in designing a feedback control law
which robustly stabilizes the system (2) with respect to



any possible 6 and {w;} under the assumptions A1l)-
A2).

First, we restate the definition of a feedback control law

(ct, [19]).

Definition 2.1 A sequence {u} is called a feedback con-
trol law if at any time t > 0, uy is a (causal) function of
all the observations up to the time t: {y;, i < t}, i.e.,

uy = hi (Yo, 5 Yt) (5)

where hy(+) : IRYTY — IRY can be any Lebesgue measur-
able (nonlinear) mapping.

We also need a definition of adaptive stabilizability in
the sense of bounded input and bounded output.

Definition 2.2 The system (2) under the assumptions
A1)-A3) is said to be globally stabilizable, if there exists
a feedback control law {u;} such that for any yo € R,
any 0, any {w;} satisfying A1)-A2), the outputs of the
closed-loop system are bounded as follows:

sup |y:| < oo. (6)
t>0

The main result of this paper is as follows:

Theorem 2.1 The system (2) under the assumptions
A1)-A3)is adaptive stabilizable if and only if b < 3.

Remark 2.1 In comparison with the related results es-
tablished in [4] and [8] as explained in the Introduction,
we see that the critical nonlinear growth rate reflecting
the maximum capability of the feedback mechanism is re-
duced from b = 4 to the current b = 3, due to the addi-
tional uncertainty in the input channel.

3 The Proof of Sufficiency

The proof of sufficiency is constructive. We will design
a simple adaptive control law, which robustly stabilizes
the system (2) for any b < 3.

3.1 The Parameter Estimation

Without loss of generality, we can suppose that |yo| > 2’
is large enough. This is because we can let uy = 0, t =
0,1,--- until there exists some |y| large enough, and
then we can take yy as yg. Otherwise, if we can not find
such y/, the sufficiency part is proven trivially.

0 1
*1,192 = —. Without loss of
92 92

generality, suppose 63 > 0. By A1), it is easy to see that

Now, we denote ¥; =

0, 0 11
¥y € [ZL, —1] and ¥ € [=, —]. For the convenience
92 QQ 02 QQ -~

0, = 01
of later use, we also denote ¥, = =,9 = —,0, =
: 0 0y
_ 1 _
5—,192 =7 Obviously, ¥, and Y2 are both positive
2 Yo

numbers.

Let us take ug = 0 and rewrite the system (2) into the
following form:

Ytr1 = eef(Ye) + wepr, (7)

where by definition

Ut

et =61 — 0208, = 62(91 — By) T

and [ = —

Now for any ¢ > 2, let m; := argmax | f(y;)|, then define

0<i<t—1
argmax [ f(yi)l, [yl < [Yrm,|
iy i= { O0<i<my (8)
my, |yt| > |ymt|
ji = argmax| f (y;)] 9)

0<i<iy

we can then define the parameter estimate for (1,v2)
at time ¢t > 2 as

f(ylt) —Us,

—Uj, —Yj, ~ f Yje ) —Uj,

by, = 1t e ] )
’f(yu) —Yi,+1 ’f(yu) —Yi, +1
f(yjt) “Yji+1 f(yjt

Ui, —Yit1

) —Yji+1

This estimate is defined through solving the following
system equation for (¥1,s):

{ —ui, = V1f(Yi,) + (Wi, 11 — Yi,+1)02 )

—uj, = V1f(y;,) + (Wi, +1 — Yj,+1)02

by setting the noise to be zero. The error of the param-
eter estimate at time ¢ > 2 are denoted by

1§1,t =1 — 1§1,t7 1§2,t =1y — 1§2¢~ (12)

Now, notice that by (7)

Yjer1 Ykt _ _ Wil o Wit
Fly) fyi) (Ejt+f(yjt)> <€“’+f(yit)>’




hence

o, Whett ooy Wit
(6]‘ i f(yjt)> <€“ i f(zm)) <0 (13

Yj+1 and Yig+1

fwi) Fyi,)

The following lemma gives the range of the estimate
error in this situation.

will imply that have different signs.
Lemma 3.1 If (13) holds, then fort > 2,

Y, v1| + Y41

15 < Jow
el <9 | f (Y)Y, +1]

Proof. First, the equation

{ Yip+1 = 01f(yi,) + O2ui, +wi, 11
Yjo+1 = 01 f(yj,) + O2uy, +wj, 11

can be rewritten as (11). Solving (11), we get

| —Ujy, Wig+1 — Yiy+1
9, = —Uj, Wi+1 —~ Y1
‘ F(i,) Wi 41— Yi,+1
F(W5,) Wi, 1 — Yj, 41 14
fin) —us,
9, fys.) =,
f(yi,) wiy+1 = Yi,+1
' fy;) wj+1 = Yj+1

Then by (10) and (12), we can compute that

‘ —Uj, Wiyl — Yip+1 —Uq, —Yi+1
= —Uj, Wi+1 — Yj+1 —Uj, —Yj+1
M=
‘ (i) wi41 — Yi, 41 FWi,) —Yim1
f(yjt) Wj+1 — Yj+1 f y]t) —Yje+1

(
(
_ f(yjt)uit - f(ylt)ujt .
i)Wy, 41— vj41) — F(Y5,) (Wi 41 — Yi,+1)
Yig+1W5,41 — Yj,+1Wip 41
FWi)Vj+1 — F(W5)Yi,+1
_ Yig+1Wj,+1 — Yj,+1Wi, +1 (15)

2 )
f(yit)yjt'i‘l - f(yjt)yit-i-l

where the last equality follows from the expression of 95
in (14).

Now, by (13) and the argument above, we have

|f Wi )Yso41 — (W3 Yier1l

| Yier1 Y1 | } ‘
o f(yjt) f(y”) |f(y]t)f(yu)|

> | f(Yi,)Yj,+1l- (16)

Hence by (15) and (16), we have

|yit+1‘ + |yjt+1|

1§ <§ w
Pl < O S

The proof is thus completed. |
3.2  The Design of adaptive Control

In this subsection, we will discuss the design of adaptive
control and prove the sufficiency part of Theorem 2.1.

To design the control which can stabilize the system (2),
we need to define a sequence of subscripts t; for the
output sequence {y;}:

{to =0 . (17)
terr = inf{t > g [f(ye)] > | f(ye,) |}

then, we have

|f(yt)‘ < ‘f(ytk” < |f(ytk+1)|5

for any t, <t < {tp41.
Now, let A, 1= Gy Pt + Wscr1]
|f(yit)yjt+1|

where J5 and w are defined in subsection 2.1 and (3)
respectively. We can define

,for k = 1,2,---

0, 0<t<ty
2517 th <t <ty

Br=1q - (18)
U1, — 24, top <t <topy1, k>1

D1e 4 24, toky1 <t <topg1), k=1

then the control can be designed by

ur = =B f(ye)- (19)

Remark 3.1 Notice that by (8), (9) and the definition
of Ay, we know

’l§1’t —2A; = ’l§1¢k — 2Atk fO’f’ te <1 <tlpy1.

To prove that the controller designed by (18) and (19)
can stabilize the system (2), we proceed to analyze the
closed-loop system.



Proposition 3.1 For the system (2) with the controller
designed by (18) and (19), the following statements hold
for all k > 2 with |yo| sufficiently large:

(7’) |ytk‘ < 202|€tk—1”ytk—l |b'

.. 1
(“) ‘ytk—2+1| > Z‘ytk—ll'

Wiy, 141 Wiy, _5+1
(i) ( * f<ytk1>> ( * f(ytH)) <0

(iv) |ev| = O (‘ e D

th—1
Proof. (i) For |y, | large enough, by (7) we have
1
§|ytk| < ‘ytk| - |wtk| < |ytk - wtk'
= ‘5trl‘|f(ytrl)|- (20)
Moreover, since tx_1 <t — 1 < tg, by (18) and Remark

3.1 we know that f;, 1 = /Bt(k—l) for all £ > 0, which
implies that e¢, 1 =&, _,,. Hence (20) gives

Yt | < 2let,—1|[f (We—1)| < 2lee_, 1f (We,_,) (21)
< 2C2|€tk—1||ytk—1|b'

(ii) By (21), we have

1
§|ytk—1| < |€tk—2||f(ytk—2)| < |ytk—2+1| + w,

which gives (ii) for sufficiently large |y, _,|.

(iii) In fact, we need only to show for any k > 0,

Wtoy+1
Etyy, T > 0; 22
T f(Yean) (22)
w 1
Etnss + % <0. (23)
2k+1

We will prove it by induction. First we consider the cases
where ¢t =ty = 0 and ¢t = t; respectively.

For t = 0, by (18) and the definition of &;, we have
Etg = 92(191 - ﬁto) > Qzﬁy (24)

Then, for |y:,| large enough, the above inequality gives

Wio+1 w

0,9, — —— .
Fue) = 20 T Y

Eto +

For the case of t = ¢, it can be proven similarly that
(23) holds.

Now, suppose (22) and (23) hold for some k > 0. For
t = ta(r+1), since iy = togy1 and jy = Loy, by assumption,
we have (13) holds. Hence from Lemma 3.1, |1§17t2(k+1) | <
Aty - Consequently,

As a result, we have

Wtahyny+1 w
T T Fly ) = 2 TR )
[Yearsati] + W1l w
T WVl 1 W)
> Y Y -
N ‘f(yt2k+1)| |f(yt2(k+1))|

The claim (23) also holds for ¢ = ta43 by a similar
reasoning as that for ¢ = t541).

Hence, by induction we know that (iii) is true.

(iv) At time t = tg, it is easy to see that i; = tx_; and
Jt = tg—o2. Then by (ii) and (iii) ,

A, :§2w|yz‘t+1| + Y+l
' |f(yi)yjo+1]
|ytk—1+1| + |ytk—2+1|
|f(ytk71)ytk72+1|

Yty
=0 .

th—1
Hence, by Lemma 3.1, we have for k > 2

= 52’[0

‘gtk| = 92|’l91 - ﬁt| = 02|791 — 1§17tk + 2Atk|
< 92(|61,tk| + 2Atk) < 392Atk
Yty

o)

tp—1
This completes the proof. |

The sufficiency proof of Theorem 2.1. We use a
contradiction argument to prove that sup,~g |y:| < oo.
Suppose there exist some yo € R!, some {f;,6,} and
some sequence of {w; }, such that for the control defined
in (19), sup;~¢ |y¢| = co. Then for the subscript sequence
{tx} defined in (17), we have k — oo.



Also note that, by Proposition 3.1 (i) and (iv), the sys-
tem (2) at time ¢4 1 satisfies
b1
) . (25)

To apply Lemma 3.5 in [19], we take ax = log |y;, |, then
the outputs will be bounded when b + 1 < 4, which
contradicts to our assumption. Hence, the sufficiency is
proved. |

Yty
Yt_a

|ytk+1| < 202‘€tk||ytk|b =0 (‘

4 The Proof of Necessity

We introduce a stochastic imbedding approach to the
proof of necessity. Let (2, F, P) be a probability space,
and let § € R? be a random vector and {w;}?°; be a
stochastic process on this probability space respectively.
(In fact, 6 and {w,;}$2, are different from those defined
in the assumptions A1) - A2), we use the same notation
just for convenience.) We consider the stochastic system
in the form (2).

Assume that 0 has a spherical p.d.f. p(#), which satisfies
c(27PR? — ||6°||?) if 0 < [|6°]| < R/2;

c(R — [16°]))* if R/2 < ||| < R; (26)

0 otherwise

p(0) =

— — T
where 0¢ =  — 0¢ with 0° = b +6 92+92> being

2 72
the center of the uncertain domain, and

R:min{gl_gl 02_02},

2 72

and where c is some constant to make
/~ p(0)do = 1.
loe[I<R

Also, let us take {w;} to be an independent sequence
which is independent of 6 with w; having a Gaussian

1
p.d.f. ¢:(z) defined by N (O, t2> :

w2 = e (-5F), (27)

Obviously, {w;} satisfies Al) almost surely for large
enough ¢, since by (27)

lim w; =0, a.s.
t—o0

Remark 4.1 We need to note that {6 : ||0°|| < R} C
[01,01] x [05,02] by (26) and the definition of R, see Fig
1. The distribution of the noise in (27) also shows that
|we| < w for all large enought > 1.

(01, 02) (601,02)

(Ql ’ Q2) (51, QQ)

Fig.1. The area of 6

We will first show that in the above stochastic frame-
work, if b > 3, then for any feedback control u; € FY £
o{y;,0 < i < t}, there always exists an initial condition
Yo and a set D with positive probability such that the
output signal y; of the closed-loop control system tends
to infinity at a rate faster than exponential on D. Then
in the last part of this subsection, we will find a point in
D which corresponds to some values of 0 and {w;}§2,,
and we will see that these deterministic values are suffi-
cient for the proof of necessity of Theorem 2.1. Thus by
imbedding a random distribution, we are able to solve
the problem in the original deterministic framework.

To prove the above fact, we first give a lemma which
can be obtained by a little modification of the proof of
[18, Theorem 3.2.2-Theorem 3.2.6 and Remark 3.2.3].
We will give the proof in Appendix A.

Lemma 4.1 Consider the following dynamical system:

Ykt1 = 0"k + w1, k=0,1,---,

where ¢, = (f(yx),ur)”, yo > 2’ is deterministic and
y; = 0, Vi < 0; the unknown parameter vector 6 with
p.d.f. p(0) defined in (26) is independent of {wy} which
is an independent random sequence with distribution de-
fined in (27). Then fort=1,2,---

t—1 -1
EI(0—6,)(0 — 60717 > {#Zm; +K1} 7
k=0

where 0, 2 E{0|F},t =1,2,---; and K > 0 is some
constant; I denotes the identity matriz. Furthermore,
there exists some D C Q with P(D) > 0 such that on D
fort=0,1,---,

Elyf | FY] < (Kt + D' +4) (57 + K2) + 1,
where K1, Ko > 0 are some constants.

In the following lemma, we will estimate the determi-
nants of two matrices which will appear in the proof
of the next proposition. It is easy to see that the two
are modifications of the information matrices in Least
Square-algorithm.



Lemma 4.2 Assume that for some X > 1 andt > 1,
lyil > |yi—1|?,i = 1,2,--- ,t, and that the initial condi-
tion yo > max{1,z'} is sufficiently large, then the deter-
minants of the matrices

t
PRy R KI+(t+1)2) ¢ig] (28)
1=0
Qiih = P71+ ded] (29)
satisfy

IPAAT < M+ 1) max {20, |y}
Q741 =95 (1f we)ye — f(ye—1)yesr| — 2wl f(ye)])?,

where K > 0 is defined in Lemma 4.1 and M > 1 is a
random variable.

Proof. See Appendix B.

1
Remark 4.2 If |f(ye—1)ye+1] < §|f(yt)yt‘7 then we

have for large enough |yol,

2
Q12 85 (31wl — 2l

C1
> 92 (7
=72 2

922
L 8 v

2
yt = 2wesly )

1
On the other hand, if | f (Yt—1)ye+1| = §\f(yt)yt|, then we

b+1
have calylysal = Slyi . Moreover, if A =~ =,

we have for large |yo| and b > 3,

a Wt a

> — > —
|yt+1| - 202 ‘yf_l‘ - 2C2|yt

|b+1—%

_ b+1
> plyel”™t > plyel

where p is some constant we defined latter in the proof
of Proposition 4.1.

Remark 4.3 It is very easy to check that the upper
bound of |Pyy1]| still holds fort = —1, where y; = 1 for
1 <0.

Proposition 4.1 Assume that the conditions of Lemma
4.1 hold. Then for any uy € FY, there always exists a yo
and a set D C  with positive probability such that the
output signal |yt| / 0o on D wheneverb > 3.

Proof. It is easy to see that E[w1|FY] = Fwiqr =0
by (27). By (2) we know that

Yi+1 = (bzét + ¢Zét + wi41, (30)

where 0; £ 6, —0,. Consequently, by the fact E[f|F¥] =
0 and Efw;11|F}] = 0 it follows that for any u; € F/,

Ely 1| FY) = 67 E0:0] | F)6e + (670,)° + Elw}y | 7Y
> 7 B100] | FY16e + E[wiy, | 7). (31)

By Lemma 4.1, we have on D,

t—1 -1
st st 1) s

k=0
= (¢t P +1) -1
P! T
T
-1
— |Qtj»11| _ 17 t > 17 (33)
T

where Py, Q; are defined by (28) and (29).

Hence by Lemma 4.1 again, we have for ¢ > 0,

1
2
> - .
T Z Rt 1) 1+ 4
Qi Ko(Ky(t+1)*+4)—2 D. (34
= 2(Ki(t+1)" +4)—2| on D. (34)
t

Now, we proceed to show that on D for sufficiently large
‘y0|a

b1
‘yt| Z ,U|yt—1| 2, t= 1a27"' ) (35)

where 1 is some constant we defined latter.

We adopt the induction argument. First, we consider the
initial case. Since

E[(6 — 60)(6 — 60)"|1F] = E[(6 — 00)(6 — 60)"] > 071,

where o2 is some constant. We have by (31) that
E[yf| 78] > oll¢ol|*. Then by (34)

1
2> _——(o2]|¢o))* - 2) — K.
¥ 2 e llsoll® - 2) - Ko
ot 1
>y - o —
4+ Ky 24+ K7)

K5 on D.

Hence (35) holds for ¢ = 1 when |yo| is large enough.

Now, let us assume that for some ¢ > 1,

b1 .
lyil > plyi-1| =, i=1,2,---,t,



then by Lemma 4.2 and Remark 4.3, it follows that for
t>1

|P; 1| <Mt4max{|yb+1\2 |yt zyt| }
Q41 =93 (1 (we)ye — FWe—1)yera] — 2wl f(ye)])”,

where 1, £ 1 for any ¢t < 0. By Remark 4.2, we only need
to consider the case where

_ 922
@ik > 2y, e,

Consequently, by (34) we have

-1
33”11' — (K (t+ 1)+ 4Ky — 2
2 > t
Y1 = Ki(t+1)3+4
2(b+1
> 1 19201 yt( )
- 4 4
Ki(t+1)* +4 | 8Mt* |« {y (D) 4 2b Qyt}

—(Ki(t+1)* +4) K, — 2] .

Note that by (36), for large enough |yo|, the above in-
equality satisfies

yt2+1 > (37)
b
192 01 y2( +1)

W6MEA (K (t+ 1) +4) max {7, g2t o07 )

Denote
16 Mt (K t* +4
(2 12 * )yt7 t Z 1
et
Ty = )
Yo, t=0
1, t<0

then the inequality (37) can be rewritten as

b+1 2(b+1
< xt ) (b+1)
Tt—1

max{1, (t — 2)* (K, (t — 2)* + 4)} "’ ( z )2"
t4(Kqt* 4+ 4)

TP >
‘max{l, (t—DHK(t— 1)+ 4)}
t4(Kqt* + 4)

or

2
Tiyr 2 ‘

T2

Since the coefficient of the R.H.S of the above two in-
equalities tends to 1 as t — oo, it is easy to see that

there exists some constant v > 0 such that

b+1 b
Tt + Tt

|Tta| > v or |zgp|>v

Ti—1 T2

|4

Hence let a; = log —, we have
v

At41 Z (b+ 1)((1157(115_1) or Ai41 Z b(at 7at_2).

Now, notice that when b > 3, we have A2 —

bt 1
(b+1)§0for)\:%e

b+1DA+
(1,b+ 1), and then

AN b2 +b<0.

Let P(z) = 22— (b+1)z+ (b+1) or P(z) = 2° —ba® +b,
b+1

then P(z) < 0 for x = % By [9, Lemma 3.3] and

(36), we get az11 > Aay for some A > 1, which implies

Tt

|Teq1] > ‘*

v

Consequently, by the definition of x4,

1
[Yit1| > X

(K118 + 49>
4+ DK E+1D)*+4)

|yt|A-

2 2
ate

Note t + 1 < 2t for t > 1, we have

- 16M (K8 + 4t4) A‘1| a
Yl = 95,8 95¢3 v
1 |[16M(K; +4) k‘l‘ >
= 281/)\ Qgc% Yt| -

So, |yss1] > my¢|* holds if we let

1
28X

16M (K +4) "

19261

M:

By induction, we know that (35) is true. Thus, for large
enough |yo|, the output sequence {y; } diverges to infinity
exponentially fast, and so we have sup,~q |y:| = co. W

The proof of the necessity of Theorem 2.1. In
the stochastic framework, note that any controller

= hy(yo,* -+ ,y;) is measurable to F;. By Proposi-
tion 4.1, for any given control law {u;}, there at least
exists a sample point w* € D C Q with §(w*) = 6*
and wy(w*) = wf for any ¢t > 1 such that for some y,
the absolute values of the output |y:(w*)| = |y;| / .
Since there exists some t* > 1 such that |w;| < w for



all large t > t*, without loss of generality, we suppose
|wy] < w for all ¢t. Otherwise, we can take yo = y~, and
start with the time ¢*.

That is, for any given Lebesgue function A(-), there exist
some 0* and {w; } satisfying assumptions A1)-A2) and
a g such that the absolute values of the outputs

% xb *
Yi1 = 01y +05he(yo, -+, u0) +wip

monotonously increase to infinity, which gives the neces-
sity conclusion of Theorem 2.1. |

5 Conclusion

We have found and established a new critical theorem
for global stabilization of a basic class of discrete-time
nonlinear systems, with unknown parameters in both
the system channel and control channel. This furthered
our understanding of the maximum capability of feed-
back in dealing with uncertainties, especially for the case
where the control channel contains uncertain parame-
ters. For further investigation it would be interesting to
get similar results for nonparametric systems and for
continuous-time systems with sampled-data control. It
would also be interesting to consider more general model
classes with an unified treatment.
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A The Proof of Lemma 4.1

To prove Lemma 4.1, we need several lemmas as given
below. The first lemma below is a standard conditional
Cramer-Rao inequality (see, e.g. [18], [21]).

Lemma A.1 Let x be random vector, and let 0 be a

parameter vector with p.d.f. p(0) defined in (26). Then

for any measurable vector function g(x,0) having partial

derivatives of first order w.r.t. 0, and let E,g(x,0) and
9g(x, 0)

E

00

exist, where Eyy 2 E(y|x) for any random



variable y. Then we have

Eiﬂ[g('rae) - Ezg(x,ﬂ)][g(x,ﬁ) - Exg(xﬁa)]T .
9g(x,0) dlogp(z,0) 0" logp(z,0)]]
= P55 {E”‘f{ a0 ' 00 }}
+09(z,0)
ET T

Applying this lemma to the dynamical system defined
by (2), we can further get the following result.

Lemma A.2 Let 6 be a parameter vector with p.d.f. p(0)
defined in (26), and be independent of {wy}, which is an
independent random sequence with p.d.f. ¢;(z) defined in
(27). Then, fort > 1

E.(0—0,)(0 —0,)" > E;'F,(0), (A1)

where x = {y1,--- ,y;} and

t

F(0) = — Z

k=1

9% log qi (yx — fr—1)
002

+KI,

where K > 0 is some random wvariable, and fr_, =

0" -1, 0k—1 = (f(yx—1), up—1) defined in Lemma (4.1).

Proof. Directly applying Lemma A.1, we have

Eo(0—0,)(0—8,)7

- -1
>, dlogp(z,0) 07 logp(z, )
- 00 06

:_{Em [5210252@,9)”17

where the equality follows from [18]. Hence,

E,(0—6,)(6—6,)"
> _ {Em |:62[1ng($|9) + 10gp(9)]] }1

(A.2)

062

Note that by the Bayes rule and the dynamical equation
(2), we have

p(gj‘g) :p(yla Y2, ayt|0)
=p(y110,v0)p(y210, 90, y1) - - - (Yel0, Yo, - - -
= Q1(y1 - fo) : QQ(QQ - fl) s Qt(yt - ft—l)-

7yt—1)

Consequently, we have

t

23

k=1

&”log p(z|6)

0% log qi.(yr — fr—1)
002 '

002

10

So, comparing with (A.2), we only need to prove that

92 logp(0) < KI

e S

a.s.

(A.3)

where K > 0 is some random variable.

2
9 8])9(29) and

1 (9p0) (op(0)\"
p(6) 00 00
are bounded, then with some simple manipulations we

have
Plogp(d) _ 1 <ap(0)> (8p(9)>T

First, it can be shown that

202 p2(0) \ a0 0
1 9%p(0) C

- <7,
p(0) 00> — p(6)

(A.4)

Note that E[X|F;] is a.s. bounded for any integrable

random variable X by [22, p.245], we have E,—— a.s.

p(0)

1
bounded since E——— = 1, which gives (A.3). ]

p(0)

Lemma A.3 Under the conditions of Lemma A.2, we

have
t—1

Fi(0) <t nof + KT
k=0

where Fy(0) is defined in Lemma A.2 and K > 0 is some
constant.

ke{kQ(
ol g —
Var 2

Proof. Since qi(yx — fr—1)
fk71)2}, k=1,2,--- ,t we have

0%1og qi(yi — fr— 0 k2
kéekg k1) :@{—?(yk—fkq)z}
=—k*pr_107_1,

which gives the lemma by the definition of F}(#). [ |

By Lemmas A.2- A.3, we get the following proposition
immediately.



Proposition A.1 Under the conditions of Lemma A.2,
for the dynamical equation (2) with arbitrarily determin-
istic initial value yo, we have

t—1

E[(6 —0,)(0 — 6,)7|F) > {#mewl} (A.5)

where x £ {y17 e 7yt}'

The proof of Lemma 4.1. By Proposition A.1, we only
need to prove the second conclusion of Lemma 4.1.

First, note that all the stochastic calculates in this pa-
per hold almost surely. Denote O as the corresponding
domain of random variable 6 on this probability 1 sam-
pling set. Define

2locoiwal< o),

1
0<d< T t>0,
QSPZiom
2
where P £ supp(f) = ——, and S £ sup; ¢, Vp—1(L N

0cO
©) with £ denotint the set of all (p — 1)-dimensional
hyperplane and V,,_1(-) denoting the Lebesgue measure
on RP~!. Since O is bounded, we have S < co.

Recursively define ©;,1 = ©; — A;,t = 0,1,---, where
©¢ C O is defined above. Let Oy £ limy_,0o Oy, D &
{w:0 €05}

Now, by almost the same proof of [18], we know that

26

Now, let w* € D be any fixed point, and let 6
be a random variable sequence such that |0]¢: =
maxgeo |07 ¢¢|. Then by the definitions of D and Ay, we

11

have
07 60— 0702 < 16, — 0P o
2 4
< BRECE Dyl (a6)

where R is defined in (26). Consequently, by noting that
w? < Kj, a.s. for some random constant Ky > 0, and
the fact maxgee (07 ¢)? is measurable 7} , we have for
any w* € D,

Eoyi =E.(07¢)” + Ew}yy
< 97’ 2 1
< max(67 )" +

<2(07(w*)pe)? + 2[0] P — 07 (w

e+ 1

ARZ(t+ )%\ . .
< (2 n (5>) (07 ()0 + 1.
Hence,
[Ewyiia] (@)
4R2(t +1)%
< (2 + (52)> (071)* (w*) + 1
4R2 4
= (24 G b @) = w2 41
8R2 4 .
—(1+ ))<yfﬂ<w ) K) 1
<A+ Ki(t+1)") (g7 (@) + K2) + 1,
2
where Ky = 52 is a constant. Hence the proof is com-
pleted. |

B The Proof of Lemma 4.2

It is not hard to find that the determinate of matrices
Ptj_ll and Q) +11 are determined by the largest three ele-
ments Y¢—1, Yt, Ye+1 from the proof bellow.

The proof of Lemma 4.2. By (29) and the assumption
|ye| > Iyt71|A7 we have

QY|
t—1

=|KI+t* Z@‘?f + Q07| > |ded] + de—107_1]

i—0
= (ye)ur—1 — (Y1) (B.1)
=051 f(ye)(we — ye) — Fye—1) (Wi —ye)” (B.2)
> 02 (I f(w)ye — F(e—1)yess] — 20| f (W)

where the last equality follows from (14) in the proof of
sufficiency.



Now, we estimate |Pt111|. Let Moreover, apparently,

Lij = [f(yi)u; — f(yj)ul®, K*=o0 (yf(bﬂ) + yfflyfﬂ) : (B.7)
then it can be calculated that

Substituting (B.5)-(B.7) into (B.3), we have for some
P 11| random variable M > 0,

t
= KT+ (t+ 12> ¢io? | \R?JZO(@+1V(%H”+ythﬂ)

i=0 max (b+1)
K 12 S ) @+UszoﬂmMﬂ <o mac (oot

(t+1)2 00 f(yi)us K+ (t+1)23_gu?

= <K+ (t+ 1)22f2(yi)> <K+ (t+ 1)“‘21&) -

=0 i=0

Hence, the proof is completed. |

2
(t+1)* (nyz 1>
=t+1* Y L+

0<i<yi<t
2 (Z I (i) +Zu§> + K2 (B.3)
=0 =0

First, notice that similar to (B.1)-(B.2),

L; = O(y_]zbyiz-‘rl + yzzby32'+1)~ (B.4)

Hence, we have

Z I'Lv] =0 Z (y?by3+1 + y’L y]—',—l)

0<i<j<t—1 0<i<j<t—1

t(t—1
—o (M5 )

b
(th( 4 thEly§+1) (B.5)
Moreover, by the system (2),

2 _ <(yi+1 — Wit1) — 91f(y¢))2
us =
i 05

=0yt +41),

then by the assumption of the lemma, we have

(Z i) + Zzﬁ) =0 <Z<y;"+1 + y?”>>
1=0

i=0 i=0
=0 (yt2+1 + ytzb)
=0 (y b+ 4 v 1yt+1) (B.6)
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