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Abstract. A central and fundamental issue in the theory of complex systems is to understand how
local rules lead to collective behavior of the whole system. This paper will investigate a
typical collective behavior (synchronization) of a self-propelled particle system modeled by
the nearest neighbor rules. While connectivity of the dynamic neighbor graphs associated
with the underlying systems is crucial for synchronization, it is widely known that the
verification of such dynamical connectivity is at the core of theoretical analysis. Ideally,
conditions used for synchronization should be imposed on the model parameters and the
initial states of the particles. One crucial model parameter is the interaction radius, and we
are interested in the following natural and basic question: What is the smallest interaction
radius for synchronization? In this paper, we will show that, in a certain sense, the smallest
possible interaction radius approximately equals y/logn/(mn), with n being the population
size, which coincides with the critical radius for connectivity of static random geometric
graphs known in the literature.
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I. Introduction. A complex system is composed of multiple interacting elements,
which produces some global behaviors at the macro level called collective behavior or
emergent behavior [1]. Complex systems exist almost everywhere in nature and in hu-
man social and economic systems, and so have generated great interest in researchers
from various fields. A central issue of complex system study is to understand how
local interactions among the elements lead to collective behavior of the whole group.

Self-propelled particle (SPP) systems are a typical kind of complex system. To
investigate clustering, transport, and phase transition in nonequilibrium systems, a
well-known SPP model was proposed by Vicsek et al. [2]. This model is constructed
by the following simple rule: at each time step each particle is driven by a constant
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absolute velocity, where its heading is updated by the average value in its neighbor-
hood with some random perturbation added. In computer simulations, this model
exhibits a kinetic phase transition through spontaneous symmetry breaking of the
rotational symmetry [2]. Despite the simplicity of its rule, this SPP model captures
some common features of a number of physical, biological, and social systems. As
pointed out by the authors of [2], such a model is a nonequilibrium analogue of the
ferromagnetic type of model and may be applied to investigate the collective motion
of a wide range of biological systems such as schools of fish, herds of quadrupeds, and
flocks of birds. Moreover, because the model reveals that a simple local interacting
rule may result in interesting global behaviors, it can be considered as a starting point
for the theoretic research of complex systems. Due to such fundamental importance,
the model has attracted much attention from various fields such as biology, physics,
chemistry, engineering, and mathematics. For example, the phase transition of the
model was investigated in [3, 4, 5, 6]; a one-dimensional version [7] was used to study
the collective motion of desert locusts [8, 9]; an initial step toward mathematically
analyzing a simplified model was made by [10]; and more studies related to the model
were reviewed in [11, 12, 13].

A basic goal of the analysis of models with local interacting particles is to estab-
lish conditions under which the system reaches ordered states. Intuitively, the larger
the interacting range is, the easier the system becomes ordered; so, a natural and
basic question is: How small must the local interaction range be in order to guaran-
tee that the system is ordered? This paper will investigate this question on an SPP
model under a random framework. We will show that to guarantee all particles move
in the same direction, in a certain sense, the smallest possible interaction radius ap-
proximately equals \/logn/(mn), with n the population size, which coincides with the
critical radius for connectivity of random geometric graphs given by Gupta and Ku-
mar [14]. This investigation should offer insights into the collective behaviors of more
general nonequilibrium dynamic systems with local interactions. Also, our analyzes
and results have possible applications in several other fields, as indicated below.

Biological systems: It has been demonstrated that if the population density is
large, a group of locusts will become ordered after a short time [8]. Similar phenomena
have been observed in some bacterial colonies [15] and fish keratocytes [16]. It is
interesting to note that for the SPP model studied in the current paper, all particles
will move in almost the same direction after a short time, provided that the velocity
and noise are small and that the population density is large enough; see Remark 3.3.

Random geometric graphs: This paper will estimate the isoperimetric constant
(Cheeger’s constant) and essential spectrum radius of random geometric graphs; see
Theorem 4.3 and its proof. These results and methods may be used to investigate
the properties of random walk on random geometric graphs, such as convergence rate,
cover time, and mixing time [17, 18].

Wireless sensor networks: A large-scale wireless sensor network can be modeled
by a random geometric graph [14], so our results about random geometric graphs have
potential applications in the investigation of wireless sensor networks. For example,
the essential spectrum radius may be used to further study consensus algorithms
[19, 20, 21, 22] and distributed optimization [23, 24, 25].

The rest of the paper is organized as follows. Section 2 introduces the model we
will study and some related works. In section 3, we present the main results whose
proofs are given in section 4. More detailed analysis of the auxiliary results is given in
section 5. A simulation example is given in section 6. Section 7 concludes the paper
with remarks.
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2. Model and Related Work. To be consistent with [26] we will use the term
agent rather than particle in the rest of this paper. The model in [2] consists of n
autonomous agents moving in the plane with the same speed v, (v, > 0), but with
different headings. Two agents are called neighbors if and only if the distance between
them is less than a predefined radius r,, (r, > 0). Let us assume that the n agents
are labeled 1,2,...,n. Two agents ¢ and j are neighbors at time ¢ if and only if
IX:(t) — X;(t)|l2 < rn, where || - |2 denotes the Euclidean norm. For any agent
i(1 < i < n), the set of its neighbors at time ¢ (¢t = 0,1,...) is denoted by N;(¢). By
the definition of neighbors, we see that each agent is a neighbor of itself, i.e., i € N;(¥)
for allt > 0 and 1 < i < n. The position and heading of the agent i at time ¢ are
denoted by X;(t)(€ R?) and 6;(t)(€ (—m,n]), respectively, which are updated by

(2.1) Xi(t+1) = X;(t) + vn(cos0;(t + 1),sin6;(t + 1)),
(g SN G5 (¢
(2.2) 0;(t + 1) = arctan 2 reNi(t) i) +6:(b),
2 jen;(t) cosb;(t)

where §;(¢) denotes a random noise [2].

As mentioned previously, this model has been of interest to researchers from many
fields. However, the theoretical analysis of system (2.1)—(2.2) is difficult because of
the nonlinearity and randomness of (2.2). An important step forward in analyzing
the above model was given by Jadbabaie, Lin, and Morse in [10], where they omitted
the noise effect and linearized the heading updating rule (2.2) as

1
(2.3) 0:(t+1) = 0] Z 0;(t),
L jeN ()
where | - | denotes the cardinality of the corresponding set. They proved that if

the associated dynamical neighbor graphs are contiguously jointly connected, the
above model will reach synchronization (or consensus) in the sense that there exists
a common 6 such that for all i (1 < i < n),

(2.4) lim 6;(t) = 0.

Subsequently, Savkin [27] investigated the model with discrete headings and showed
that if the limit of the neighbor graphs is connected, then synchronization can also
be achieved. In [28], Ren and Beard studied the case where the neighbor graphs
are directed and showed that synchronization can be achieved if the union of the
interaction graphs has a spanning tree frequently enough.

In fact, most existing studies resort to certain connectivity conditions on the
dynamical neighbor graphs, and these conditions are hard to verify. Therefore the
corresponding analysis is not theoretically complete. One notable exception in the
study of flocks is the interesting paper by Cucker and Smale [29], where global inter-
actions are considered with weights of interactions decaying with the distances among
agents. However, an unresolved central issue is how to guarantee the connectivity of
the dynamical neighbor graphs resulting from local interactions using conditions im-
posed on only the initial states, the moving speed v,, and the interaction radius r,,.

To give a complete analysis of the synchronization behavior of the system, Tang
and Guo [30] introduced a random framework, assuming that the initial positions and
headings of all agents are uniformly and independently distributed, as those in [2].
They showed that for any given positive model parameters, the system based on (2.1)
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and (2.3) will synchronize with large probability, giving the first complete theoretical
result in this direction. Furthermore, in [32] they proved that if {/logn/n = o(ry,)
and v, = O (r;j / log n), then the model will synchronize.!? Based on their results, Liu
and Guo [31] investigated the system (2.1)—(2.2) without noise and provided a simi-
lar condition for synchronization. However, a theoretical analysis of the (linearized)
Vicsek model with the radius r,, = O({/logn/n) is still lacking, and the question con-
cerning the smallest possible radius for synchronization has never been investigated
in this context.

We will carry out our analysis under the assumption that all agents are indepen-
dently and uniformly distributed in [0,1]? with arbitrary headings in (—m, 7] at the
initial time. As pointed out by Jadbabaie, Lin, and Morse in [10], the connectivity
of the neighbor graphs is important for synchronization. Gupta and Kumar in [14]
proved that the initial neighbor graph with radius v/ (¢, + logn)/mn is connected with
high probability (w.h.p.)? if and only if ¢(n) — co. We refer to \/(c,, + logn)/mn with
c(n) — oo as the supercritical radius for connectivity. In this paper, we will show that
if the interaction radius is taken as the supercritical radius, then the system can reach
synchronization w.h.p. under some restriction on the speed; otherwise, if the radius
satisfies (3.4) given in the next section, then the system may not synchronize w.h.p.
for any nonnegative speed. From the analysis in [30], the spectral gap of the initial
neighbor graph plays an important role for the synchronization rate of the model.
However, the methods used in [30] are not suitable for the case of r, = O(y/logn/n)
since the radius is too small to meet the prerequisite of the method. In this paper, we
will provide a novel approach to estimate the spectral gap of the random geometric
graph with radius O(y/logn/n). Furthermore, by analyzing the system dynamics, we
will prove the synchronization condition without resorting to any assumption on the
dynamical behaviors of the self-propelled agents themselves.

3. Main Results. The objective of this paper is to study the synchronization
behavior of the dynamical system (2.1) and (2.3). From the description of the model,
we know that the initial states of all agents and the model parameters will determine
the trajectories of all agents. Throughout this paper, we assume that the initial
positions of all agents are independently and uniformly distributed in [0,1]? with
arbitrary initial headings in (—, 7]. All analysis proceeds under the above assumption
without further explanation.

Similar to [31], we use a graph sequence {G(t),t = 0,1,...} to describe the rela-
tionship among neighbors. For ¢ > 0, define

G(t) = GHXa(D), ..., Xn(D)}, E(1))

to be the position graph of the model at time ¢, where E(t) = {(¢,7) : || X:(t) —
X,;(@)|] < rp}. Obviously, the graphs formed in this way are undirected, and for all
1<i<mnandt>0, (i,9) € E(t). Denote by P(t) the average matrix of the graph
G(t), i.e.,

o e if (4,7) € E,
Vij=12.m (P#)y = { (l)Nl(t)l otherwise.

lFor two positive sequences {an,n > 1} and {bn,n > 1}, an = o(by) means that
limy— 00 (an /bn) = 0.

2For two positive sequences {an,n > 1} and {b,,n > 1}, a, = O(by,) means that there exists a
positive constant ¢ independent of n such that a, < cby, for large enough n.

3We say that a sequence of events E, occurs w.h.p. if limy, oo P[Eyn] = 1.
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Let 0(t) := (61(t),02(¢),...,0,(t))T; then the iteration rule of the headings and posi-
tions of the model based on (2.1) and (2.3) can be rewritten as

O(t+1)=P)6(t) .
(3.1) { Xi(t+1) = X;(t) + vp(cosb;(t +1),sin6,;(t + 1)) Vi20,1sis<n.

Note that under the assumption on the initial positions, the graph G(0) is a
random geometric graph that has been studied in detail in, e.g., [34]. One of the
classical results concerning the connectivity of the random geometric graph can be
stated as follows.

LEMMA 3.1 (see [14]). The initial random geometric graph G(0) is connected
w.h.p. if and only if r, satisfies
(3.2) nlgnéo (mnrZ —logn) = cc.

Based on this lemma, Gupta and Kumar in [33] called y/logn/(7mn) the critical
radius for connectivity of G(0). In this paper, we will show that in a probability sense,
this critical radius can be regarded as the smallest possible radius for synchronization
of our SPP model. The main results are formulated as the following theorem.

THEOREM 3.2. Suppose that the n agents are independently and uniformly dis-
tributed in [0,1] at the initial time t = 0. If r,, satisfies (3.2) and v, satisfies

(3.3) v, = 0 (rn(logn) " 'n"?),

then the system (3.1) will synchronize w.h.p. for arbitrary initial headings. Moreover,
if v, satisfies
(3.4) lim (wnrfb + 3loglogn — log n) = —00,

n—oo
then w.h.p. there exist some initial headings such that the system (3.1) cannot reach
synchronization for any speed vy, > 0.

The proof of this theorem is in section 4.

Remark 3.3. Consider the system (3.1) with noise added to (2.3). Suppose the
n agents are independently and uniformly distributed in a square with density p. For
arbitrary initial headings, by a similar method to Theorem 3.2 we find that if the noise
and v, are small, and r, satisfies mpr2 > (1 + &)logn with € an arbitrary positive
constant, then all agents will move in almost the same direction with large probability
after a short time. However, this does not mean such ordered states will still hold
after a very long time.

Before closing this section, we propose a conjecture (which is intuitively correct)
on the system (3.1), in terms of the values of the speed and the radius for synchro-
nization.

CONJECTURE 3.4. Suppose n agents are distributed in a plane and the initial
positions are given. If the system (3.1) can synchronize with speed v and radius r,
then it will also uniformly synchronize with speed v1 € (0,v) and radius r, or with
speed v and radius r1 > 1.

4. Proof of Theorem 3.2. To prove Theorem 3.2, we need to estimate the max-
imum degree, the minimum degree, and the eigenvalues of the average matrix of the
random geometric graph G(0). For this purpose, we need to introduce some notation.

Define the large deviation rate function H : [0,00) — R by H(0) = 1 and

H(a)=1—a+aloga, a>0.
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Note that H(1) = 0 and that the unique turning point of H is the minimum at 1.
Also, H(a)/a is increasing on (1,00). Let H=* : [0,1] — [0,1] be the unique inverse
of the restriction of H to [0,1], and let H;" : [0,00) — [1,00) be the inverse of the
restriction of H to [1,00); see [34] for the properties of H. Denote by d; the degree
of the vertex ¢ in G(0), i.e., the number of neighbors of the agent i at the initial time
instant. Set

dmax ;= max d; and  dpin ;= min d;.
1<i<n 1<i<n

The estimations of the maximum and minimum degrees of the initial random
geometric graph G(0) were given by Penrose [34], as is described by the following
lemma.

LeEMMA 4.1. Suppose that mnr2/logn — w € (1,00] and r, — 0 as n — oc.
Then with probability 1,

(1) i (F) =Hy (z)

and

. dmin . —1 1 1
(4.2) nlgnéo <n7rr721) = min <H_ <E>’ 1) .

Proof. The assertions (4.1) and (4.2) are indicated by Theorems 6.14 and 7.14 of
[34]. O

COROLLARY 4.2. If r,, satisfies (3.2), then dmax < 3dmin logn w.h.p.

Proof. For the case where Wnri > 3logn/e, by Lemma 4.1 we see that dmax <
dmin logn holds almost surely (a.s.) for large n. Next, we will discuss the case where
anr? < 3logn/e. Note that dpyay increases with 7,; by Lemma 4.1, the following
inequality holds a.s. for large n:

3logn ___, re 3logn ___
o € 2R (£) (1+0(1)) < =2LH (1) = 3logn.
Also, by Lemma 3.1, dpin > 1 w.h.p., and thus our result is obtained. O

Next, we will estimate the eigenvalues of G(0). Let D = (d;j)nxn denote the
degree matrix of G(0), which is a diagonal matrix with diagonal entries d; = d;.
Obviously, the matrix D'/2P(0)D~1/2 is symmetric, so all eigenvalues of P(0) are real
numbers. On the other hand, all entries of P(0) are nonnegative and Z;.l:l (P(0)):; =
1,4 =1,2,...,n, so the average matrix P(0) is stochastic. The i-largest eigenvalues
of P(0), denoted by \;, 1 <14 < n, satisfy the inequalities

A <1, 1<i<nmn,
which means that
I=M2>2X2> 2\ >—L
Define the essential spectral radius A of G(0) as

A= A(P(0)) := max{|Aal, [Au]}.
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We remark that for the case where lim,,_,o(nr2/logn) = oo, Tang and Guo [30]
proved that the essential spectral radius of G(0) satisfies the following inequality
w.h.p. for large n:

7'('7”2

However, the methods used in [30] cannot be applied to estimate the spectral gap
of G(0) for the case of r, = O(y/logn/n), since the interaction radius is too small
to satisfy the condition of Lemma 4 in [30], which plays a key role in the estimation
of A. In this paper, we will use some methods from percolation theory to study the
essential spectral radius of G(0) for the case where 7, satisfies (3.2).

THEOREM 4.3. Assume that r, < 1. Then there exists a constant ¢ > 0 such
that the inequality X\ < 1 — cr? holds w.h.p. if and only if v, satisfies (3.2).

The proof of Theorem 4.3 is given in section 5.

For n > 0, we write Po(n) for any Poisson random variable with parameter 7.
Define a Poisson point process P, by P, := {Y1,Ys,...,Ypo@,)}, where {¥1,Y5,...}
is the set of vertices independently and uniformly distributed in [0,1]? and Po(n)
is independent of {V7,Ya,...}; see section 1.7 in [34]. For a Borel set A C [0,1]?,
|P,NA|, the number of vertices lying in A, is a Poisson random variable with parameter
nL(A), where L(-) denotes the Lebesgue measure in this paper. For any Borel set
Ay, Ay C[0,1)%, if £L(A1 N Az) = 0, then the random variables [P, N A1| and |P,, N Az|
are mutually independent. This property is called spatial independence of a Poisson
point process.

Proof of Theorem 3.2. We will first prove the sufficient part of Theorem 3.2.

For r,, > 1, under the condition (3.3), we can directly deduce that the system
(3.1) can reach synchronization by Theorem 1 of [30]. Thus, we just need to consider
the case where r,, < 1. By Theorem 4.3 and (3.2), we see that there exists a constant
¢ > 0 such that
(4.4) lim P(A<1—cry) =1
Let F,, denote the event A < 1 — cri, and let En denote the event dyax < 3dmin logn.
Define F,, to be the event

1 1
N {||Xi(0) — X;(0)|2 ¢ <7"n - 0<%),rn + 0<%)> } .
1<i,5<n
Using Boole’s inequality, we have

P(F5) <Y P <|Xi<0) — X;(0)2 € <7"n - O(ﬁ)”n + 0(n21rn)>)

i#]
1 1
2 P - X; n o n
<n /966[0,1]2 (|x ;(0)]]2 € (7“ o(nan>,r + O(rﬂm))) dx

< n257rrn . 0(

5 )—)0 as n — oo,
n4ry,

where the property that the initial positions are independently and uniformly dis-

tributed in [0,1]? is used in the last inequality. Combining (4.5) with (4.4) and
Corollary 4.2, we can deduce that

(4.5) P(E,NE,NF,) =1 as n— .
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We assert that if the speed v, satisfies (3.3), then for all ¢ > 0, the topology of G(¥)
remains unchanged given E,, N E, N F,,. We will prove this assertion by induction.

For t = 0, the assertion is obviously true. Assume that the assertion holds for all
s <t, that is, P(s) = P(0) for all s <¢. Thus, by (3.1) we have

O(s + 1) = P*(0)8(0) YO0 <s<t.

Combining this with Proposition 3 in [35], for all integers s € [0,¢] and 4,j € [1,n] we
have

k=1
- d d -
46) <73 |(P(0), - (P, <7V (N/ max | m“)AS
kZ_l\ : . 7 7

< 2my/3nlogn - A,
where the assertion conditions F,, and En are used in the last inequality. Set
dij(t + 1) = HXz(t + 1) — X]‘(t + 1) — Xz(O) + XJ(O)HQ

Subsequently, using (3.1), the triangle inequality, and standard goniometric formulae,
we have

t4+1 t+1
dij(t+1)= ||v, Z(COS 0:(s),sin6;(s)) — v, Z(cos 0;(s),sinb;(s))
s=1 s=1 2
t+1
(4.7) < vp Z || (cosB;(s) — cosb;(s),sinb;(s) —sinb;(s)) |2
s=1
t4+1 t+1
—u Y \/2 — 2cos{6i(s) — 0;(s)] < va 3 16:(s) — 65(s)],
s=1 s=1

where the inequality cosz > 1 —2/2 is also used. Set to := min{¢ : 27v/3nlogn- At <
27}. Then

1
t = log 7@ < —log(Snl_ogn) 41
log A 2log A ’

where [z] denotes the smallest integer not less than x. Hence, by (4.6) and the
inequality 1 —z < —logz for « € (0,1), we have

t+1 t+1

maxz 10i(s) — 0;(s)] < 2ty + Z 2my/3nlogn - \*
(2¥] —1

s=to+1

<on (—loi(l?)nl)_(\)gn) n 1) n <27r\/3nlogn> bt
0g

B logn\ 9
_0(1_)\> =0 (r,*logn) .

1-A
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Substituting this inequality and (3.3) into (4.7), we can obtain that

t+1
maxd;(t+1) < vy, maXZ 10i(s) — 0;(s)|
©J R —

Tn logn 1
=0 . B
n?logn 12 n?r, )’

which means that the position between any two agents changed at time t is bounded
by o nzlrn), in comparison with that at the initial time. Combining (4.8) with the
condition F,,, we know that, compared with G(0), the topology of the graph G(t + 1)
is unchanged w.h.p.

By induction, our assertion holds for all ¢ > 0, which means that the inequality
(4.6) holds for all ¢ > 0. Thus, system (3.1) can reach synchronization.

It remains to prove the necessary part of the theorem. Set

(4.8)

M, = { 7m/(410gn)J -1,
where |z| denotes the largest integer no bigger than x. Define the point
Tp = ((Qk +1)y/Togn/(xn), o) cl0,12, k=0,....K,.

Let b, := logn — 3loglogn — 7nr2; then by (3.4)

bn, <logn — 3loglogn and lim b, = .

Take e, = v/1/(mnlogn). Let
(4.9) X, = {X1(0), X2(0),..., X, (0)}

denote the n vertices independently and uniformly distributed in [0,1]2. For any
integer k € [0, M,,], define the event

Ak = {Xn mB(xkaEn) # (Z)aXn N [B (iCk,Tn +5n) \B(xkven)] = (Z)}a

where B(z,r) := {y € R?: ||z — y||2 < r} denotes the ball centered at = with radius
r. If the event Ay (k € [0, M,]) occurs, then the agents lying in B (zy,e5,) do not have
any neighbor at the initial time. For such a case, the system (3.1) will not synchronize
by setting the initial headings of the agents lying in B (xj,&,) to be —7/2 and the
others to be 7/2; see Figure 1. Thus, to prove the necessary part we just need to
verify the following equation:

(4.10) lim P U 4] =1
0<k<DM,

Set n(n) :=n+n** and A(n) := n—n3/*. Let P,,) and Py(,) denote a Poisson
point process in [0, 1] with parameters n(n) and A\(n), respectively. Using Lemma 1.4
in [34], for large n we find

(4.11) P (X, C Pym) = P(Po(n(n)) > n) >1—e "

(4.12) and P (Pym) € X,) = P(Po(A(n)) <n) >1—e "
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(1.0)

n2

—

00 A A e e A een ©.1

Fig. | If Ay occurs, then the system will not synchronize by setting the initial headings of the agents
lying in B (zg,en) to be —m/2 and the others to be 7/2.

Define the event
gk = {P)\(n) nB (xka gn) # mvpn(n) N [B (xka Tn + 5”) \ B (xkven)] = (Z)} ;
then by (4.11) and (4.12),

P U A | =2 P U A, Pamy € Xy X € Py
0<k<M, 0<k<M,

413) =P | A | +P(Pan) S Xn) + P (X CPypy) — 2
0<k<Mp

~ L 1/4
> P U Ap | =27 .
0<k<Mp,

Also, using the spatial independence of the Poisson point process and Taylor’s expan-
sion,

Pl U A)=1-p| N 4|=1- ]I {1—P(21k)}
0<k<M,, 0<k<M,, 0<k<M,

k
1 [1 _ (1 _ eﬂ(n)mi/z) efn<n>7r<ri+2rnen>/2} Mot

Mn+1

=1-|1- n 3 (logn) 3 e V17t loan (] 4 5(1))
2logn

1 1 1 bn _ _bn
=1—exp (—E(Mn+1)n_5(logn)5e2 V! 1"“) (14 0(1))
—1 as n— oo.

Combining this with (4.13) yields (4.10). O

Remark 4.4. From the proof of Theorem 3.2, we see that the speed v,, is so small
that the topology of the neighbor graph remains unchanged during the evolution of
the system. However, the relaxation of the restriction on the speed is very hard, since
the estimation of the essential spectral radius of P(t)P(t —1)--- P(0) is still an open
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question in inhomogeneous Markov chain theory, even if only one edge is changed in
the neighbor graph; see Problem 1.1 in [36]. The restriction on the speed could be
relaxed if the above open problem was resolved.

5. Proof of Theorem 4.3. First, we will provide the proof of the sufficient part
of Theorem 4.3. For the case where mnr2 > (logn)?, the inequality A < 1 — cr2 holds
w.h.p. by Theorem 3 in [30]. Therefore, we just need to consider the case where

(5.1) mnr? < (logn)®  and nlirrgo (mnrZ —logn) = cc.

In this section we use G(X,;r,) to denote the initial random geometric graph
G(0). Divide the unit square [0,1]? into K2 small squares with the length of each
side equal to 1/K,, where K, := [v/5/r,]. Denote these small squares by S, Sa,

cey SK2 . Set

= E[|X, NSy = —

)

'|2

S

’—r

n

where X, is defined by (4.9). Define

A, = max |X, NS
1<i<K2

We will consider the upper bound of A,, first.

LEMMA 5.1. Assume that r,, satisfies (5.1). Then, with probability 1, A, < 21a,
for large enough n.

Proof. Since the initial positions X;(0),7 = 1,2,...,n, are independently and
uniformly distributed in [0,1]%, P (X;(0) € S;) = 1/K2,1 < j < n,i € [1,K2], and
| X, NS;| is a binomial random variable. By (1.7) in [34], for large enough n,

—2la 21
P((lx,NS;| > 2la,) <ex "1 S
(1% 0 Sl ) p< 2 g(EnXmsiu»

—21n
<exp | —=——1log(21)
(2(,%5 +1)2

< exp(—2.03 -logn) = n~ 293,

Thus, by the definition of A,,, for large enough n we have
K2
P (A, >2lay,) =P | | J{|X N Si] > 21a,}
i=1
K5
< Z P(|X, N S| > 21a,)
i=1

-2.03 _ —1.03

<n-n n

Hence, using the Borel-Cantelli lemma yields our result. O
Remark 5.2. Using a method similar to that of Theorem 6.14 in [34], we find
that, with probability 1, the inequality

an HT! <1°g”> (1-0(1)) <A, <a,H' <1°g”> (1+o(1))

70 Qn

holds for large n. However, the proof of this result is complicated, so we do not include
it in this paper.
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For what follows we need to introduce some definitions. Let || - ||; denote the
l1-norm, and let || - [ denote the infinity norm. For any z,y € Z2, if ||z — y||1 = 1,
then we say that = and y are adjacent and we write x ~ y. Also, given A C 72,
if, for any xz,y € A, there exists a vertex sequence x1,z2,...,2, in A such that
T~ X1,T1 ~ Tg,To ~ T3,...,Tn ~ Y, then we say A is connected. Similarly, if
|l — ylloo < k, B > 1, we say that x and y are k-adjacent and we write z ~yj y.
Given A C Z2, if, for any z,y € A, there exists a vertex sequence z1,s2,...,T, in A
such that © ~y x1,21 ~p x2,29 ~k X3,...,Tn ~ Yy, then we say A is k-connected.
It can be seen that if A is connected, then A must be k-connected for all £ > 1. In
particular, a single vertex set {x} C Z? is both connected and k-connected.

We define the lattice box Bz(K,) by Bz(K,) = H?:l([vin] NZ).If A C
Bz(K,), set A := Bz(K,)\A and let A denote the internal vertex-boundary of A,
that is, the set of vertices z € A such that {y € A°: ||z — y|[1 = 1} is nonempty. To
prove Theorem 4.3, several lemmas are needed.

LEMMA 5.3. Let § € (0,1). If A is a subset of Bz(K,) (not necessarily con-
nected), with |A| < BK?2, then

041 2 31 - V/B) VAL

Proof. Replacing 2/3 with 8 in the proof of Lemma 9.9 of [34], the result can be
deduced. O

LEMMA 5.4 (Lemma 9.6 in [34]). Suppose A C Bz(K,,) is such that both A and
A€ are connected. Then OA is 1-connected.

Remark 5.5. If both A and A° are connected, by Lemma 5.4 both 0A and 9(A°)
are 1-connected since (A°)¢ = A.

LEMMA 5.6. Suppose A C Bz(K,). If A is 3-connected and A° is connected,
then OA is 3-connected and 0(A°) is 2-connected.

Proof. Let Ay, As, ..., A, denote the connected components of A, which indicates
that Ai,..., A, are connected, but A; UA;, 1 <i# j <m, is not connected. By the
fact that Bz(K,) is connected, A;,i € [1,m], are all connected with A°. Note that
A€ is connected, so for any i € [1,m], A =A°UA; U---UA;_1UA;+1 UA, is also
connected. By Lemma 5.4, we know that both 0A; and J(AS) are 1-connected.

Moreover, if A; U A;(i # j) is 3-connected, then there exists a pair (z;,z;) €
(0A;,0A;) such that z; and z; are 3-connected, and there exists another pair (Z;, z;) €
(0(Af),0(AS)) such that z; and z; are 2-connected; see Figure 2. Thus, 9A4; U 9A; is
3-connected, and 9(Af) U 9(AF) is 2-connected since 9A;, dA;, I(A7), and O(AS) are
1-connected. Combining this with the fact that A = U A; is 3-connected, we have
that 0A = U2, 0A4; is 3-connected and 0(A°) = U2, 0(AY) is 2-connected. O

LEMMA 5.7 (Corollary 9.4 in [34]). Given integer k > 1, the number of k-
connected subsets of the lattice box Bz(K,) of cardinality m is at most K224k(k+1)m

For each small square S;, 1 < i < K2, let x; denote its center point. Set z; :=
K,z; + % € Z2; see Figure 3. By the definition of Bz (K, ), we find that the set
{2::1<i< K2} is equal to Bz(K,).

Recall that A(n) = n — n®/* and Pa(n) denotes a Poisson point process in [0, 1)?
with parameter A(n). Define the function

fi(A) = > Pamy N Sil - [Pam) N S

2i €A,z EAC zi~vz;

We then find the following lemmas.
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Fig.2 A; and A; are the connected components surrounded by the solid lines. If A; U Aj is 3-
connected, then there exist z; € 0A; and z; € OA; such that z; ~3 z;, and there exist
Z; € 9(Af) and 25 € O(AF) such that Z; ~2 Zj.

(1,0) (1,1 (K1) (KK

0,00 (0,1K) (0,1) 1,1 (1,2) (1K)

Fig. 3 The relationships among S;, x;, and z; are shown. If z; ~ z;, then any two vertices x,y in
S; US; will satisfy || — yll2 < ra.

LEMMA 5.8. Assume that r,, satisfies (5.1). Suppose A C By (K,) and integer
k > 1. Then, for any constant 8 € (0, 1), there exists a constant n = n(k,3) > 0 such
that, for large enough n,

A 2
P inf N _man | e
Ban?Kn<|AlI<(1-B8)K2 |A| K,

24 1is k-connected

Proof. This proof partly uses the ideas appearing in [37]. Let

61;214_17\/_ '1__6/8 and CQ::i(l_\/l_ﬁ)\/E'

It oy 2K, < |A] < (1 - B)K?

n?

(2) IR Vi B

then by Lemma 5.3,
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and also

63) a2 20— T B VAT 2 2V

n

For any € > 0, by the definition of f; we find

(54) fl(A) > (Ean)Q Z I{|’P,\(n)ﬁsi|Z€a",\73x(n)ﬁsj|Z€a"}-
2;€0A,z; E0(AC),zi~z;

For any set A, C Bz(K,), let

g(A’ F) = Z I{\PMH)ﬂSi\Zean,rP,\(n)ﬂSj\Zsan}-
2i €N,z €D z4~vz;
Therefore, by (5.2) and (5.4) we have

f1(A) | e1(zan €04, 9(A%)
Al ST RKloAl

Combining the above inequality with (5.3) yields
A
inf h4)

par?Ka<ial<a-mri A

24 is k-connected

ala) L E04,0(49)
- K, 10AIZcoay VR |0A]

24 is k-connected

(5.5)

Note that, for any z € O0(A€), there exists at least one vertex z € 9A such
that z ~ Zz, so if A is k-connected, then 0A U J(A°) is also k-connected. Let
(AMm pMomy ((AAMm pmy - (Af‘fdm f\f{m) denote all possible pairs of (9A4,
0(A°)) satisfying (i) 0A is k- Connected (i) |0A U O(A°)| = M, and (iii) |0A4| = m.
Then, by Lemma 5.7,

M M M
Z i < Kr2z24k(k+1)M Z < )
m=1 m=1 m

(5.6) ,
_ K324k(k+1)M oM _ K7212(2k+1) M

Thus, for any constant c3 > 0, using Boole’s inequality we find

P f £004,0(4%) _
[0A|>coan 'y/Kn |8A|

24 is k-connected

tM,m AMmFMm
[y g U

m202a;1 /K, M>m I=1

M iM,m M,m M,m
<p U U U{“—F)<03}

M>coan ' VE, m=1 I=1

M iM, m

< ¥ Y3 (5(A%m,r%m) < 03M) .

M>cyant VK, m=1 =1
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For any z € AlM’m (or Ffw’m), 1 <1 < 'ipm, there exist at least one and at most

four vertices in I‘fw’m (or Ale) which are connected with z, and thus we can choose
. M, M, ;
the vertex pairs (zi,,2;7), (25, 25)s -+ -5 (Zi50y » zz:(v”) e (AT, G > MYS,

such that z;, ~ 25, 2i, ~ 25, .0 205 ~ Zi and 2y, 277, Zin, 255 - - - Zijayr 2,
mutually different. Thus, by the spatial independence of the Poisson point process, for

any 1 < k1 # ko < j(1), the corresponding events I{\me)ﬁsikl |20, |Pa NS = [>ean}

are

°1
and I{l’P/\(n)mSik2|25an:‘73>\(n)ms-"’|25an} are mutually independent. Let E, =
, o

I{|’P/\(n)ﬁsik|Z€O¢n,‘73>\(n)ﬁs1.7€|Z€a"}; then
(5.8) P (g(AlM””, rMmy < C3M) <p E, < esM |,

where j(I) > M/8 and the events Ej, 1 < k < j(I), are mutually independent.
Choose € = 1/2; then for all large n and 1 < k < j(I),

P(E) = P ([P 1 il = 54) P ([Pany N1 851 > )

w21\
§ <l_exp{_ Far H<2<n—;?‘°’/“>>}>
(o)) oy

where the last inequality follows from Lemma 1.2 in [34]. Therefore, for any p > 0
and large enough n, by Markov’s inequality we have

i) J(l)
P ZEk <esM | =P | exp —pz Ep | > e resM
k=1 k=1
i)
(5.9) < ePesM H E [e_”E’“}
k=1

) 2 . 2 M/8
ot (1Y g1 (1Y)

Choose c3 > 0 small enough; then there exist constants p > 0 and ¢4 > 0 such that,
for large enough n,

(2k +1)%log 2 + pc3

(5.10) . . ) . )
+ glog ((1 — n*H(g)/E’) erP+1- (1 — an(g)/E’) ) < —c4.
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Combining (5.6)—(5.9) with (5.10), for large enough n we have

c
P inf £(04,9(4%)) <3
104> cp0r /R |0A
24 is k-connected
M iM,m i)
DI D SFY D SICREPRY
M>cran ' VK, m=1 I=1 k=1
Z K22(2k+1)2M6p03M

M>cza5, VK,

' ((1 - n*H<§>/5)2 1 (1- nH<§>/5)2>

-1
_ —cyco0; VK 15
E KZ2e C4M§exp(%)<e o
M>coay VK,

IN

IN

M/8

IN

The above inequality and (5.5) yield our result. O

For any z; € Bz(Ky), we call z; open if S;NPy,) # 0 and call z; closed otherwise.
Let O,, denote the set of open vertices in Bz(K,,), and let C,, denote the largest open
clusters of O,,.

LEMMA 5.9. Assume that r, satisfies (5.1). Then, with probability 1, |C,| =
(1—0(1))K2 for all large enough n.

Proof. For any z € By(K,,),

A(n)
K2

n

P({z is closed}) = exp (— > —0 asn— oo.

By Theorem 8.65 in [38] and Theorem 1 in [39] our result can be deduced. O

LEMMA 5.10. Assume that r,, satisfies (5.1). Suppose A C Bz(K,). Then, for
any constant B € (0,1), there exists a constant n = n(f) > 0 such that, for large
enough n,

3IN

A a
inf h1(4) > i
Ban?Kn<|Al<(1—B)K2 |A| K,
A s 3-connected

Proof. For any A C Bz(K,,) with B, 2K, < |A| < (1 - B)K2, let A1,...,Apm,
denote the connected components of A€, taken in decreasing order. In other words,
Ay, ..., Ay, are connected, but Ay UA;, 1 < ¢ # j < my, is not connected and
|[A1| > |Ag| > -+ > |Am,]|- Since Aq,..., A, are all connected with A and A is
3-connected, A§, 1 < i < my, are all 3-connected. By Lemma 5.6, for 1 < i < my,
O(AS) is 3-connected and OA; is 2-connected. By the definition of f; we find

(5.11) AiA) =3 Al =3 A(AD.
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If [A1] > K2/2, then |A§] < K2/2. Note that A C A§, and by (5.11) and
Lemma 5.8 we have

A A§

iy AL A

|A|>Bay, 2 Kn,|A1]> % K2 |A] Bog 2 Kn<|AC|<L K2 |AS]

A is 3-connected a(a§) is 3-connected
(5.12) ;
no
> = a.s.

K,

Next we consider the case of |A1| < K2/2. Without loss of generality, we assume
that |A;] > %a;QKn for 1 < i<y, and |Aj] < %agan for iqg +1 <1i < ma, where
ia € [1,ma]. Since OA; is 2-connected, by Lemma 5.8 and the Borel-Cantelli lemma,
with probability 1,

filhi) _med

> = V1<i<iy
|Ai| K,
for all large n. Thus,
. DALY

A is 3-connected,|A; |[<1 K2 ta A,

(5.13) S 2 (A
A 2
> min inf hi(A) > 1%
1<i<ia | lan?rn<ingi<inz, A4 K,

aA,; is 2-connected

holds for large enough n.
For Aj,ia+1<i¢<ma,if A;NC, # 0, then f1(A;) > 1, which indicates that
) 1 207,
|Az| %a;2K?’L K, .

(5.14)

Let ' := min{n, 2}. By (5.13) and (5.14) we find, with probability 1,

f Eiil JilA) + 225 t1<icmanine, 20 J1(Ad)

A is 3-connected,|A1|<1 K2 (Zzil + Zz‘A+1<i<mA,Aan;éfD) |Ai|

o

K,

(5.15)

3
S

>

For the case of A; NC,, =0, by Lemma 5.9, for large enough n,

> IAi| < K2 —[Cu| = o(K2) as.

ia+1<i<moa,A;NCrn=0

Moreover, note that >4 |A;| = |A°| > BKZ, so we have

i‘F > A

=1 ia+1<i<ma,A;NCr#0

= |A°| - > |A;| > BKEL a.s.

2
ia+1<i<ma,AinCo=0
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Combining the above inequality with (5.11) and (5.15), for large enough n, we have

ol BEE _yfBoiK,

inf A .
\A\g(l—mi%,muséxﬁ hd) = Ky 2 2 e
A is 3-connected
By the above inequality, we can deduce that, with probability 1,
o fi(A) _ WBofK, 1 n'Baj
|A|S1-B)K2 A< L K2 |A| - 2 (1 — B)K,% 2(1 — ﬂ)Kn

A is 3-connected

for large n. Combining this with (5.12) yields our result. d

Recall that d; denotes the degree of vertex ¢ in G(0), and set d* := Y " | d;. We
obtain the following lemma.

LEMMA 5.11. Assume that r,, satisfies (5.1). Then, for any constant s > 1/,
with probability 1, d* > n?r2 /s for large enough n.

Proof. Given a constant s’ € (1/7,s), let Z,(s") denote the number of vertices
of G(0) of degree at least nr2/s’. By Theorem 4.2 in [34], n=1Z,(s’) converges
completely to 1 as n — oco. Since d* > Z,(s')nr2/s', this yields our result. O

Proof of Theorem 4.3. If G(0) is not connected, then P(0) is reducible and there-
fore Ay = 1, so our necessary condition can be deduced directly using Lemma 3.1.
Also, for the case of mnr2 > (logn)?, our sufficient condition has been indicated by
(4.3). Thus, we just need to consider the sufficient condition for the case that r,
satisfies (5.1).

Given A € R, if A < ﬁ — 1, then P(0) — A\, is a strictly diagonally dominant
matrix and det(P(0) — A,) # 0. Therefore, A is not an eigenvalue of P(0). By
Lemma 4.1 we find that for all large enough n, with probability 1,

1
> - @ _
~ emnr2(1+o(1))

Note that 1 > Ay > A\, > —1, so we just need to estimate Ao to get our result.

Let FF C {1,2,...,n} denote a subset of agents and define F' := {X;(0) : i € F'} C
X, to be the initial positions of agents in F. Let F° = {1,2,...,n}\F. For any area
D1, Dy C [0,1]?, set

fp1,0, (F) = > Ijle-ylla<ra}
z€DNF,yeDaNFe
and take f(F) = fio,112,[0,12(F). Define Cheeger’s constant ® of P(0) by
F
P = inf 713( ) .
ZiGF dif%d* ZiEF d’i

We assert that there exists a constant n > 0 such that w.h.p., ® > nr, for large
enough n. Next we will prove this assertion.
For any F C {1,2,...,n}, set

~ 1
Ap = {Zi : |Sz ﬂF| > §|Sz an|} - BZ(K")

and define
A;' = U S; N A,.

Zi€EAFR
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1 g%
By the condition d; < §d , we have

i€EF
1
|Fc|dmax Z Z di Z §d*7
i€eFe
then by Corollary 4.2 and Lemma 5.11, for all large enough n,

ar 2emn’r2 1 n
=—  as.

7 2emnr2 6
Set 8 := 252 If |Ap| > (1 — B)K2, then |A%| < BK2. By Lemma 5.1,
2

K; n
< |AS < -
S 1Si < A% |A, 555 2an = 5

|F

ZiEA

holds a.s. for large enough n. Note that |F°’| = |F°| > &; then there exist at least {5
vertices of F¢ contained in Ap. For x € FeNAp o W1thout loss of generality we assume
that « € S; with z; € Ap; then by the definition of Ar we find |F'NS;| > |FenS;| > 1,

which indicates that there exists at least one vertex y € F'N.S; such that ||z —y|l2 < rp.
Thus, by Lemma 4.1,

F n
inf f( ) > . 12
Yier di<zd" |Ap|>(1-B) K3 Eiepdi 5N Ndmax
1

Gernr2 (1 + o(1))

(5.16)

> > T
holds a.s. for large enough n.

Now we consider the case of [Ar| < (1 — B)K2. Let Ay, As,..., Ap, be the
3-connected components of Ap, taken in decreasing order of size. In other words,
A1, ..., Ap, areall 3-connected, but A;UA;, 1 < i # j < mp, is not 3-connected, and
|A1| > |Ag| > -+ > Ay, Without loss of generality, we assume that |A;| > fa;, 2K,
for 1 <i <ip, and |4;| < Ba,, 2K, for ip +1 <i < mp, where ip € [1,mg|. Then,
by Lemma 5.10, there exists a constant ’ > 0 such that

fildi) 0ol

|[Ap|<(1-B)K2,1<i<ip |A;] — K,

n?

(5.17)

a.s.

For i € [1,iF], it is easy to see that if z;, € A; and z; € AS with z ~ z;, then z; € A
and all pairs of vertices in S, U S; are neighbors. So, by the definition of Ar, we have

1
ISy, (F) = Z Ifjje—yllo<ray 2 Z|Xn N Sk| - | X, NSl
zeSLNF,yes;NFe
Therefore, if Py,) C &, then
1
(5.18) > fsis; (F) = > Fsis, (F) 2 7 f1(A0).
2R €A, 2 EAG Zp~ 2z 2 €A,z €AS 2~ 25

Moreover, by (4.12) and the Borel-Cantelli lemma, we know that Py¢,) C A}, holds
a.s. for large enough n. Set

Slly ZZU U Sk.

i=1z,€EA;
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By (5.18), for large enough n, we have

iR
Fspjoaz\sh(F) =) > fsi,s,(F)
i=1 2R, €A;,2;€AG 21~ 25

(5.19) -
>3 ifl(Ai) as.
=1

For i € [ir + 1,mp], if U, e, 55 N Fe # 0, let D; = UzjeAf, S;. Then we
have fp, p,(F') > 1; otherwise, by Lemma 3.1, w.h.p. there exists at least one vertex

z* € (U,,ea, 53)° N Ay such that the set

{y:ye U smmx*—mm}

Zj c€A;

is not empty. Assume that 2* € Sip(1 < k < K2) and z is the corresponding
integer point of Sk. Then z, must be 3-connected with A;, and z; € A%. Set

D; = UzJeAi S;US. Ifa* e FVC, then fp, p,(F) > 1; otherwise, by the definition of
Ap we have Sy, N Fe # 0, so

fDi7D1',(F) > fSk,Sk(F) > 1.

Let S; = U254 Di. For z € 72, it is easy to see that the number of 3-connected
components with which z is 3-connected is not more than 8. By the above argument

we have w.h.p.

(mp — ZF)

oo | —

(5.20) fsz s2(F) =

Let 3 = [0,1]2\(SL U S2). For = € §%, N F, assume that z € Si(1 < k < K2)
and zj € Bz(K,,) is the corresponding integer point of Si. Obviously z, € A%, so the
set S N F¢ is not empty. Thus,

(5.21) fspsa(F)> > 1>]S} nE|.

z€S3INF

Recall that £(-) denotes the Lebesgue measure. By the definitions of S} and S%
we have £(S% N S2Z) = 0. So by (5.19), (5.20), and (5.21), we have

F(F) = fs1oa2\s1 (F) + fsz 52 (F) + fs3 53 (F)

1 1 _ _
> Zfl(Ai)+§(mF—ZF)+|SI3:ﬁF| w.h.p.

i=1
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Thus, w.h.p.,
inf ﬂ
|Ap|IS(A-B)K2 D ;e p di
S L A(A) + Ymp —iF) + |SENF
dnax(|SE VF + |52 F| +15E N F)
Zz L 1f1(4) + (mF—ZF)+|S3ﬁF|

>

(5.22) > : ——
dmax(An Zi:l |Az|+(mF_ZF) nﬂan Kn+|SFmF|)
- min 4 I 20 A4 §(mr — ir) |52 N F|
B dmaxAn 2221 |Az| ’ dmax(mF - ZF) nﬂanQK dmax|S n F|
/2 2
2 min n an ) an ) 1 )
4dmaxAnKn 8dmaxAn6Kn dmax

where the last inequality can be deduced by (5.17).
Combining (5.1), (5.16), (5.22) with Lemmas 4.1 and 5.1, our assertion holds.
By Cheeger’s inequality (Proposition 6 in [35]), we have Ay < 1 — ®2. Hence, with
probability 1, A2 < 1 — n?r2 holds for large enough n. This completes the proof of
our result. O

6. Simulation Example. In this section, we provide a simulation example. Here,
the number of agents is taken as n = 1000, and the interaction radius is r, =
v/1.1logn/(mn). The initial positions and headings of the n agents are independent,
with positions uniformly and independently distributed in [0,1]? and with headings
uniformly and independently distributed in (—,x]. Figure 4 shows how the proba-
bility of synchronization changes with moving speed. From this simulation, we see
that if the speed is small, the system can synchronize w.h.p., and the probability of
synchronization will tend to zero as the speed increases.

1

09

0.8

071

0.6

05r-

0.4

Probability of synchronization

0.3

0.2

0.1

0
0 0.1 02 0.3 0.4 0.5 0.6 0.7 0.8

The speed v

Fig. 4 Simulation results for the system with n = 1000, r, = /1.1logn/(7n), and the random
initial states.
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7. Concluding Remarks. For the SPP system studied in this paper, it is in-
tuitively obvious that the smaller the interaction radius is, the harder it is for the
synchronization to happen. Thus, an important and interesting problem is how small
the interaction radius must be in order to guarantee synchronization. This paper
shows that, in a certain sense, the smallest possible interaction radius for synchro-
nization can be considered to be the same as the critical radius for connectivity of
the initial random geometric graph. We remark that an important step of this paper
is to provide an estimation of the spectral gap of the average matrix of the random
geometric graph. Our results have possible applications to other problems such as
collective motion of biological systems, random walk on random geometric graphs,
and consensus algorithms of wireless sensor networks.
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