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Abstract PID (proportional-integral-derivative) control is recognized to be the most widely and
successfully employed control strategy by far. However, there are limited theoretical investigations
explaining the rationale why PID can work so well when dealing with nonlinear uncertain systems.
This paper continues the previous researches towards establishing a theoretical foundation of PID
control, by studying the regulation problem of PID control for nonaffine uncertain nonlinear stochastic
systems. To be specific, a three dimensional parameter set will be constructed explicitly based on
some prior knowledge on bounds of partial derivatives of both the drift and diffusion terms. It will be
shown that the closed-loop control system will achieve exponential stability in the mean square sense
under PID control, whenever the controller parameters are chosen from the constructed parameter set.
Moreover, similar results can also be obtained for PD (PI) control in some special cases. A numerical
example will be provided to illustrate the theoretical results.

Keywords Asymptotically regulation, global stability, nonaffine PID control, stochastic systems,

uncertain structure.

1 Introduction

It is well-known that PID (proportional-integral-derivative) control is the most widely em-
ployed feedback strategy by far, and has shown its impact on various systems, ranging from
process control to flight control (see, e.g., [1-3]). PID controller is believed to be “bread and
butter” of control enigneering!¥. The classical PID controller, which has an easy-to-use linear
structure consisting of three terms constructed based on the real-time control error, is a typical
data-driven control strategy. It has the ability to eliminate steady state offsets through the
integral action and to anticipate the near future behavior via the derivative action. Despite of
the remarkable progresses in modern control theory over the past 60 years, the classical PID
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controller still plays a dominating role in control practice (see, e.g., [5]). This largely attributes
to the fact that the Newton’s second law still plays a fundamental role in modeling mechanical
systems, and that the PID control has two-sided large scale robustness with respect to system
uncertain structure and controller parameter selection!®.

Ever since the emergence of PID controller in the early 20th century, extensively academic
and industrial efforts have been made in improving the effectiveness of PID control loops and,
as a result, a large amount of tuning methods continue to emerge (see, e.g., [7, 8]). One may
naturally believe that PID control is matured in both theory and practice. However, the de
facto situation is that poorly tuned PID controlled loops are quite common in practice (see,
e.g., [9-11]), and almost all the existing tuning methods are case dependent and heavily rely on
experience or experiment or both, which might lead to unsatisfactory performance. Moreover,
practical control systems are bound to be nonlinear with uncertainties and disturbances, while
most of the existing analytic results on PID are conducted for linear systems, and only a few
explicitly for uncertain nonlinear systems (see, e.g., [12-14]). Therefore, it can be said that

“PID controllers remain poorly understood” 19!

, and a comprehensive understanding towards
PID may improve its widespread practice and so contribute to better product quality!!.

Thus, it is necessary to make efforts towards establishing the theoretical foundation on PID
control for nonlinear uncertain systems. In order to figure out the rationale why PID can make
such amazing achievements, nonlinearity and uncertainty must be taken into consideration.
Moreover, efforts must be taken on analyzing the limits of PID control in a general framework.
In view of these facts, some rigorous mathematical investigations have been made on a class of
second order systems described by the celebrated Newton’s second law (see, e.g., [16-20]). For
instance, [16, 18] show that global stability can be achieved by PID controllers for a class of
nonlinear uncertain systems without input channel uncertainty. [19] proves that similar results
can be obtained for PID controlled stochastic systems with structural uncertainty consisting of
dynamic uncertainty, input channel uncertainty and diffusion uncertainty. Nonetheless, there
is still a long way to go to fill up the gap between theory and practice of PID. On the one
hand, results in [19] are conducted under restrictive conditions where the input channel must
be described by positive definite constant matrices with known lower and upper bounds. On the
other hand, numerous practical systems cannot be characterized by affine nonlinear forms since
the changing rate of system states may not be linearly related to control inputs, such as glucose
control system!?!l, pendulum control system[®?, flight control system!??!, etc. Nevertheless,
few theoretical results can be found on PID controlled nonaffine nonlinear systems, even for
deterministic systems. To the best of authors’ knowledge, [20] provides the first rigorous math-
ematical analysis on global performance of PID controlled MIMO (multi-input multi-output)
nonaffine systems without external disturbances.

In this paper, we will consider the global regulation problem for a class of nonaffine stochas-
tic systems, which is an extension of the deterministic nonlinear uncertain systems considered
in [20]. The main result of this paper will also significantly weaken the assumptions given in our
previous results['?). To be specific, a three dimensional unbounded open set for the controller
parameters could be constructed, from which various PID controllers could be designed to con-
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trol the uncertain stochastic systems globally with the regulation errors converge exponentially
in the mean square sense. The constructed PID parameter set is based on some prior knowl-
edge on the upper bounds of partial derivatives of both the drift and diffusion terms. Moreover,
the control input is no longer needed to be linearly related to the derivative of system states,
and only the lower bound of the input channel is needed. A design formula of PD controller
will be also provided for a class of nonaffine stochastic systems with relative degree two in the
cases where more restrictions on the system dynamics are satisfied. Similar results can further
be obtained on designing PI controller for a class of nonaffine stochastic systems with relative
degree one.

The remainder of this paper is organized as follows. Some backgrounds and the problem
formulation are provided in Section 2. Main results are placed in Section 3 together with their
mathematical proofs given in Section 4. Section 5 will provide a numerical simulation example.

Some concluding remarks will also be given at the end of this paper.

2 Backgrounds and Problem Formulation
2.1 Notations and Definitions

First, we introduce some notations that will be used throughout this paper:

Denote R as the set of all positive real numbers, moreover, denote
R™ = {(z1, 22, ,@n)|i >0, i=1,2,--- ,n}.

Denote C*(R™,R™) as the space of functions from R” to R™ with k-times continuous partial
derivatives. For a given vector z € R™, ||z|| refers to its Euclidean norm. For a given matrix
Q € R™ ™, ||Q|| refers to the corresponding induced norm (i.e., |Q| = sup,cgn =1 [1Q7])-
For a given matrix @ € R™ " tr(Q) denotes its trace. For a given vector-valued function
®(-) € CY(R™,R"), the Jacobian matrix of the mapping @ is defined as follows:

9¢1 ... 9
oxq oz,
0P . .
ox :
9n 9¢n
Oz e Oy

For a given function f(-) € C?(R™,R), the Hessian matrix of f is defined by

[l *f
2
82f 7 Ox10Ty
or2 :
i 8%f
Orndz; 0z2

Next, consider the following stochastic differential equation (SDE):

da(t) = f(x(t))dt 4 o(x(t))dw(?),
z(0) = 2o € R, (1)
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where z(t) is the state, w(t) is a one-dimensional standard Brownian motion, and f(-) €
CHR™,R"), o(-) € CY(R",R") are functions satisfying f(0) = (0) = 0.

Definition 2.1 Given a function V(z,t) € C?(R" x R, R) associated with the SDE (1).
The differential operator L acting on V is defined by

)= D4 O gy 4 sy S R o)

2.2 Problem Formulation

Consider the following nonaffine stochastic control systems with relative degree two:

dxl (t) = T2 (t)dt,

2
daz(t) = f(x1(t), 22(t), u(t))dt + o (21 (2), 2(1))dw(t), ?

where z1(t), xz2(t) € R are state variables, u(t) € R™ is the control input, and where f(-) €
CHR3" R") and o(-) € C*(R?",R") are unknown nonlinear functions of their respective vari-

ables, and w(t) is a one-dimensional standard Brownian Motion.

Remark 2.2 The above model describes a class of nonlinear systems with uncertain
system dynamics and external disturbances, and includes a large amount of practical mechanical
systems modeled by the celebrated Newton’s second law, e.g., inverted pendulum, helicopter
dynamics?3, ete.

In this paper, we focus on the classical PID controller:

_k/ $)ds + kye(t) + kaé(t),  e(t) = r* — a1 (1), ()

where e(t) € R™ is the control error, * € R™ is the reference signal, and show that the classical
PID controller has the ability to globally stabilize and to regulate the nonlinear uncertain

stochastic system (2), under some suitable conditions on the nonlinear functions f(-) and o(-).

3 Main Results
3.1 PID Control

Following a similar framework as in the investigation of PID control for nonaffine determin-
istic systems in [20], we assume that the uncertain drift function f(-) belongs to the following
function class:

Assumption 3.1 (Function Space for Uncertain Drift Function)

=

le’LQ,b—{fEcl (Rgn Rn < Ly,

<L —> I,
H8x1 > b }

where L, Lo, b are positive constants.

Remark 3.1 The three constants Li, Ls and b will be used to describe the system
uncertainty quantitatively, which play a key role in designing the PID parameters, as will be
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shown shortly. Moreover, we remark that the boundedness of the partial derivatives g—gfi (1 =

1,2), appears to be necessary in general to get global control results, since the PID control is a
linear output feedback controller, see Proposition 1 in [24].
We further assume that the uncertain diffusion function o(-) belongs to the following function

class:

Assumption 3.2 (Function Space for Uncertain Diffusion Function)
0o do
8x1

= Ly || 5.
where N7 and Ny are positive constants and r* € R™ is the reference signal.

Ny Noyrs = {a e C' (R*™,R")

< N. * =
85172 =~ 27U(T 70) O}v

Remark 3.2 From the definition of G, n, -+, one can see that the diffusion function is
required to be vanished at the point (r*,0). The following proposition explains the necessity of

this requirement.

Proposition 3.3 Consider the following SDE with PID control:

d{El(t) = :Cg(t)dt,
1) = s (0, at) ) + s (0,220 ), "
u(t) = ks /0 e(s)ds + kpe(t) + kaé(t),  e(t) = 1" — a1 (1),

where (x1(t), x2(t)) € R? are the system states, f(-) and o(-) are Lipschitz functions and r* is
a constant setpoint. Suppose that o(r*,0) # 0, then for any given triple (ky, ki, kq) and for all
initial state (11(0),22(0)) € R2, the closed-loop system (4) cannot achieve the following control
performance

tlggo E(z1(t) —r*)2 =0 and tlirglo Exz2(t) =0,
exponentially, where E(-) denotes the mathematical expectation of a random variable.

The proof of Proposition 3.3 will be provided in the Appendix.

In this paper, we will show that the control error can converge to zero in mean square
sense with PID control for all initial conditions x1(0), 22(0) € R™, under above assumptions on
the nonlinear functions f(-) and o(-). Furthermore, a three dimensional parameter set can be
constructed explicitly as long as some prior information about the bounds of partial derivatives
of both uncertain functions f(-) and o(-) are available.

We now introduce the PID parameter set to be used and analyzed as follows:
Ppia = {(kp, ki, ka) € R¥T|k2b > 2kikab + kaNT + k, kb > kp + kaN3 + k}, (5)

where k = (L1 + La)(kp + ka)-

Remark 3.4 (2,4 is an open and unbounded set in R3, which means that the selection
of controller parameters is quite flexible. In fact, for any given k; > 0, it can be shown that
(kp, ki kq) € piq, as long as ky, = kg > 2k; + $[2(L1 + L) + N + N + 1]. Moreover, the
parameter set {2,;q is a semi-cone, that is, (ak,, al;i, akq) € 2pig, Yoo > 1 whenever (kp, k;, kq) €
-Qpid-
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Theorem 3.5 Consider the PID controlled stochastic system (2)—(3) with unknown func-
tions satisfying Assumption 3.1 and Assumption 3.2. Then, whenever the PID parameters
are chosen from (24, i.e., (kp,ki,ka) € pia, the closed-loop control system will achieve the

following desired performance
Jim Efla (1) - || =0, Jim E|z2(t)||* = 0,

exponentially, for any initial states £1(0),22(0) € R™.

Remark 3.6 Theorem 3.5 provides a wide range of “safe” controller parameters to guar-
antee the global stability of the control systems, and demonstrates that the PID control has
large scale robustness with respect to the system uncertainties and to the selection of the
controller parameters. These results partially explain the rationale behind the widespread suc-
cessful applications of the PID control. Of course, it is meaningful to further optimize the PID
parameters within the constructed parameter set (2,;4 to achieve better control performance.

Remark 3.7 First, we remark that if the control system (2) is not subject to random
disturbances, i.e., the diffusion term o(-) = 0, the PID parameter set {2,;4 will be the same
as that given in Theorem 3.1 in [20]. Next, it can be verified that the range of parameter set
{2piq will shrink as the positive constants L1, Lo, N1, No increase (or b decreases). This shows
that when the size of the system uncertainty becomes larger, the range of “safe” controller

parameters will become smaller.

3.2 PD Control

For the system (2) without random disturbances, i.e., o(x) = 0, it has been shown in [20]
that the integral term fg e(s)ds is not necessary for regulation, when the setpoint r* is an
equilibrium of the uncontrolled system, i.e., f(r*,0,0) = 0. This fact inspires us to consider

the following function space:

Assumption 3.3 (Uncertain Function Space for Drift Function)
Fiy Lopr = {f € Frotan | Fr,0,0) = o}.
Based on the above assumption, we will further investigate the capability of the PD control:
u(t) = kpe(t) + kaé(t), (6)

where e(t) = r* — y(t) is the control error.
Define the following PD parameter set:

Opa = { (ky, ha) € RE | k20> kaNE +F, K30 > by + kaNG +F (7)

where k = (L1 + La)(kp + ka)-
Remark 3.8 (2,; is an open unbounded set in R?. To be specific, take k, = kq = k, it
could be verified that (k,, kq) € 2,4 as long as k > §(2L1 + 2Ly + N + N3 + 1).

The following theorem will show that PD control is sufficient when (r*,0) is an equilibrium

of the uncontrolled system.
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Theorem 3.9 Consider the PD controlled stochastic system (2)—(6) with unknown func-
tions satisfying Assumption 3.2 and Assumption 3.3. Then, whenever the PD parameters are
chosen from (2,4, i.e., (kp,ka) € 2pq, the closed-loop control system will achieve the following

desired performance:
lim Ellay (1) = v =0, lim Ellaa(1)])* =0,

exponentially, for any initial states £1(0),22(0) € R™.

3.3 PI Control

In this subsection, we will further investigate the capability of PI control.
Consider the following class of stochastic systems:

dx(t) = f(x(t), u(t))dt + o(z(t))dw(t), (8)

where x € R™ is the observed state and u(t) € R™ is the control input.

In this subsection, we will adopt the classical PI controller:

u(t) = ks /0 e(s)ds + kye(t), ()

where e(t) = r* — z(t) is the control error, and r* € R™ is the reference signal.
Next, we introduce the following assumption:
Assumption 3.4 (Uncertain Function Spaces) The nonlinear functions f and o belong

to the following function spaces respectively:

of of
1 n n 80’ *
gN,r*: UEC(RvR) a.. SN? O'(T‘):O,
Oz
where L, N and b are positive constants.
Define the following PI parameter set:
By = { (kp ki) € B2 | 20262 — 2k; — 2k L — kpN?) > L2}, (10)

Remark 3.10 For any fixed k; > 0, it can be verified that (kp,k;) € 2, as long as
kp > % + %, since

2b(20k2 — 2k; — 2k, L — k,N?) > 2b(2k, L — 2k;) > 8L* + 2N°L > L*.

Consequently, §2,; is an open unbounded set.

The following theorem will show that PI control is adequate when tackling with first order
systems.
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Theorem 3.11  Consider the PI controlled stochastic system (8)—(9), where the unknown
functions satisfy Assumption 3.4. Then, whenever the PI parameters are chosen from (2, i.e.,

(kp, ki) € $2pi, the closed-loop control system will achieve the following desired performance:
tlim E|z(t) — r*||* = 0,

exponentially, for any initial states z(0) € R™.

Remark 3.12 Theorem 3.11 (Theorem 3.5) shows that PI control (PID control) has the
ability to deal with first order (second order) nonaffine uncertain stochastic systems. We remark
that the extended PID discussed in [25] might be adopted to stabilize systems with a general
relative degree.

4 Proofs of the Main Results
4.1 Proof of Theorem 3.5
Proof  First, suppose that f € Fr, 1,5, 0 € Gy, N, »+ and PID parameters (kp, ki, kq) €
{2iq. Define a map @ : R" — R” as follows:
d(u) = f(r*,0,u), YucR™
Note that f € Fr, 1., which means 825]‘) = 8f(%*u>0’“) > bl, > 0. From Theorem A.1, we
know that @ is a global diffeomorphism on R"™, which means the map @ is both surjective and

injective. Thus, @ has a unique zero point u*, such that &(u*) = 0.
Next, we introduce some notations. Denote
t u*
= [ elhds = m=el v =)
0 ki
and
g1(z1,22,u) = —f(r* —x1, —w2,u + u*), go(w1,72) = —0(r* — 1, —T2),

then the PID controlled system (2)—(3) goes into

dyo = yldt,
dy1 = yadt, (11)
dy2 = g1(y1, Y2, kiyo + kpyr + kayz)dt + g2(y1, y2)dw(t).

Note that ¢1(0,0,0) = —f(r*,0,u*) = 0 and ¢2(0,0) = —o(r*,0) = 0, which means

(0,0,0) € R®" is an equilibrium of the system (11). Recall that f € Fr, 1, and 0 € G, Ny.+s
it is easy to verify that

% §L17 % §L27 % < _bIn <07 V$1,$27UGRH,
o0x1 0xo ou

0 0

ﬂ Sva ﬂ SN27 vxlv'xQERn~

Ox1 O0xa
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. .. ~ A . ~
For simplicity, we denote ¥ = k;yo + kpy1 + kay2 and we further point out that g1 (y1,y2,y) can
be expressed as follows:

gl(y17y27§)
=[91(¥1,0,0) — 91(0,0,0)] + [91(y1, y2,0) — 91(y1,0,0)] + [91 (1, y2,¥) — 91(y1,¥2,0)]

" 0g1(ty1,0,0 oy, ty,0 Y 0g1(y1, 92, t9) ]~
_ / 01(t91,0,0) 1 0 / o 192.0) ) 1 / 91(y192:19) . 5
0 Oy 0 0w 0 ou

a1 (y1)y1 + b1(y1, y2)y2 — (Yo, y1, Y2)7,

where .
391 (ty1,0, 0) / 991 (y1,ty2,0)
b = o 7= dt
1(y1) D2, t, (y1,92) g
and

1 A
/ agl(y17y27ty) dt.
0 ou

From the above integral expressions, it is not difficult to obtain the following properties:

Y(Yo, Y1, Y2) = —

lar(y)ll < Ly, |ba(y1, v2)ll < L2, (o, y1,%2) > bl > 0.
Similarly, g2(y1,y2) can be expressed as follows:

92(y1,y2) = a2(y1)y1 + b2(y1,y2)ye,

where az(y1) = 01 892(ty1’0) dt and ba(y1,y2) = fl %@dt. As aresult, az(y1) and ba(y1,y2)
also satisfy the followmg properties:

laz(y)ll < N1, [[b2(y1,y2)|| < Na.

From the expressions of the functions g1 (y1, y2, y) and g2(y1,y2), it follows that the PID control

system (11) can simply be written as

dyo = yldt,
dyr = yodt, (12)
dyy = [aryr + biya — y(kiyo + kpyr + kayz)|dt + [azys + bays]dw(t),

where a1 = a1(y1), b1 = b1(y1,92), ¥ = ¥(Y%0, y1,Y2), a2 = az2(y1) and by = ba(y1, y2).
Furthermore, the system (12) can be rewritten in the following compact form:

dY = A1(yo,y1, y2)dt + Aa(y1, y2)dw(t), (13)
where
Y7 = [y, v1,v5)
1

Ar(Yo,y1,92) = Y2 :
—vkiyo + (—vkp + a1)y1 + (—vka + b1)y2
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0
A2 (y17 yQ) = 0
azy1 + b2y
By adopting a similar method as that used for deterministic system (see [20]), we construct

the following Lyapunov function:
V(Y)=Y"PY,

where the matrix P is defined by
2k;kpbl, 2k;kqbl, kil

kil kip I kaly,

N =

P

which can be verified to be positive definite, since k2 — 2k;kq > 0 and k3 — k, /b (see [20] for
detailed discussion).
Denote p and i as the minimum and the maximum eigenvalues of P respectively, then we
have
pYTY <V(Y) <uYTy. (15)

From (13) and Definition 2.1, we know that the differential operator L acting on V' can be
calculated as follows:

ov. oV 1 0%V
LV(Y)= 2+ 2 A+ ~tr|ATZ— A
V) = t oyt 2“[ 2572 2]
= -Y7QY,
where @ is a 3n X 3n symmetric matrix defined by
’yk’f Ykpki — c1 vkikq — co

Q= | vykpki — k2 — 3 Ykpka —ca | »
Ykikqg — ¢ vkpka — ] 'ykg —cs5

and

(3

= Eal + kpkibly,

Cco = ébl + kikqbl,,

Cc3 = kp “ + al + 2k1kdb-[n + kd%’
k ka . ka -
ey = gpln + X + kpkabl, + 702527
b bT bl b
Cszkd 1+ 1+kp.[n+kd 222'
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Next, we will proceed to show the positive definiteness of matrix Q.

First, we will show that @) has the following lower bound:
bk I, bkpkily —c1 bkikaln — c2
bkpkdln —C4 )

bE2I, — c3
bkpkal, —c§  bk2I, — cs

Q>Qo= | bkykil, —cf (16)
bkikal, — c§
since it can be verified easily that the following matrix R is positive definite:
kZ kpki  kikg
R=| kyk; kz kpkq | =0,
kikq kpka K3

and the following equation holds:
Q—Qo=R®(y—bl,) >0,

where A ® B refers to the Kronecker product of matrices A and B.
We shall now show the positive definiteness of matrix Q.

Let
I, 0 0
H=| —(bkpkil, — ) L, 0 |,
—(bkikaln — c3)z 0 I
then
bk21,
HQOHT = )
1
where
R - S e ) A
bhpkal, — 50 — 7 bk2I, — B g

To prove the matrix @ is positive definite, we only need to show that @)1 is positive definite

since the matrix H is invertible and bk? > 0.
Recall the boundedness of ay, b1, az and ba, it follows that for any = = [7.] € R*", we have

L? N
L~ byl ko'l

2T Qx> {(kjg — 2kikq)b — m
L
— (B2 + byl Kl + a0 ) 2]

2b
N2
2 ) leal?

+ (k?lb —ky, —kqLo — kg

TThe Kronecker product of two positive semi-definite matrices is also a positive semi-definite matrix.
@ Springer
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L2
> = 2kt = 51~ by — kot
L1L
2 b+l ) o]

2
+ (k?lb — kp — kgLo — deQQ)HJZQHQ

[[z1]]
A
21 o]l Jlaall | @2
[[z2]|
where Q2 is a symmetric matrix defined by
a1 —q12
Q2 = y
—q21 q22
where
L2
g = (k2 — 2kika)b — =

o kyL1 — kaN7i,

_ _ L1Ls k;pLg + kqln
q12 = 421 = i 5 ,

q22 = kczlb —kp —kqLo — deQQ.

From the definition of the PID parameter set {24 (5), we know that

k L+ Ly k L1+ Lo
k _ > — k — .
P > kpb > b 9 d > kdb > b

It follows that

L2
qu1 >kpLo 4 ka(Ly + Ly) — =

4b
>ka2 + kqlq n ka(L1 + L) L_%
2 2 4b
>/€pL2 + kqlq n (L1 + Lo)? _ L_%
2 2% 1

>q12,

and

go2 >kql1 + kp(L1 + Lo)
>k‘pL2 + kqlq n k‘p(Ll =+ LQ)

2 2
ky,Lo + kgL L1 + Ly)?
>p2+d1+(1+ 2)

2 20

>q12.
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Note that g12 = g21 > 0. It can be deduced directly that the matrix @2 > 0, which, in turn,
gives the positivity of Q1. As a result, the positive definiteness of Qg is verified.

From the definition of @, it is easy to see Qg is continuously dependent on the variables
a1, b1, as and by. Moreover, notice that the matrices ai, b1, as and by vary on a compact set,
namely |la1]] < L1, ||b1]] < La, |laz]] < N1 and ||b2]| < Na. From Lemma 3 in [20], there exists
1 > 0, such that Qo > nls, for all ||a1|| < L1, ||b1]| < Lo, |laz|] < N7 and ||b2]] < Na. Therefore,
the following inequality holds:

LV(Y) < —Y7Y. (17)

By using Theorem A.2, the PID control system (2)—(3) will satisfy

lim E||lz; — 7[> =0, lim E||z* =0,
t—o0 t—o0
exponentially, for any initial values x1(0), z2(0) € R™. |

4.2 Proof of Theorem 3.9

Proof  Suppose f € Fr,.,pr+s 0 € Gny Nyor and (kp, kq) € $2,q. Denote y1 = e(t) and
ya = €é(t), then the PD controlled system (2)—(6) can be rewritten as

dy1 = yodt,
Y1 = Y2 (18)

dy2 = —f(r" — y1, —y2, kpyr + kayz)dt — o(r* — y1, —y2)dw.
Since f(r*,0,0) = o(r*,0) =0, 0 € R?" is an equilibrium of the system (18).
Denote g1(y1,y2,u) = —f(r* —y1, —y2,u) and g2(y1,y2) = —o(r* — y1, —y2). Similar to the
proof of Theorem 3.5, g1 and g can be decomposed into
91(y1, Y2, kpyr + kayz) = a1(y1)yr + b1(y1,y2)v2 — v(y1, y2) (kpyr + kayz),
92(y1,y2) = a2(y1)y1 + b2(y1, y2)y2,
where ||a1|| < Ll, Hb1H < Ly,0<bl, < ’}/,HCLQH < N; and Hbg” < Ns.

For simplicity, we set

Y7 =1yl us],
Y2

Ar(y1,92) = ;

| (=7 +a)yr + (=vka + b1)ys

0

Az (y1,92) =

| a2y1 + baye

then the system (18) turns into
dY = A1(y1,y2)dt + Az (y1, y2)dw. (19)

Similar to [20], we now consider a quadratic Lyapunov function

V(Y)=YTPY, (20)
@ Springer
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where

1| 2kpkadl, kI,
2 kyl, kal,

From the definition of (2,4, the following facts can be verified:
2kpkab > 0,  2kpkib — k2 = ky(2k3b — k) > 0.

Thus, the positive definiteness of matrix P is true.
By simple manipulations, the differential operator L acting on (20) along the trajectories
of (19) is given by

,
) =2 T ]

1
ot 2
y1 y2 ]

where @ is a symmetric matrix expressed by

ai1+aj ala kqal+kpbi+kqalb
[ ok — BBy — e gy — b, — Beelthal kit .
Q - b1+b kbl ba ’ ( )
* k‘d(’yk‘d ) k‘p — T2

which has the following lower bound:

Q>0 A kp(bjnkp - %) - OL%& _w
R e A L e =
since
a-ao=| 7 B iz
kpka k2

Similar to the prove of Theorem 3.5, the positive definiteness of matrix Qg could be verified
by the fact that for all z = [71] € R?", the following inequality holds:

Or [E21|
aTQor = | lz|| [la2]l | @ 1zl |
2
where
o k2b — kyLy — kqN? —balathpls
1= k k
—faladhpla k2b — kaLy — ky — kg N2

From the definition of (2,4, it is easy to check the positive definiteness of matrix 1. Hence
2" Qoxr >0, Vx #0,

which means Qg is positive definite.
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Denote the minimum eigenvalue of ()1 as n. Then, the following results can be obtained:

. . ol .
LV(Y) = ~Y7QY < ~YQoY < — [, lyall] @ < Y7y

192

From Theorem A.2, the original PD control system (2)—(6) will satisfy
tlim E|z; —r*||* = 0, tlim E|z2]|* = 0,

exponentially, for any initial values x1(0), z2(0) € R™. |
4.3 Proof of Theorem 3.11

Proof  Similar to the proof of Theorem 3.5, ®(u) 2 f(r*,u) is a global diffeomorphism.
Thus, there exists a unique zero point u* € R™, such that ®(u*) = 0.
Substituting the original state vector x with a related new vector Y7 = [yg , yﬂ € R?" by
a transformation of the form
,

t
Yo :/ e(s)ds — zli_’ y1 = e(t).
) .

(2

Then, the original PI controlled system (8)—(9) is replaced by a new description

dyo = y1dt,

(22)
dyr = —f(r* — y1, kiyo + kpyr + u*)dt — o (r* — y1)dwy.

From the definition of function spaces Fr,, and Gy =, it can be easily checked that 0 € R2”
is the equilibrium point of the system (22).

For simplicity, set g1 (y1, kiyo+kpyr) = —f(r* —y1, kiyo+kpyr +u*) and go(y1) = —o(r* —y1).
Then, similar to the proof of Theorem 3.5, these two functions can be decomposed as

91(y1, kiyo + kpy1) = a(y1)yr — v(yo, y1) (kiyo + kpyr),
92(y1) = b(y1)y,

with the following properties

latyD)ll < L, v(yo, y1) = bln > 0, lb(yn)]| < N-

Accordingly, the system (22) can be replaced by a new description

dY = Ai(yo, y1)dt + Az(y1)dw, (23)
where
r Y1 0
= [y&yﬂ, A1 (Yo, 1) = , As(y) =
—kiyo + (—=vkp + a)yr b(y1)y1
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Similar to [20], we now construct a Lyapunov function as follows
V(Y) = YTPY, (24)
where
2 kil, kI,

From the definition of the parameter set 2,;, the positive definiteness of P can be checked
easily since
kpkib >0, 2k2kib — k7 = ki(2k2b — k;) > 0.

Calculating the differential operator L acting on (24) associated with the system (23)

ov oV 1 02V
LV(Y) =50 + 5o+ tr{ATaYQA}

= — ykZyiyo + y§ [2kp /f'(bf =) + kialya
—I—yf( 'yk2+k;

— Y7y,

_’_

+ kil + kab)

where @ is a symmetric matrix defined by

0= ’Yk’zz kpki(y — bl,) —
£ k2 — ki, — ky9tel BT

Similar to the proof of Theorem 3.9, there exists a positive definite matrix QJ¢ such that
Q > Qq, which is expressed by

2 kia
bkz In 9

0 — e
kia” 2 ) ata” kpb™b
T2 bkpln — kiln — kPT T2

The inequality @@ > Qo holds since

ki Kk
Q—Qo > ® (y —bl,) > 0.
kpki k2

To prove the positive definiteness of matrix g, we shall check whether the following property
holds
2" Qoxr >0, Vr #£O0.

For any z € R?" (27 = [2], 23]), we have

T Qox > l|l1]]
0 = |||z ]], [|2l | @1 ;

[l
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where
bk2 kL
D i g Y
T2 Zhp = M — Rpl ™ 2

Note that (kp, ki) € 2,;, the following inequalities hold:

bk} >0,
ki, N2

40k} (@kﬁ — ki — kpL — ) —kZL* >0,

which means @, is positive definite.
Denote 7 as the minimum eigenvalue of Q1. Then,

. . ol .
LV = =Y"QY < Y™ QoY < — ||jyoll ||| @1 < Y7y,

lyall]

Hence, by using Theorem A.2, the system (8)—(9) will satisfy lim;E|z — 7*[|> = 0,

exponentially, for any initial values z(0) € R™. |

5 Simulations
Consider the following stochastic nonaffine system:
d!El = xgdt7

(25)
dzo = f(x1,29,u)dt + o(x1, x2)dw(t),

where f(x1,72,u) = asinx; + bxe + cu® + u, o(x1,22) = dsinxs, and a,b, c,d are unknown
parameters with known bounds |a| < L1, |b] < L2, ¢ > 0 and |d| < N. Note that

of = |acoszy| < Ly, of = |b| < Lo, g:3cu2+121, Va1, z0,u € R,
0x1 0xo ou

80 80' 1 * * 1

—| =0, |=—|=|dcosas| <N, Vri,z9 € R*, o(r*,0)=0, Vr* e R,

8331 8332

we conclude that the uncertain functions satisfy f € Fr, 1,1 and o € Gy n--. For simplicity,
we assume that Ly = Ly = N = 1, then it can be verified that (kp, ki, kq) = (8,1,8) € 25q4.
First, suppose the PID parameters (kp, ki, kq) = (8, 1,8) are fixed, (21(0),22(0)) = (3,2) is the
initial state, and r* = 1 is the setpoint. Figure 1 depicts the curves of the control error e(t)
under different system parameters a, b, ¢ and d.

From Figure 1, one can see that the given PID controller has the ability to stabilize and

regulate the control system (25), even if the system parameters (a, b, ¢, d) vary in a wide range.
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05 (a,b,c,d)=(0.2,-0.3,1,-0.1) 05 (a,b,c,d)=(-0.1,0.45,2,0.3)
0 0
0.5 -0.5
3 N~
1 -1
15 15
2 2
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
t t
(a,b,¢,d)=(0.7,1,1,-0.5) . (a,b,c,d)=(-0.4,0.3,2,1)
0.5 0.5
0 0
0.5 0.5
3 N~
1 1
L5 15
2 2

Figure 1 Curves of e(t) under different system parameters (a, b, ¢, d)

Next, we try to understand how different PID parameters will affect the control performance.
Recall L1 = Ly = N = 1, it can be verified that (k,, ki, kq) = (k, é,k) € pig, Yk > 7. In
Figure 2, the system parameters are randomly generated (a € [-1,1], b € [-1,1], ¢ € [0,2],
and d € [-1,1]). As we can see from Figure 2, all the PID controlled systems achieve their
regulation objectives quite fast. Moreover, from Figure 3, one can also see that large PID gains
might increase the amplitude of the controller, and lead to the high-frequency oscillation of the

control input.

Figure 2 Curves of e(¢) under different PID parameters
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"o 5 10 15 "o

Figure 3 Curves of u(t) under different PID parameters

6 Conclusion

This paper investigates the regulation problem of classical PID control for a class of nonaffine
stochastic systems, and provides a rigorous mathematical analysis together with an explicit de-
sign formula for the choice of controller parameters. It has been shown that a three dimensional
open unbounded parameter set can be constructed based on the bounds of partial derivatives
on both the drift and diffusion terms. It has also been shown that whenever the PID parame-
ters are taken from the parameter set, the closed-loop controlled systems will reach the desired
setpoint with exponentially convergent regulation error. Similar results have also been provided
for PD and PI control. For further investigation, it would be meaningful to further develop
some optimal design principles or guidelines in selecting PID parameters within the parameter
set provided in the current paper, and to consider more practical situations including time-delay
and saturation, etc.
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Appendix
Theorem A.1 (see [20]) Let &(z) € C*(R™,R"). Suppose that
99 >R, VzeR",
Ox

where R € R™ ™ s positive definite, then @ is a global diffeomorphism on R™.
Theorem A.2 (see [26]) The equilibrium x = 0 of the system (1) will satisfy

Ez(t)]? < cllagl®e™, ¥t >0

for some positive constants ¢ and «, if there exist positive constants ki, ko, k3, and a function
V(z,t) € C?*(R™ x RYR*") such that
killzl* < V(2,t) < koll2]|?,
LV (z,t) < —ks||z|>
Proof of Proposition 3.3.

Proof  First, without loss of generality, we assume that r* = 0. Suppose that for some
kp, k; and kg and for some initial state (z1(0), z2(0)), the closed-loop equation satisfies

tli)rgo Ezi(t) =0 and tlirgo Ex3(t) =0,
exponentially, we proceed to show that ¢(0,0) = 0.

Denote (¢ fo x1(s)ds = — fo s)ds, then zo(t) — zo(s) = fst x1(7)d7. By Minkowski’s

integral inequahty, it follows that

E(wo(t) — z0(s))> :E(/:xl(T)dT>2 < [/:(Exf(T))édTr, 0<s<t. (26)

Note that (Ez2(t))z < Me™*, for all ¢ > 0, from (26), we have

E(zo(t) — 20(s)) U Me)‘TdT] < ( ) — 0, as s — 00,

which implies that {zo(t),t > 0} is Cauchy in L?(£2,.%,P). Consequently, there exists an
L2-integrable random variable z., such that

lim 2¢(t) = 700, in L*(2,.7,P).

t—o0

Notice that u(t) = —(kizo(t) + kpx1(t) + kaz2(t)), it is easy to see

lim u(t) = —ki%oo 2 Uso, in L*(0,.%,P).

t—o0o

@ Springer



22 ZHANG JINKE - ZHAO CHENG - GUO LEI

Recall dxo(t) = f(x1, z2, u(t))dt + o(x1, x2)dw(t), it follows that
.132(t+1)—$2(t)=Xt+}/t, (27)

where X; = ZH f(z1(s),z2(s),u(s))ds and Y; = ZH o(x1(8), z2(s))dw(s). Next, we proceed
to show that

E[X:Y;] — 0, as t — oco. (28)

First, by the Lipschitz property of f and o, and notice the facts that Ea?(¢), Ex2(¢) and Eu?(t)
are bounded functions of ¢, it is not difficult to obtain that EX? and EY,? are also bounded
functions of t € [0, ).

Similarly, note that

tli?& x1(t) =0, tlirgloxg(t) =0, tli?& u(t) = uso, in L*(02,7,P),
we can obtain
Jim E[X, — 1(0,0,u00)]> =0, Jim E[Y; — o(0,0)(w(t +1) - w(t)]? = 0.
Thus, to prove (28), it suffices to show
E[f(0,0, uso)(w(t + 1) — w(t))] — 0, as t — oo. (29)
It comes immediately since for any given T" > 0, we have
Ef(0,0,uw(T))(w(t+1) —w(t)) — 0, t— o0

and the fact that
Tlim £(0,0,u(T)) = £(0,0,us), in L*(2,.7,P).

From (27), it follows that
Jim E(X? + Y2 +2X,Y;) = Jim Efza(t+1) — z2(t)]* =0,

which implies lim;_, o EY;? = 0. Denote o%(z1, x2) — 02(0,0) = g(z1, x2), by Itd’s isometry, we

have
t+1
0= tlim EY? = tlim Eo?(x1(s), z2(s))ds
—00 —00 t
t+1
:tlim E[0?(0,0) + g(z1(s), z2(s))] ds
— 00 t

t+1
=02(0,0) + tlim Eg(x1(s),z2(s))ds

t

=0.

From the Lipschitz condition of o, there exists M > 0 such that |g(x1,z2)| < M(2? 4+ 23 +
|z1] + |z2|), and therefore lim;_. fttH Eg(x1,x2)ds = 0, which in turn gives ¢(0,0) = 0. |
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