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1 Introduction

Model predictive control (MPC) has become one of the most prospective and successful control approaches
in handling control problems for systems with multiple constraints. Survey data show that MPC is
considered, and likely to be, more impactful than other control technologies [1]. The provenance of
MPC is not academic research but industry implementation [2], and many theoretical studies are needed,
particularly on adaptive MPC. At each successive step, the MPC signal is obtained by solving a finite
horizon optimal control problem in which the initial state is the current state of the system [3]. A vast
amount of literature has been devoted to MPC design and analyses, and much progress has been made
over the past several decades [4]. However, most of the existing studies on MPC, such as dynamic matrix
control [5] and generalized predictive control [6], depend on the structure information of the control
systems. When system model uncertainties and/or external disturbances emerge, robust and stochastic
MPC algorithms have been proposed to handle such situations by assuming a known nominal model [7-9].

Of course, adaptive approaches or learning-based approaches may also be used in MPC design when
model uncertainties exist. A major difficulty in the design and analysis of MPC based on online estimated
models has been how to make the closed-loop control systems stable while keeping the constraints satisfied
in the presence of uncertainties. Most of the research in the literature is parameter estimation-based
MPC in which the system model has a parametric structure, and here we only mention a few examples as
follows: recursive estimation algorithms are used to estimate parameters in a special uncertain structure
for unconstrained [10] and constrained [11,12] state space models, iterative set-membership identification
algorithms are presented for constrained linear input-output models [13-15], an adaptive MPC is proposed
for a class of unknown non-affine systems based on estimating parameters in their linearized models [16],
an adaptive MPC is designed assuming a fixed, robustly stabilizing feedback law for all model parameters
in a given prior bounded set for constrained linear uncertain state space models [17,18], an adaptive dual
MPC is proposed to handle the output uncertainties for output tracking problems [19], and an adaptive
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MPC with exponentially converging tracking errors with sufficiently rich reference trajectories is proposed
for linearly parameterized nonlinear stochastic systems [20]. In another type of research line, the controller
design is not based on parameter estimation; for example, a robust data-driven MPC is proposed for
linear time-invariant systems by using an implicit model description based on the behavioral approach
and the measured trajectories [21]. Overall, extensive research on adaptive MPC has been conducted with
guaranteed stability of the closed-loop systems under various assumptions, and the convergence of the
adaptive MPC has rarely been explored, even for the standard linear-quadratic (LQ) control problems.

In this paper, an adaptive MPC with LQ performance is proposed and proved for constrained linear
stochastic systems with unknown system matrices. First, the unknown parameters are estimated using a
weighted least-squares (WLS) algorithm, which possesses the celebrated self-convergence property (i.e.,
convergence regardless of the excitation property of the system signals). Then, the random regularization
procedure introduced in [22,23] is used to obtain a family of modified WLS estimates that lie in a given
bounded set while keeping the self-convergence property. With this modified WLS estimate at each time
instant, the adaptive MPC is solved by a finite horizon constrained LQ optimization problem for the
estimated model. On the basis of some assumptions, the convergence of the adaptive control is proven.
To the best of the authors’ knowledge, this result is the first to give a complete proof of the convergence
of an adaptive MPC with the standard LQ performance and the first to use the Markov chain ergodic
theory in the convergence study of MPC.

The remainder of this paper is organized as follows. Section 2 presents the problem statement and the
required assumptions for the general formulation. In Section 3, we introduce the WLS algorithm and the
random regularization method that will be used to obtain the estimated model. Section 4 provides the
design procedure of the adaptive MPC and presents the main theoretical results of the paper. The proofs
of the main results are provided in Section 5. Finally, Section 6 concludes the paper.

2 Problem statement

This paper considers a discrete-time linear time-invariant stochastic system with unknown parameter
matrices A* € R"*™ B* € R"*"™:

Tpr1 = A%xp + B ug + wpg1, (1)

where z; € R" u; € R™ and wi € R™ are the output, input and random disturbances at time k& € N.
The random variables are defined on a fixed complete probability space (2, F, P), and the filtration
(Fr,k = 0) is defined on this space. In addition, we suppose that the disturbance is bounded.

In this paper, we define ||z| g as the weighted norm of the vector € R™ for a given positive definite
matrix H € R"*" ie., ||z|g = VaT™Hz, and define ||A||g as the operator norm of a matrix A € R™*"
induced by the weighted norm, i.e., [[All g = sup,epn |4, =1 [|[AZ||r. When H is taken as the unit matrix
I, the norm || - ||7 is the Euclidean norm, which is usually defined as || - ||. We make the following
assumption about the boundedness of the noise, which is widely assumed in the investigation of MPC,
e.g., [3,17].

Assumption 1. {wy,Fi,k > 1} is a bounded independent stochastic sequence defined on the basic
probability space (2, F, P) with

wy € W £ {wl||lw|| <w}, Vk >0, (2)

and
sup [|wg || < w, (3)
k>

=

where @ is a known positive number. Moreover, the noise sequence {wy, k > 1} is identically distributed
and possesses a density p,, that is continuous and satisfies p,, () > 0 for all z € W.

Now, consider the following bounded sets:
X={z eR"|[lz] <z}, (4)
U=A{uveR"[|u] <a}, (5)

where Z and u are known positive numbers. These two sets are usually used as the constraint sets of the
input and the output. However, because of uncertainty, the input and the output of the system (1) are
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difficult to satisfy the hard constraints, and constraints must be loosened in the adaptive process. Letting
a® B = {a+b| V¥b € B} denote the Minkowski set addition, we define the soft constraint set as follows.
Definition 1 (Soft constraint sets). If there exists an adapted sequence of vectors {Jx, Fr, k > 0} with
proper dimension such that

1N
lim — 2 =
Jim S AP =0,
k=0
then, for any given set Z, its corresponding soft constraint sets {Zy, k > 0} are defined as
T =7® O, k>0, (6)

In this paper, we study adaptive MPC problems in which the parameter estimates in the transient
phase may not be good enough, and so we allow the MPC and the corresponding states to satisfy
{z), € Xi, u, € Uy, k > 0}, where {Xj, k > 0} and {Uy, k& > 0} are the soft constraint sets corresponding
to X and U, respectively. Actually, we will construct an adaptive MPC that satisfies not only the soft
constraints but also the hard constraints X and U after a finite number of steps.

Now, we introduce the ergodic performance. Let 67 = (4, B), A € R"*™ and B € R"*™. A constrained
infinite horizon optimization problem OP(zo;#) with initial state xo is defined as follows:

OP(x0;0) : min J(u)

Tpy1 = Azy + Bup + wpq1, wryr €W, (7)
zp €X, up €U, k>0,

where u = (ug,u1,...) is the sequence of optimizers, W is defined in Assumption 1, X and U are defined
in (4) and (5), and the ergodic cost function is

T—-1
1
J(u) =limsup — > (zpQuy + uf Ruy) (8)

T—00 k=0

where @ > 0 and R > 0 are known matrices with proper dimensions. The notation that A > (>) 0 means
that A is a positive (semi) definite matrix. If the above problem OP(xg;6) is solvable, let J(u*; ) denote
the optimal value and u* denote the optimal control sequence.

Next, we consider the finite horizon constrained optimization problem OP y(z;60) defined as follows:

OPy(x;6) : min In(ud =1 0) (9a)
ug -1
Tpt1 = Al‘k + Buy, + W41, Wgt+1 € W, (gb)
up, €U, 2, € X, 0<kES N -1 (9¢)
xn € Xy, xo =z, (9d)
where ué\Fl = (ug, u1,...,un—1) is the finite sequence of optimizers, X is a given terminal set, and the
function Jy (ud ~';6) to be minimized is defined as follows:
N-1
In(ug 1 0) = > (2FQur + ujRug) + Vi(zn30),
k=0

where Vy (xn;0) is a given terminal cost.
Let ug(x, #) be the first vector component of uév ~! obtained by solving the above optimization problem
OPy (z;6). That is, if the optimal solution of OPy (z;6) is (ud )" = (uf, ul,...,ul_,), then we take

uo(x, 0) = ug, (10)

which is called the MPC controller. Some usually used forms of the above terminal set and terminal cost
may be found in [7,17].

Now, for any k > 0, let ug(xg, d) be the MPC with initial value xy, where xy is the state of (9b) under
the previous MPC wug(zk—1,0) and the noise wy € W. We can define the MPC performance as follows.
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Definition 2 (Ergodic MPC performance). Consider the constrained control system (1) under the MPC
sequence {ug(zk,0*), k > 1}. The following long-run average system performance is called ergodic MPC

performance:
T—1

. 1 T T * *
JNFC (wg; 0*) £ lim sup 7 Z [2].Qxy + uf(zk, 0 ) Rug(zk, 07)] .

T—00 k=0

In the unconstrained case, it is easily proven that J%[PC(:EO, 0*) will approach the optimal quadratic
performance J(u) defined by (8) when N — oo (e.g., [24]) because in this case, the MPC has an explicit
form v = Kz for some gain matrix K. In the current constrained case, there is no explicit solution in
general, but one may still expect that this property also holds under some proper conditions. In this
paper, we will not need this property because we are only interested in constructing an adaptive MPC
that achieves the above ergodic performance.

To conduct our theoretical investigation, we need to make the following basic assumptions.
Assumption 2. There exists a positive number hg such that the set © £ {# € RO+™)*7||19| < hy}
contains the true parameter 0*7 = (A*, B*) as an interior point. In addition, the true parameter 9*
satisfies that (A*, B*) is controllable and (A*, Q'/2) is observable.

In Assumption 2, because constraints are placed on the input and output, the optimization problem
OPy (z;6) may not be solvable for all 6 € R +m) X1 We require that the parameter set © is bounded
and define a neighborhood of the origin for simplicity.

Assumption 3. For any controllable £ (A, B) € © and any observable (A4, Q'/?), the MPC controller
ug(x, ) obtained by solving the MPC problem OPy(x;6) defined by (9) with any = € X exists and
depends on ¢ and x continuously.

Under Assumptions 2 and 3, we can ensure that the MPC sequence exists for the true system. Fur-
thermore, to prove the convergence of the adaptive MPC, the following assumption is also required.

Assumption 4. There exists a nonnegative continuous function V(x) such that
V(0)=0; V(z)>0, V|| >0,
V(A*z + B*ug(x,0")) < pV(z), Vo € X, (11)
where p < 1 is a positive value. Moreover, there exists a K-function «(-) such that for any =,y € X,
V(z) = V(y)l < alllz —yl), (12)
and that for some nonzero point z € X,
(1=p)V(z) = Ela(]Jw])], (13)

where w possesses a density p,, defined in Assumption 1.

Remark 1. If the MPC takes the form of ug(x,0*) = K*x such that A* + B*K* is stable, then there
exists an induced matrix norm || - || such that p = ||A* + B*K*||. < 1 [25]. In this case, we can choose
V(z) = a(z) = ||z||«, and as long as (1 — p) max.ex ||2]|« = maxyew [|w]|«, Eq. (13) will be satisfied.
The objective of this paper is to design an adaptive MPC for the uncertain system (1) with any initial
value zp € X such that the ergodic cost function J(u) defined by (8) is identical to that for ug(xy,0*)
when the parameter 6* is known with some relaxed constraints closed to {z € X, ux € U, k > 0}.

3 WLS estimation and random regularization

3.1 WLS estimation

We first introduce the WLS algorithm, which has some nice properties, particularly the self-convergence
of the estimates [22, 26].
Let
TR (14)
Ug

Pk
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Then, Eq. (1) can be rewritten as a linear regression:

Trp1 = 07 o + Wiy, (15)

and the recursive WLS algorithm has the following form:

Or+1 = O + Li(2 1 — ©rOk),
Py,
apt + i Peor’
Prprop, Py
ayt + epPegr”

Ly =

Py =P, — (16)
where 0] = (Ag, By) and Py > 0 are arbitrary proper deterministic matrices. {ay} is the weighting
sequence defined by

1
logH‘S(rk)

where § is an arbitrary positive number.

Since the noise is a martingale difference sequence, some basic properties of the WLS algorithm can
be found in [22] and are stated as Lemma 1 below.
Lemma 1 ([22]). Let Assumption 1 hold and {0, Py;k > 0} be given by (16) and (17). Then, the
following properties are satisfied:

(1) | 2(0% = 6p)|12 = O(1), k — o0, aus.,

(2) i 97 (8 = 0.)[1% = o(ri) + O(1), k = o0, as.,

(3) limg 00 O = 6, a.s.,
where #* is the true parameter matrix, and 6 is a random matrix that may not be equal to 6*.

k
;e =B+ el (17)
=0

aE =

3.2 Random regularization

In this subsection, we use the random regularization method to modify the family of WLS estimates to
ensure that this new family lies in the prior parameter set © defined in Assumption 2 and is uniformly
controllable and observable.

First, let 8y = Pk_l/2(9* — 0), where 0* is the true parameter. From Lemma 1 (1), we know that

the sequence {f}, k > 0_} is bounded a.s. and that 8* = 6, + P;/Qﬂ,’:. Then, we can consider the
regularization parameter 6(k, z) having the following form:

O(k,x) = 6, + P %, (18)

and let -
GT(kax) = (A(k,l’),B(k’,:L’)), (19)

where © € M(n+ m,n) and M(n + m,n) denotes the family of (n + m) X n real matrices.
Using the similar method as introduced in [22,23], we proceed to choose = as a bounded vector S in

(18) at each time step k and let ék denote the corresponding 67 (k, Br), that is
ék =0 + Pkl/Qﬂk. (20)

This modification has almost the same nice properties as those of the WLS estimate 6.

Since for any fixed @ € M(n 4+ m,n), the matrix sequence {A(k, z), B(k,z), k > 0} is bounded where
Q is defined in (8), the estimate f(k,x) defined in (18) that lies in the set © defined in Assumption 2 is
equivalent to the uniform positivity of the family {fx(z),k > 0}, where

fe(@) = he — |64 + P ?z].

From [23], its uniform controllability and observability are equivalent to the uniform positivity of the
families {gx(x), k > 0} and {hx(x),k > 0}, where

gr(z) = det (Z Ai(k,x)B(k:,I)BT(k,x)A”(k,x)> ,
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hi(x) = det (Ti A”(k,x)QA%k,x)) ,

i=0
and det(-) denotes the determinant of a matrix.
To design a convergent i, we define a function as follows:

Fi(x) = min{ f.(2), gk (), he(2)},
and define the positive-valued set Apg:
A = {x € M(n+m,n)|F(xz) > 0}. (21)

In addition, we introduce the following time instant ¢(k) for any integer k > 0:

k
t(k)min{teN:ték,E(ﬂAi>>u>0}, (22)
i=t

where £(-) is the Lebesgue measure and g is some positive number.

Remark 2. In fact, the above u can be chosen by the following method. Let {0k, Py, k > 0} be the
sequence generated by (16) Then, for a given positive number 1 < hy, we define a set By = {x € M(n+
m,n)|z = (2 =Py 20k, N < ho—n}e{z € M(n+m,n)| 2™ P20, =0, |l < |Py/%] " n}. Tt is
easy to verify that By, — Nj, C Ay, where Ny = {x € Ag|gr(z) = 0, h(z) = 0} is a set of measure zero [22],
and that £L(By — Nj,) = L(Bg) > 2HP1/2H_1(h9 —n)n?"Tm=1 Moreover, by the definition of Py, we know
that {||Pkl/2||_1, k > 0} is non-decreasing. Hence, if we choose 0 < u < 2||P1/ | ~t(hg —n)n*+m=1 then
we have L(Ay) > L(Bg) > p; thus, t(k) is well-defined because k € {t e N: ¢t < k, E(ﬂizt A;) = p> 0}
for any k > 0.

Then, we can define a non-empty set:

We now proceed to show that there are two integers ¢ > to > 0 such that t(k) = ¢o for all k& > ¢4,
i.e., Dy = ﬂl to A;, Vk > t1. In this case, it is obvious that Dy C Dy for all k > t1. In fact, by the
convergence of the parameter estimate 6 as shown in Lemma 1, we can indeed prove that ¢y, and ¢; exist
in the following lemma.

Lemma 2. There exists a positive number ;1 together with two integers t; > to > 0 such that ¢(k) = to
for all k > t1, i.e., Dy = ﬂl to A;, Yk > t1. In addition, D exists and L(Ds) = p.

The proof is provided in Appendix A.

Let {nk, k > 0} be an independent sequence in R+mM)X7 that is independent of the system noise
{wg, k > 0}, and for each k > 0, 1y is uniformly distributed on Dj. Then, the sequence {fk, k > 0} to
be used in (20) can be defined recursively as follows:

4 {nk, Fe(e) 2 (1+7)Fe(By), (23)

Br—1, Fr(ni) < (1 +7)Fk(Br-1),

where v is small enough so that 2y +~2 < 1. One can show that the sequence {3, k > 0} defined above
can ensure that the estimates {ék, k > 0} have the required properties as described in the following
lemma whose proof is given in Appendix B.
Lemma 3. Under Assumptions 1 and 2, the regularized WLS estimate 0r defined by (20) with Sy
chosen as in (23) has the following propertles

(1) 0, € © converges to a random matrix 0, as.,

(2) the family {Ay, B, QY2 k >0} is umformly controllable and uniformly observable, a.s.,

(3) ||P*1/29*,€|\2 0O(1), k — o0, a.s.,

(4) ZZ 1 o7 6; ||2 =o(ry) + O(1), k — oo, a.s.,
where 0 = 0% — 0, and 7y, is defined in (17).
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4 Optimal adaptive MPC algorithm and main results

In this section, we introduce the design of the adaptive MPC with the estimate 6y defined by (20) and
(23) such that the state sequence and the control sequence lie in the soft constraint sets of X and U
defined in (4) and (5).

From Assumption 2 and Lemma 3, if 2, € X at the k-th step, we can choose the control ug = ug(zy, ék)
as introduced in Assumption 3. Note that

T = A%y, + Bug(zk, ) + Wiy 1,

where ék is defined in Lemma 3. Because an error may exist between the estimate and the true parameter,
the state 41 may not be in X, and thus the control ug(zxt1,0k+1) may not be well-defined. To address
this case, we try to project the state x4 onto X using the following method:

_ _ . 2
Th+1 = argglelg |z — $k+1||Qka (24)

where @), is a positive matrix to be defined as follows.
First, as is well known, for any controllable and observable triple (4, B, Q'/ %), the following Riccati
equation has a positive definite matrix ® as its solution:

d=Q+A"PA - AT®B(B"®B + R)"'B"®A, (25)
where @ and R are defined in (8), and the matrix A + BK is stable with the following matrix K:
K% —(B"®B+ R) " 'B"®A. (26)

Under this motivation, let {éT = (Ak,Bk), k > 0} be the family of the regularized WLS estimates
defined in Lemma 3. Knowing that {Ak, Bk, QY2 k > 0} is uniformly controllable and uniformly
observable, we can define Ky, following the similar approach to the definition of K in (25) and (26) but
with (A, B) replaced by (Ak, Bk) Let us recursively define {Qg, k¥ = 0} used in (24) by the following
formula with any given initial condition Qg > 0:

Qri1 = (Ax + BeKp) Qi(Ay, + By Ky) + I, (27)

where I is the identity matrix with dimension n. Since Ay, + By K, is stable for any k > 1 and converges
to a stable matrix, we know that {Qr > 0, & > 0} is bounded and has a limit, which is defined as @, i.e.,

Q = limp—,00 Qi [16]. )
Using the projection (24), we know that Z; must be in X and that ug(Zg,0) is well-defined. In

addition, to counteract the influence of the residue xj — zr, we introduce the following adaptive MPC:
Uk = uo(Tk, Ok) + Ky (zx — Tt), (28)

where K . 1s defined above.

Clearly, uy is meaningful for any x; € R™. The next theorem will further show that this defined
control sequence, together with the corresponding state sequence, satisfies the soft constraints defined in
Definition 1.

Theorem 1. Let Assumptions 1-3 hold. Then, the state xj of the system (1) starting at any z¢ € X
and the control 4y, defined by (28) lie in the sets Xj, and Uy, respectively, for all & > 0, where {Xy, k > 0}
and {Uy, k > 0} are the soft constraint sets of X and U, respectively, defined in Definition 1.

The proof is given in Section 5.

In Theorem 1, the performance of the closed-loop control system under adaptive MPC is not easily
analyzed because the parameter estimates may not be strongly consistent. To obtain a strong consistency
for the family of estimates, we add an attenuating excitation to the adaptive MPC (28) by using the
method introduced in [22].

Let {ex, k > 0} be a sequence of m-dimensional i.i.d random vectors independent of {wk,ni, k = 0}
with

Bler] = 0, Elexef] = I, el < he, (29)
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where h. is a known number, and let the attenuating excitation & be defined by
€k
& = T2 € € (0,1/4n). (30)
Then, the new adaptive MPC is taken as

Uk :ak+§k7 (31)

where uy, is defined in (28).

By using a method similar to the one introduced in [27], we can prove that the above control ensures
that the estimate 0y, converges to the true parameter.
Lemma 4 ([27]). Assume that Assumptions 1-4 hold and that {0y, k > 0} is the family of estimates
given by (20) and (23) using the control (31) in the system (1). Then

lim 6 = 6*,
k—oc0

where 6" is the true parameter.

Because the estimate converges to the true parameter, we can prove that the ergodic performance
under the adaptive MPC converges to that of the non-adaptive one.
Theorem 2. Let Assumptions 1-4 hold and the adaptive MPC (31) be applied to the uncertain system
(1) with any initial value xy € X. Then, the state xj; and the control uy lie in the soft constraint sets
X and Uy, respectively, for all £ > 0 and will further lie in the constraints X and U, respectively, for
all k > ko, where kq is a positive constant. Moreover, the ergodic performance under the adaptive MPC
will converge to that of the non-adaptive one, i.e.,

T—1
. 1 «
lim sup — Z (27 Qzy, 4+ ul Ruy) = JNFC (ug; 0%), (32)
T—o0 T
k=0
where JNFC (ug; 6*) is the non-adaptive ergodic performance defined in Definition 2.
The proof will be provided in Subsection 5.2.

Remark 3. Note that the system (1) under the adaptive MPC (31) is nonlinear, so the convergence of
the ergodic performance to the non-adaptive one is not easily proven using the traditional approaches.
Inspired by [28], we show that the state sequence of the closed-loop system is an ergodic random process
under Assumption 4, and thus, the Markov chain ergodic theory can be applied in the convergence study
of adaptive MPC.

Remark 4. We note that the adaptive continuous-time linear-quadratic Gaussian control for the un-
constrained stochastic system has been studied and solved in [23]. Similar results as in Theorems 1 and
2 may be established for continuous-time adaptive MPC of linear time-invariant stochastic systems by
using similar methods.

5 Proofs of the main results

5.1 The proof of Theorem 1

Proof. First, let x be the state of the system (1) starting at any z¢ € X, and let @ be the adaptive
control defined by (28). It suffices to prove that

N—oc0

N
1
lim Nkz_:onxk—m\? =0, (33)

where Ty, is defined in (24).
Let {67 = (Ag, By), k > 0} be the family of estimates given by (20) and (23). For any state x, by
the definition of uy, we have
Tyl = A*xy, + B Uy + Wh+1

) 5 . o ) (34)
= ApZy + Bruo(Tr, Or) + w1 + (Ax + BrKy)(2r — Tr) + 0pon,
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where 6, = 6* — ék, @k is defined in (14), and K}, is defined following a similar approach to the definition
of K in (25) and (26) but with (A, B) replaced by (A, By).
From (2) of Lemma 3 and Assumption 3, we know that AT+ Bruo(Tk, 0r) +wi+1 € X, and combining
this fact with the definition of Z; introduced in (24), we know that
241 — Trs1 D, < (Ak + BeKy)(zn — T1) + 0p i,
= (zx — Z1)7 (Ak + BrKi) Qu(Ar + BrKy)(xr — Zk) + 107.0k15, + 2Ck
= llex — 2klld,,, — lox — 2el® + 1050kllB, + 2k, (35)

where (, = (zx — :Tck)T(/lk + B;Jfk) Qkﬂkgak, and Qy, is defined by (27).
Summing both sides of (35), we have

N N N
2 llaww — 2xl? = llwo — Zolld, — llons1 — Znsalldy + D 105 erlld, +2 G
k=0

f
k=0 k=0
N
+ Z zp — k)" (Qrt1 — Qr—1) (T — T). (36)
k=1
Using the Cauchy-Schwarz inequality, we have
N N 12,y 1/2
DG < (Z (A + BrKk)Qr(2k — Ik)||2> (Z |9;@k|2> : (37)
k=0 k=0 k=0

Because {Ak, Bk, K &y Qk, k = 0} is bounded and convergent, we can introduce the following finite-
valued notations:

km = max ||Ki|? am = max ||A + BrKgl?,
0<k<o0 0<k<Lo0
bgm = Jmax (A + BrK) Q. (38)

Then, we have

N 1/2
Z G < aquN (Z ||9T90k|2> : (39)
k=0

In addition, let Amax(Qx) be the maximum eigenvalue of the matrix Qr € R™ ", and let Apax =
Maxogk<oo Amax(@r) < 00. Then, we have

”éIZSDkHQQk < Amax - ||9~1250k”27 Vk = 0.
By (4) of Lemma 3, we have
> I8kenlly, = o(rn), N — oo, (40)
where ry is defined by (17).

From the convergence of {Qg, k > 0}, we have limy_,o0 ||Qr+1 — Qr—1] = 0. It is easy to see that

N

Z(ﬂfk — 1) (Qry1 — Qr—1) (2, — Zp) = o(Tn), N — 0. (41)

k=1
Hence, using (36), (39)-(41), we have

Py = O0(1) 4 o(ry) + o(ri 7% + o(Fn), N — oo, (42)
from which it is not difficult to see that

v =0(1) 4+ o(rn), N — . (43)
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Moreover, from the definition of 7y, we have

N N
rv = 18 M+ Y il = 1P+ D Ulaal® + flaall?)
i=0 i=0

N
<NEHI+2 )0 [+ K s — @l® + 12il|* + luo (s, 6:)1]
=0
N
<P +2) 7 [+ E) s — @l + 11217 + [luo(@s, 6:)117]. (44)
i=0

From (24) and Assumption 3, we have ||Z;|| < Z and |Juo(Z;, 6;)|| < @ for all i > 0. Then we can obtain
ry = O(Fy) + O(N), N — . (45)

Combining (45) and (43), we have ry = O(N) when N — oo. Furthermore, we can obtain 7y =
Zszo ||z — Zk||? = o(N) when N — oo. Hence, Eq. (33) is proven.
Now, letting

51k = (A + BeKy) (zk — k) + 0L,
do,k = Ky(an — Tn), (46)

from (34) and the definition of @, we have
Trt1 = Ay + Bruo(Zr, ) + wip1 + 01,5 € XB 61k,

and R
Up = uo(Tp, 0) + 02, € U 02 1.

Let X = X® 014 and Uy, = U @ d25. To verify that {Xy, & > 0} and {Ux, k& > 0} are the soft
constraint sets of X and U, respectively, we only need to prove that

| X | X
. 2 . 2 _
th N g—o [101,,]]° =0, th N I;—O [102,%]]= = 0. (47)

From (38), we have [|61 1]|? < 2(@m||wx — Zxl|® + 05¢x]?). Then the first equation in (47) is easily
verified by using (33). Similarly, we can prove that ||02 x||*> < km ||z — Zk||?, and the second equation is
also proven.

5.2 The proof of Theorem 2

Proof. Without ambiguity, we also use {éT = (Ak, Bk), k > 0} to denote the family of estimates given
by (20) and (23) with the data generated from the system (1) under the control (31). In addition, the
definitions of K r and @y are similar to those introduced in Theorem 1.

Since the attenuating excitation & defined in (30) converges to 0, Theorem 1 also holds under the
control (31). In fact, we only need to replace 01 x+1 and d2 5 defined in (46) by

01641 = (A, + BoKy)(zk — Tn) + 050 + Biée,
do.1 = Ki(x — 7)) + &, (48)

where K, is the solution of (25) and (26) with the estimate 6, and &, is defined in (30). The corresponding
soft constraint sets are X, = X @ 5171@“ and U, =U @ 52,;6.
We will prove the other parts of this theorem as follows.
Step 1: We will prove that limsup,,_, o ||zx — Zx|| = 0.
Since {Ay, By, k > 0} converges to the true parameter (A*, B*) by Lemma 4, we know that { Ky, Qx, k
> 0} is convergent, and we can define
K* = lim Kz, Q= lim Q.

k— o0 k—o0
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Hence, by (27), it is easy to see that

and Q > I. Then, by using the definition of the weighted norm, it is not difficult to prove that ||A* +
B*K*|lg = A1 <1, where Ay = (1 — ming,cpn 47 Qp=1} |lz]|)'/2. Since Oy, Qx, and & are convergent, for
any given € > 0, there exists a number k1 > 0 such that

1Qk — Qll < Amin(Q)e, 10kl <&, [l <&y |4k + BeKillg < M +e, Vk > k. (49)

Now, by the definition of ¢ in (14), we have

ol < 12kl + llox — Zxll + l[wo(@r, 0| + | Kellllzr — ]| + (1]
<z + A2 (Q)llzxk — Tullg + @+ kA (Q)llaw — Zxllg + &
= ¢1l|vk — Tkllg + 2. (50)

where ¢1 = (1+12:1m))\r;i1r{2(Q), ¢2 = T+u+e, T and @ are defined in (4) and (5), E1m = maxochcoo || Kill,

and Apin (Q) is the minimum eigenvalue of Q).
Now, we calculate the upper bound of ||z} — ij% Similar to (35), we have

ek — Tt lldy, < I1(Ak + BiKe)(@n — Zx) + 05 r + Br&elld,
and when k > kq, for any x € R™, we have
)3, = 12l + 27 (Qr — @) < ||z[l3) + Anin (@@ — Qxllll«]1f < (1 + )|z, (51)
Then, for k > ki, we have
kst = Zrar G = oy — Tusally, + (@1 — Th41)™(Q — Qi) (@1 — Try1)
< | @ps1 — ﬂ_karl”?Qk F A (@ — Qill| kg — ka”%
< [(Ak + BrKy) (@ — 2x) + 05 on + Bibildy, + ellzri — Zea 3
< (L+)|[(Ak + BrKy) (@ — Tk) + 070k + Bréil + ellwna — Zrpa 13,
< (1+ ) [, + Bk — 213 + 1070kl + [ BralB + 2Gi]
+ellzrer = Tra [l (52)
where (p = (67.0x)Q(Ax + BeKy)(z1 — Zx) + (Bile)" Q(Ar + BrKy) (xk — Ti) + (07 0x) " QBré.
Moving the last term to the left, it is not difficult to see that

lte/ A - i - N
1= (IIAk + Bu Ky |3 llze — 23 + 1QIIOEIZ 0wl + QU B¢k 12

+ 2250 () QUIGE N exllll Ax + BrKlllzx — Zellg
+ 2205 (N QI BulllEnll| Ak + Bkl — Zxllg + 2”@”||9~;c—||||90k||||Bk||||€k||>- (53)

lTrq1 — fk+1||2} <

From (49) and (50), we have

IQIIGEIPllexl® < £21Q [(lﬁ;fllwk — T3 + 2010l — Tallg + ¢§} ,
I1QIIBEII* 1N < 1Q1b7,e,

At @NQUIOT e llll Ak + BeKill [z — Zxll o

<Mt (Q)ame QI (¢n [lzx — Tl + d2llzn — Zrllg),

IQUNGE Ikl Brlllérll < 2bm||QN (Drllzr — Zullg + ¢2), (54)

where @, is defined in (38) and b, = maxo<i<oo || Brl|.
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Then, using (53), we have

ki1 = Zrs1lll < acllzn — Txllg + Olellar — ullg) + O(?)

<
< [ac + O(@)] o — 2|3 + O(e), Vk > ki, (55)

where a. = £ [(A\; + €)% + ¢3[|Q|e? + 2A 1, (Q)am1]|Qle]. As long as e is small enough, it is not

difficult to see that

limsup ||zg+1 — ik+1||% =0(e),
k—o0

and since € can be arbitrarily small, we have

lim sup ||z — a’ck||%2 =0.
k—o0

Then, using the equivalency of norms, we can obtain

limsup ||zx — Zx|| =0, a.s.
k— 00

Step 2: We will prove that there is a finite time kg §uch that ug = uo(xy, ék) + &,V k>ko+ 1, as.
First, combining Assumption 3 with the fact that ||6]||, ||zr — Zx|| and & converge to 0, for any given
positive number €; < W — sup;> [|[wi |, there is a time ko such that for all k > ko,

N 1 1 1
ICA™ + B Ky) (e — )| < ger, 1B (wo(n, 0k) — uo(@r, ) < ger, 1B &l < ger.
_ Letting ) = Wii1 + (A* + B*Kk)(xk — Zg) + B* (uo (T, ék) —ug(Zg, 0%)) + B*E&, it is easy to see that
0 € W for all k > ko. From the definition of ug(z,0*) in Assumption 3, we know that for all z € X,

A*z 4+ B'ug(z,0") +w e X, Yw e W. (56)
Note that by (31), ur = uo(ZTk, ék) + Kk(xk — Zk) + &k, and it is not difficult to see that for all k& > ko,
|zl = [|A* 2k + B up + wipa || = [|A*Zx + B uo(Zk, 07) + 0kl < 7.

Thus, xy1 € X for all k > ko, and therefore zx11 = Tpy1 and ugy = uo(mk+1,ék+1) + &kt1, Vk > ko,
a.s.

Step 3: By Assumption 3 from (9b) and (9¢), we consider the state sequence {Zj € X,k > 0} generated
by the MPC controller ug(-, 6*) with the true parameter 6*, i.e.,

Tryr1 = AT + B*UO(:ﬁk, 9*) + wrt+1, To € X, (57)

where wy.¢1 is the same noise as in the system (1). We will prove that the sequence {Z} € X,k > 0} is
ergodic; i.e., there exists an invariant probability measure 7(-) such that for any n > 1,
lim |Py — 7| =0, (58)
n—oo
where ||P|| £ sup,ex | [x Pz, y)dyl, Pi(z,y) £ P(Zr1n = y|&r = x) is the n-step transition probability
at time k, and 7(-) satisfies &5 having the distribution 7 for all & > 1 when #¢ has the distribution 7 [29].
Letting M £ {z € X|V(z) < max,ew a(||w||)}, by using (11) and choosing wy = 0, it is not difficult
to prove that any invariant set in X contains M and that 0 € M is attracting for all x € X. Then, by
Proposition 7.2.5 (pp. 160) introduced in [29], there exists a minimal set X, such that M C X, C X (the
definitions of attracting, invariant set, and minimal set can be found in [29]). Obviously, M is connected,
and from the attracting of M and Assumption 1, we know that X, is connected. From Theorem 7.2.4
(pp. 159) and Proposition 7.3.4 (pp. 163) introduced in [29], we can prove that {Z; € X,k > 0} is
p-irreducible and aperiodic. Then, combining (13) provided in Assumption 4 with Theorem 8.4.3 (pp.
191) introduced in [29], it is not difficult to prove that the sequence is ergodic.
Step 4: We now prove that
=

limsup — > (27 Qug + up Rug) = N (uo; 7).
T—00 T k=0
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From Step 2, up = ug(z, ék) + & for all k > kg + 1; thus, the true state xj generated by the adaptive
MPC satisfies .
Tht1 = A*l‘k + B* (Uo(l‘k, Qk) -+ fk) + Wk+1, k> ko+ 1, (59)

and xj € X for all k£ > ko + 1. Note that by the proof of Lemma 3, there exists a time ko > kg such that
Bi = B, for all k > ko, where [} is defined in (23). Now, let @, = (¢, O, Py) and wk+1 = w41 + B*&k,
where o7 = (a7, uf(xk,0) € Z2 X XU, 6 € O, and P, € Mt 2 {P € R (n+m)*| P > 0} defined in
(14), (20), and (16), respectively. Similar to [28], it is not difficult to know that the stochastic process
{®, k > k2} evolvingon D £ 7 x© xMT is a Feller-Markov chain; i.e., there exists a continuous function
G :D x R™ — D such that ®y1 = G(Py, Wy41). Considering P, = (&7, uf (&, 0%))7,0%,0), it is easy to
know that &1 = G(®r, wry1). Furthermore, {®y, k > ko} has an invariant probability measure 7(-)
on (D1, 1) from Step 3, where Dy = Z x {6*} x {0} and J; is a o-algebra on this space.

Now, let PR (3 y) & P(®py, = y|®; = x) and PEEED) (1 4) 2 P(®py, = y|® = x) be the n-
step transition probability of {®y, k > ko} and {<I>k, k > ko}, respectively, at time k. Since & converges
to 0, the function pg, which is the density of w1, uniformly converges to p, defined in Definition 1.
Because limg_yo0 0 = 0% and limp_oo &, = 0, we know that for any given x € Dy and any set S € F,

limsup [P*HF+D (g, §) — PEE+D (4 S)‘

k—o00

zlimsup‘/ G(z,z) € S)pr(z dz—/P (x,2) € 8S) puw(z)dz
k—o0

g/ P (G(z,2) € S)limsup |pr(z) — pw(2)|dz = 0. (60)
W k—oo

Moreover, we have

lim sup ‘P(’“k“) (z,S) — PEA+2) (g S)‘

k—o0

PEEAD (g yPEFLEFD) (2 GYdz — [ PEIHD (g o) PEHLED (5 G)d,
]D)l ]D)l

< PERD (1 2) limsup [PEHAFD) (5, §) — PUFLEFD) (o S)‘ dz
Dy k— oo

—|—/ limsup |PEHFD (2, 2) — PEFFD (5 2)
Dy

k—o0

= lim sup
k—o0

Ppletlht2) (z,9)dz

=0. (61)
Similarly, for any v > 1, we can prove that

lim ’7)<kvk+v> (z, §) — PHHF+) (4 S)’ —0, VzeDi, VSeF. (62)

k—o0

In addition, using the property of the invariant probability measure 7(+), for any distribution function
A(z) on (Dy, F1), we know that

lim
n—oo

/ Aaz)PFFEE) (1) §)da — 77(5)‘ =0, Vk=ko. (63)
€Dy

From (62) and (63), for any € > 0, there exists Ny > ks such that for all Ny > 2Ny,

‘P(k2+N1,k2+N2)(m’ S) — PplhatNikatNa) (g S)‘ <

N v

and

N

/ ”P(k2’k2+N1)($,z)ﬁ<k2+N1’k2+N2)(x,S)dx — 77(5)‘ <
Dy
Then, we have

‘P(kg,k2+Nz)(x7 S) — w(S)‘
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<

/ P(kQ,kg-l—Nl)(:L,’Z) |:'P(k2+N1’k2+N2)(Z, S) _ ﬁ(k2+N1,k2+N2)(z, S)i| dz
D1

+

'P(k2’k2+N1)(I, Z)’ﬁ(k2+N17k2+N2)(2, S)dZ _ 7-‘-(5)‘
D1

</ pleakatNo) (g ) "p(kz+N1,k2+N2)(Z S) — PlhatNika+N2) S)‘dZ-ﬁ-E
b b ) 2
D,

< £ P(k2’k2+N1)(x, 2)dz + € <e. (64)
2 Jp, 2

Hence, we can prove that
lim ‘P(’“Q’k?*")(x,S) —a(9) =o.

n—oo

Thus {®y, k& > ko} is ergodic (Harris recurrent and aperiodic), and () is its invariant probability
measure on the invariant space D;.

Let By = [Lnxn, Opxm] € R™(FM) and E7 = (1,01 % (2n4m)], Where 1,x, € R™™" has all elements
with 1. From the definition of <i>k, we have T, = El(i)kEg, and similarly, z; = F1®;F>. Now, let L(z) £
2TQx 4+ uT0(x, 6*) Rug(x, 0*). Using the strong law of large numbers introduced in [29] (Theorem 17.1.7,
pp. 416), we have

n n

> L(a}k):/D L(E,®E,)7(®)d® = lim ! > Lxx). (65)

2 n—,oo N — k’2
k=ko+1 k=ko+1

From Assumption 3, the controller ug(xy, 6x) continuously depends on xj and 6. Hence, because 0
converges to 8% and &, converges to 0, we have

n n

lim sup g (xQxy + uj Ruy) = limsup g L(xg) = JNTC(ug; 07), as.  (66)
n—oo T — R2 n—oo 10— R2
k=ko+1 k=ko+1

Because ks is finite, we have

T—1
1
lim sup — g (27 Qxy, + ul Rug) = JNFC (ug; 0%), as.
T—o0 T
k=0

6 Conclusion

In this paper, we proposed an adaptive MPC for discrete-time-constrained linear stochastic systems with
unknown parameters. This technique relies on the design of the finite horizon constrained linear-quadratic
optimization problem associated with the estimate at each step. Under some reasonable assumptions, we
give a WLS estimation-based MPC algorithm in the general formulation and prove the convergence of this
adaptive MPC by using the Markov chain ergodic theory together with powerful methods in stochastic
adaptive control. It is worth mentioning that the similar method may be used to design adaptive MPC
in the continuous-time case.

However, one of the desirable goals of adaptive MPC is to cope with possibly time-varying unknown
parameters in uncertain dynamic systems, which belongs to further investigation. Moreover, combining
machine learning with adaptive MPC is also an attractive research direction, since machine learning may
help us to find some stabilizing MPC, which can then be used in the design of the adaptive MPC to
further improve the adaptivity and performance of the closed-loop control systems.
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Appendix A The proof of Lemma 2

Proof. From (3) of Lemma 1, there exists a random matrix 0 such that limy_, o 0 = 0. In addition, from the definition of Py, it is
easy to know that { Py, k > 0} is a non-increasing positive definite matrix sequence, so there exists Ps such that limy_, oo Py = Poo.
‘We now prove the lemma by separately considering three cases.

Case 1: P, = 0. From Lemma 1 (1), we know that &6 = 6*. Now, considering the set Bo(u!/?"t™) £ {z € M(n +
m,n)||lz]| < p/ "™ we know that L£(Bo(p'/"T™)) > u. Since * € ©°, there exists a positive number €, such that
g1+ alul/(2”+m) < hg — ||0*]|. Then, for the given 1, there exists a time ¢1 such that for all k > t1,

6x — 07| <1, IP?) <en. (A1)

Hence, for any x € Bg(ul/(2"+m)) and k > t1, we have

0k + P/l < 10711+ 110x — 071 + 1P 2 Ml < 107] + 1 + e CF™ < hg. (A2)

Thus, fx(z) > 0, Yk > t;. Now, letting Ny £ {z € Ay|gr(z) = 0, hy(x) = 0}, we know that £(Nj) = 0 [22]. Then, it is easy to
know that

Bo (/@) - Ny € Ak, VE >t

Hence, we have

oo k
Bog (ul/(2n+m)) - U N; C m Ai, VE =t
i=ty i=t]
Thus, £(NF_, A;) > w, Yk > t1; hence, there exists a time tg < ¢1 such that Dy = k_A; and £L(Dy) > wn,Vk >ty
i=tq i=tg

Case 2: Poo # 0,det(Ps) = 0. From (1) of Lemma 1, there exists a bounded sequence {3;;} such that

0" =0, + PL/?8;.
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Hence, there exists a convergent subsequence {,B;;t, t > 0} whose limit is 8*. Since §* € ©° and P., # 0, there exists a positive
number g2 € (0, 1) small enough such that

—1 *
€2 [1 + M CEm 187 + m(um%w} P2 (ne2) BT < hg — (167,

and for the given e3, there exists a time t such that for all k > ta,
0% =01l < 2, 1Py"* = P < 5. (A3)
Now, consider a set S = 8" + S1 @ Sz, where

S1={y € Mn+m,n)|PL?y #0, lyll < (ne2)"/ O™}

1/(2n+m) (A4)
Sy = {z € M(n+m,n)|Polo/2z =0, 2|l < ”7}

and it is not difficult to see that £(S) > p. For any = € S, there exist y € S; and z € S3 such that z = 8" + y + z and
1/(2n+
lall < 1187 + (ue2)*/ @rtm) 4 sZEE™ ppen for any k > t2, we have

10k + Py/2all < 10+ PX287 I + 108 — 0l + | P/ — PL/?87|
NN+ 22 + 1P)/2 = P22l + P2 (@ = B < 167 + e2 + P2 = PNl + 1Pyl (A5)

1
<116 + 2 [1 + /@ gt 4 62(#62)—2"“"} P2 () @) < .

Hence, similar to the analysis in Case 1, we have

oo k
S—JNC ) A V>t
i=to i=to
Thus, £( ?212 A;) = p, VEk > ta; hence, there exists a time to < t2 such that t(k) = to, i.e., Dy = Zf:fo A; and L(Dy) >

w Yk > to.

Case 3: P > 0. From (1) of Lemma 1, we know that 0 exists such that ||01] < hg — 71 and ||P,;1/2(0k —01)|] = O(1), where
71 is a given number such that ||[PL/2||p'/ G ™) <y < hy.

Similarly, there is a bounded convergent sequence {ﬁi} such that

0, =0, + P78,
and let ' = limg_, oo ,B,i
Now, consider the set B (pt/Cntmy 2 (o e M(n + m,n)||lz — 8| < p'/@"T™)} and take a small enough number e such
that e3(e3 + pt/@ntm) ||Polo/2||) <m— ||Polo/2||u1/(2"+m). Then, for the given €3, there exists a time t3 such that for all k > t3,
85 = Bl Ses, 1PY? = P < ea. (A6)

For any = € By (u/ @7 t™)y and k > ts, we have

G2l + 122N (Nl — 811+ 185 — B
he — 1 + (e3 + | P2 (es + p/ ") < hy.

O + Pl/2ﬂ7
Il ol (A7)

NN

Hence, similar to the analysis in Case 1, we have

k
By (n!/Cm ) - U C () A vE> b
i=tg i=tg

Thus, L(ﬁf:tl A;) > p, Vk > t3; hence, there exists a time to < t3 such that t(k) = to, i.e., Dy = ﬂf:to
1,V > ts.

Finally, note that Dy = ﬂ:f:to

A; and L(Dy) >
A; for all k > t1 and that Dy O Dy and £(Dy) > p; hence, Do exists and L(Do) = p.
Appendix B The proof of Lemma 3

First, by the definition of ny, it easy to know that Fj(nx) > 0; hence,

Fig (1) S

Fi(Br) = 1t~

0. (B1)

Thus, ) € © for all 0 < k < oo.
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Next, we prove that there exists a positive random variable o, > 0 such that

limsup F (k) 2 doo, a.s.
k— oo

(B2)

Note that for any adaptive input {uy}, the random process Fj(-) is measurable with respect to the o-algebra o{w;,n;—1,7 <
k} £ &, _ 1. Let I(-) denote the indicator function of a set and py(-) denote the probability density measure of uniform distribution

on Dj. Without loss of generality, we only consider the case of k > t;. It is easy to find that Dy C Dy.
Let
5 2 F
b g P,

6
Eké{xeDka($)>?k}

Because 0y, Pkl/z, and 0y are &j_i-measurable, and 7y is independent of &, _1, we have

5 5
P (Fk("]k) > §‘®k71> :/ 1 (Fk(z) > f) ppda
z€Dy,

= pr(Br) 2 pey (Bg).

(B3)

We now proceed to show that us, (Ex) /4 O0a.s.as k — oco. Let F(x) 2 limy oo Fi (x). From the proof of Lemma 2, we have that
1 < L(Doo) < oo, which implies that maxzep., F(2) > 0. Furthermore, it is easy to see that Fj(z) converges to F'(z) uniformly

on a bounded set. Consequently, 8y — oo With doe = maxzep. F(z) > 0, a.s.
Since F'(zx) is a continuous function, we have L(E~) > 0 a.s., where E is defined by

1
Ew ={2 € D : F(z) 2 N }, 5<)\<1.

Hence, it is easy to see from the convergence of {Fy(z),d;} to {F(x), s} that for a sufficiently large k, L(Ey) > L(E), which

L(Ey)

implies that p¢, (Ex) 7 0a.s. since pyy (Ey) = (D¢

Hence, by (B3), we have that

oo 5
Z P (Fk("]k) P _|®k—1> = 0, a.s.
k=1 2

Consequently, by the Borel-Cantelli-Lévy Lemma, we have

oo 6k
2P (Fe(m) > 5 ) =00, as,
k=1

which implies that

Joo
lim & = = >0, a.s.

1
limsup Fi(nx) = =
k— 00 2 k—oo

Hence, Eq. (B2) is proven.
Using the method introduced in [22], we can prove that there are positive variables §1 and k,, such that

F(Br) = 61, as., Vk = km,
and that the limit limy_, o F(B8) = F exists and F > 0 a.s.

To summarize, the proof of (2) of Lemma 3 is completed.
The proof for the other part of Lemma 3 is similar to the proof in [22].

(B4)
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