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Abstract: The generalization ability of learning algorithms is the focus of machine learning research, where the empirical risk
minimization (ERM) plays an important role when the population distribution of observations is unknown. Most of the previous
results are mainly based on computational learning theory, which is interested in how many samples are needed to make sure
the estimated expected risk satisfies a given accuracy with high probability. In this paper, we will propose a new algorithm by
combining the advantages of both random search and gradient descent algorithms, and show that given an accuracy level of the
estimated expected risk, we can generate a hypothesis by our algorithm to guarantee the accuracy with probability 1, and our
algorithm will converge in finite steps. In addition, we will relax the conventional independently and identically distributed(i.i.d.)
assumption on the observations to a kind of weakly dependent condition. We will also provide some simulations to demonstrate
our algorithm’s advantages over either random search or gradient descent algorithms.
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1 Introduction

There has been considerable attention paid to the analysis
of the machine learning algorithms recently. With the ad-
vances of the computing and network technology, more and
more valuable information can be discovered by the machine
learning algorithms, especially when combined with the
deep neural networks. Traditionally, it is assumed that the
observations are obtained from an unknown i.i.d.distribution
and that the empirical risk minimization(ERM) is a main
method to approximate the expected risk commonly known
as generalization ability of the learning algorithms. A key
problem is whether the expected risk is minimized when the
empirical risk is minimized. Vapnik [1] first obtained the
bounds on both the rate of uniform convergence to the ex-
pected risk and the rate of relative uniform convergence for
i.i.d. observations. Cucker and Smale [2] studied the least
squares loss case and established the bound on the sample
error and the approximation error respectively for i.i.d. ob-
servations on a compact hypothesis space.

Much efforts has been made in relaxing the i.i.d. require-
ments on the data in both machine learning and statistical
inference. For examples, Yu [4] analysed the rate of unifor-
m convergence for stationary mixing sequences. Vidyasagar
[5] established the bound on the rate of uniform convergence
of the empirical means to their expectation for mixing se-
quences. Zhou and Li [6] obtained the bound on the rate of
uniform convergence for learning algorithms by using Bern-
stein’s inequality. Zhou, Li and Xu [7] established the expo-
nentially bound on the rate of relative uniform convergence
of the ERM algorithm with exponentially strongly mixing
observations.

However, all the above-mentioned works did not provide
any concrete algorithms for minimizing the empirical risk.
In this paper, we will propose a leaning algorithm by com-
bining the advantages of the well-known random search and
gradient descent algorithms for iterative optimization of the
empirical risk with possibly non-convex loss function. It

is conceivable and provable that our optimization algorith-
m will avoid the possibility of sticking at a local minima (or
saddle point) as the pure gradient descent method, and at the
same time has a much faster convergence rate than the pure
random search.

The rest of this paper is organized as follows: In Sect.2,
we introduce our algorithm with some notations. In Sect.3,
we present the main results of this paper together with some
lemmas. In Sect.4, we provide some simulations to demon-
strate the advantages of our algorithm. Finally, we conclude
the paper with some remarks.

2 Preliminaries

In this section, we introduce some definitions and nota-
tions used throughout the paper.

Let Z = {z = (z;,v:)}$2, be a stationary real-valued
sequence on a probability space (2, B, P). For 0 < t < oo,
let 77° = o{z;,1 > t}, and F} := 0{z,0 < i < t}.
With these notations, we give the definition of the *-mixing
process in [3].

Definition 2.1 ([3]): {z;,i > 1} is called *-mixing if
there exists an integer M, and a function ¢(m) for which
¢(m) — 0 as m — oo, and for any A € F', B € F'ir"
implies

|P(ANB)—P(A)P(B)| < ¢(m)P(A)P(B), Ym > M,n > 1,

where ¢(m) is called the *-mixing coefficient.

Definition 2.2 ([3]): {z;,i > 1} is called strong ¢-
mixing if there there exist an integer M, and a function
¢(m) for which ¢(m) — 0 as m — oo, and for any
A€ F',B e F;y,, implies

|P(ANB)—P(A)P(B)| < (m)P(A)P(B), Vm > M,n > 1.

Next we give the relevant notations on ERM. Denote by
z; the sample set of size ¢ observations z; = {z1, 22, -+ , 2t}
drawn from the *-mixing sequence Z.
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Let us consider the following stochastic optimization
problem

min L(w) := Ell(w, z)] = /Zﬁ(w,z)P(dz) (D

where w takes values in a compact set D C R? and z is a
random element of Z with an unknown probability law P,
£(w, z) is the loss function which is used to measure the loss
for predictions and classifications, and L(w) is called the ex-
pected risk. For instance, the loss function of the least square
estimation is /(w, z) = (y — w’x)? and the one of logis-
tic regression is /(w,z) = ylog(1l + exp(—w’z)) + (1 —
y)log(1 4 exp(w”x)). Here we simply describe the loss
function in a parametric form. The goal of machining learn-
ing is to generate a hypothesis w € D with small expected
excess risk

E[L(w)] - L* @

where L* := inf,,c p L(w) which is the minimum value of
the expected risk on hypothesis space D, and the expecta-
tion is with respect to the observations z; and any additional
randomness used by the algorithm for generating w.

Since the distribution P is unknown, according to the prin-
ciple of Empirical Risk Minimization, we attempt to (ap-
proximately) minimize

t

Li(w) := %Zﬁ(w,zi) 3

i=1

called the empirical risk of a hypothesis w € D on an obser-
vation set ;. So we can consider the minimization of L, (w)
as an approximation to the minimum of the expected risk
L(w). The algorithm to be proposed in this paper is denoted
as RSAGD, shorted for random search and gradient descent,
which is defined by following recursion for any given excess
risk € > 0,

U if Li(n:) < Ly(wy—1) — eand Ly(n;) < Ly(wy)
we = ’lI)t if Lt(ﬁ)t) < Lt(wt,l) — ¢ and Lt(TI)t) < Lt(nt)

otherwise

4)
where ’UNJt = HD{'lUt,1 — /J,VLt(U}tfl)}, VLt('wtfl) de-
notes the gradient of L;(w) at w = w;—_1, IIp{-} denotes
the projection on D, 7 is an i.i.d. random sample with uni-
form distribution on D, which is independent of F;, where
Fi = o0{z,mi—1,1 <t}

Next we give an assumption on the loss function.

Assumption 2.1:  Let £(w, z) be continuous in w and z,
and M and L defined by the following are finite,

M = sup sup |¢(w, z)|
weD zeZ

|£(w, 2) = £(u, 2)]|
jw—ul

L = sup sup
w,ueD zeZ

Assumption 2.1 shows that the loss function ¢(w, z) is
Lipschitz in w on compact set D.

3 Main results

In this section, we will give our main result of this paper.
First we need a lemma about strong law of large numbers of
the *-mixing sequence.

Lemma 3.1 ([3] Theorem 3.3.2): Let {§;,4 > 1} be *-
mixing with E[§;] = 0 and E[l¢;]] < K < oo for each
2
i>1,and > 0, Ez[ﬁ} < oo,then 1" | &/n — 0, a.s.

Owing to Lemma 3.1, it is easy to obtain the following
lemma.

Lemma 3.2:  For Vw € Dlim;_, Li(w) = L(w), a.s.

Proof. Welet§; = l(w, z;) — E[l(w, z;)]. Since {z;,7 > 1}
is a stationary sequence,we have

Ell(w, z)] = Ell(w,z)] = L(w), ¥i > 1.

From the definition of L;(w), we get

t
1
Li(w) — L(w) = P Zfz
i=1
Since {z;,4 > 1} is a *-mixing sequence, {§;,7 > 1} is also
a *-mixing sequence. It is easy to know that
El&] = Ell(w, z;)] — E[f(w, z;)] = 0.

From Assumption 2.1, we have F||;|] < 2M foreachi > 1
and

< 00.

M8
~ E
R
IA
i
=
WK
SN)"_‘

i=1 i=1

By Lemma 3.1, we have

t
Zfi/t — 0,a.s.
i=1

Thus we have L; — L(w), a.s.. Hence the proof is com-
plete. 0

With Lemma 3.2, we can obtain our main result.

Theorem 3.1:  Let observations {z;,7 > 1} be a station-
ary *-mixing sequence and Assumption 2.1 be satisfied,take
the RSAGD algorithm (4), then we have

lim wy = Wae, a.s. ®)
t— o0
and weo € S(€), where S(e) := {w € D : L(w) < L* + €},
which is the e-neighbourhood of the global minimum value
of L(w) on D.

Proof. The proof idea is similar to that of Guo [8].

Step 1: we prove the uniform convergence of L;(w) on
D. From the condition of the theorem and by Lemma 3.2,
we have

lim Li(w) = L(w), a.s., YVw € D (6)

t—o0

Ve > 0, for D is a compact set in RY, there exist ng o-
neighbourhoods {uy, us, - -, un, } that cover D totally, and
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the §-neighbourhood subjects to that if |w—wu;| < ¢ for some
i€{1,2,--- ,no}, then

|Ly(w) — Ly(u;)| < e/3, for vVt > 1,

and
|L(w) — L(u;)| < /3.

From the definition of L;(w) and Assumption 2.1, we know
& exists. By equation (6), we can find a common T{ for

{u1, -+ ,un, } such that when t > T,
|L¢(u;) — L(ug)| < e, forall i=1,2,--- nog.

For Yw € D, there exists some u; such that |w — u;| < 0,
therefore

|Li(w) — Li(ug)| < /3, ¥t > 1,

and
|L(w) — L(u;)| < /3.

When t > Tj, we have
|L¢(u;) — Lug)| < e/3.
Therefore, when ¢t > T,

|Li(w) — L(w)| < [Le(w) = Le(ui)| + [ Le(ui) — L(ug)|
+ [L(u;) — L(w)]

<E4E.°€
3 3 3
=¢&.

By the arbitrariness of w, we know for Vw € D, when t >
Ty, we have | Ly (w) — L(w)| < . This shows the uniform
convergence of L;(w) on D.

Step 2:we prove that there exists a positive random variable
doo > 0 such that

lim inf Li(n) < 600, a.s. @)
t—o00

Define: §; := mingep Li(w), Dy := {w € D : Liy(w) —
0y < Stand Fy := o{z;,mi—1,1 < t}. Notice that n; and F;
is independent, from the property of conditional expectation,
we have

P@mm§@+§ua:/

weD

— [ taw)
weDy
= u(Dy)

I(Li(w) < 6 + F)u(dw)

®)

where y(+) is uniform probability measure on D. Because
L¢(w) uniformly converges to L(w) on D, we have §; —
000, Where 0o = L*.

Define:

Dw:{weD:L(w)gL*+§}.

By the continuation of L(w) in w, we have u(Ds) > 0,
Therefore [L;(w), §;] converges to [L(w), ds| and for large

enough ¢, 1(Dy) > @, and this shows (D) - 0.
By equation (8), we have

o0

€
ZP(Lt(ﬁt) < + g\]‘}) = 00, a.S.
=1

and by Borel-Contelli-Lévy lemma, we have

oo

ZI(Lt(Wt) <o+

t=1

€

3) = 00, @.S..

This shows

€ €
1 1 < 1 - = —
lim tglf Li(n) < thm 0y + 3 oo + =, a.s..

3 )
Step 3:we will prove there exists tg such that
L(wy) < 000 + €, a.s., Yt >t 9)

From algorithm (4), we may take % instead of €, then we

3
have ¢
Lt(wt) S Lt(nt) + g, a.s.

and then
lim inf Ly (w;) < 600 + 2
lmtgloo t\Wt) = 00 3,@.3.

Because of the uniform convergence of L,(w), we know
there exists positive integer tg such that
2¢ € D€

Lto(wto)gaoo+§+6:5oo+€ (10)

and

|Li(ws) — L(w,)| < % Vi >t Vs >0 (11)

Next we will prove formula (9) by induction.
First, when ¢ = tg, from (10) and (11), we know

L<wt0> S Lto(wto) + % S 600 + €.

Second, suppose formula (9) holds when ¢t = k > ty, we
consider the situation when t = k + 1. If wi1 = wy, we
know formula (9) holds by the assumption of the induction.
Otherwise, from algorithm (4), we have

€
Liy1(wig1) < Liga(wy) — 3 (12)

Considering formula (11) and L(wy) < doo + €, we obtain

€
L{wg+1) < Lit1(wis1) + ¢
€ €
< Ly _E4 s
< Lyya(wy) 3 + 6 1
< L(wy) + - — +g (13)
= L(wy)
<o + €

Therefore formula (9) holds.

Step 4:Finally we will prove the convergence of our algo-
rithm (4). First, we will prove lim;_, o, L(w;) = Lg exists
and Ly < 0 + €. It suffices to prove that L(w;) for t > tg
is decreasing. And we already have that in formula (13). In
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addition, because of the uniform convergence of L;(w) on
D, we have

tli>rgo Litq(wy) = tlgrolo Li(wy) = Lo, a.s..

Next we will prove the convergence of our algorithm by con-
tradiction. Suppose that the algorithm (4) does not converge,
then inequality (12) will hold for infinite ¢;,. Take k& — oo,
we have

€
Lo < Lop— 3

but this is impossible. Therefore we have formula (5) is cor-

rect. Hence the proof is complete. O

Remark 1: When the algorithm converges, we have
Woo € S(€) and E[L(weo] = L(wes). Thus E[L(weo)] —
L* <e.

Remark 2: M -dependent sequence and strong ¢-mixing
sequence in [3] are also *-mixing sequences, therefore our
result also applies to the M -dependent observations and the
strong ¢-mixing observations.

In particular, if {z;,7 > 1} is an i.i.d. sequence, by Theo-
rem 3.1, we directly have the following corollary.

Corollary 3.1:  Let {z;,7 > 1} be an i.i.d. sequence and
Assumption 2.1 be satisfied, taking the algorithm (4), then
we have

lim w; = Weo, a.5. (14)
t—00

and weo € S(e€), where S(e) := {w € D : L(w) < L* + ¢},
which is the e-neighbourhood of the global minimum value
of L(w) on D.

Remark 3: 'When the observations are i.i.d., we can re-
move the Lipschitz constrain on the loss function in Assump-
tion 2.1. By the uniform strong law of large numbers (Theo-
rem 16(a)) in [9], we can directly obtain the uniform conver-
gence of L;(w) on D.

4 Simulations

In this section, we will provide some simulations to
demonstrate the advantages of our algorithm over either ran-
dom search or gradient descent algorithms.

First, let us analyze the RSAGD algorithm (4) and it is
easy to know that we can take the advantage of parallel
calculations in program. We can calculate three loss func-
tion Ly(wi—1), Ly(n:), Ly (wy) simultaneously. To decrease
the calculating cost, we can take stochastic gradient descent
method when calculating w,, which means selecting fewer
samples k (k < t) to get the gradient at w;_;.

We take the loss function of logistic regression to compare
the performance of the RSAGD algorithm with the gradient
descent algorithm. We take y € {0, 1} and

U(w, 2) = ylog(1+exp(—w"z))+(1~y) log(1+exp(w’ z))
5)
Gradient descent algorithm is as following:

wy = wi—1 — pV Ly (wi—1)

where VL, (w;_1) denotes the gradient of L,,(w) at w;_1,
( is the step size, n is the sample size.

Claim 4.1: The convergence rate of the RSAGD is faster
than the gradient descent algorithm.

oT(?e changing curve of the empirical risk with synthesis data

— RSAGD
0.5} — GD

0.4

0.3}

Empirical Risk

0.2}

0.1t

0.0

L L L L
0 100 200 300 400 500
Iteration

Fig. 1: The curve of empirical loss with the sample size n =
2000, wo = [0,0,0]T, ¢ = 0.0003,x = 0.1,0.001 and D
being a ball whose radius is 5.0 when the loss function is
(15), GD denotes the gradient descent algorithm.

In the simulation generating Fig.1, we generate a data set

with the sample size 2000 which contains 1000 positive sam-
ples and 1000 negative samples obeying normal distribution-
s with means (0,0)” and (4,4)" respectively and the same
variance. Fig.1 displays the changing curve of the empirical
risk. For both the RSAGD and gradient descent algorithms,
we take the same initial parameter wo = [0, 0,0]” and step
size ;o = 0.1 for the first 200 iterations and g = 0.001 for
the following 300 iterations. Analyzing Fig.1, we can see
that the steep descent of the blue curve shows that w, takes
the random search 7, by the RSAGD algorithm. It is precise-
ly such updates that can increase the rate of convergence to
the optimal value and escape the saddle points or some local
minima. After we get a hypothesis, we test the performance
of the hypothesis on a test data set with 2000 samples half of
which are positive samples, and the accuracy of the RSAGD
and gradient descent algorithms are 99.70% and 99.45% re-
spectively.
Then we do simulations on a regression problem and get an-
other property of the RSAGD. We generate a data set con-
tains 1000 samples each of which consists of 5 attributes
and a output, and the output is generated by the function
f(z) = sigmoid(w”x), where sigmoid(t) = H%p(—t)
and w = [1,2,1,1,1]7. We define the loss function as

Uw, 2) = (y — sigmoid(w” x))? (16)

It is easy to know that this loss function is non-convex in w.
When we take this loss function, we can find the following
property of the RSAGD.

Claim 4.2: The RSAGD can generate a hypothesis sat-
isfying the given accuracy level even if the loss function is
non-convex.

Fig.2 and Fig.3 show that the gradient descent algorithm
converges to different local minima when the initial param-
eters are different while the RSAGD algorithm can gener-
ate a hypothesis satisfying the given accuracy. This shows
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The changing curve of the empirical risk with synthesis data

— RSAGD
0.25 1 — GD |

0.20 1
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w
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0.05 i

0.00 . . .
0 100 200 300 400 500

Iteration

Fig. 2: The curve of empirical loss with the initial parameter
wo = [0,0,0,0,0]7, ¢ = 0.0003, x = 0.1 and D being a
ball whose radius is 5.0 when the loss function is (16), GD
denotes the gradient descent algorithm.

OTEr;we changing curve of the empirical risk with synthesis data

— RSAGD
— GD
0.6 |- 1
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0.5} 1

04l 7
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0.3} 1
0.2 i

0.1 t\ g

0.0
0
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Fig. 3: The curve of empirical loss with the initial parameter
wy = [-1,-1,—-1,—1,-1]7, € = 0.0003, p = 0.1 and
D being a ball whose radius is 5.0 when the loss function is
(16), GD denotes the gradient descent algorithm.

that the RSAGD can work well even if the loss function is
non-convex. This property is very helpful in high dimension
optimization problems.

The following property shows the advantage of the R-
SAGD over the random search algorithm which is defined
as following:

Mt
Wy =
We—1

where 7 is an i.i.d. sample with uniform distribution on D.

if Li(m) < Le(wi—1) — €
otherwise

Claim 4.3: The convergence rate of the RSAGD is faster
than the random search algorithm especially when the loss
function is non-convex.

From Fig.4, we find that the RSAGD can get a solution
satisfying the given accuracy faster, while the random search
algorithm may also get a good solution but needs more itera-
tions. Because of the use of randomness in the RSAGD and
random search algorithm, the figures generated by program-
s may be different, but their convergent values are basically
the same in the same number of iterations.

The changing curve of the empirical risk with synthesis data

— RSAGD
0.25 — RS

0.20 |

Empirical Risk
o
=
w
T

0.10 |

0.05

0 200 400 600 800 1000
Iteration

0.00

Fig. 4: The curve of empirical loss with the initial parameter
wy = [-1,-1,—-1,—1,-1]%, € = 0.0003, p = 0.1 and
D being a ball whose radius is 5.0 when the loss function is
(16), RS denotes the random search algorithm.

5 Conclusion

In this paper,we have proposed a new convergent algo-
rithm called RSAGD for ERM with *-mixing observations.
The RSAGD can generate a sequence of hypothesis at which
the expected risk is in the e-neighbourhood of the optimal
expected risk with probability 1 after finite steps. Our re-
sult is applicable to both weakly dependent data and non-
convex loss functions. We also demonstrated the advantages
of the new algorithm over either gradient descent algorithms
or random search algorithms by simulations. For further in-
vestigation, it is desirable to reduce the cost of calculation at
each iteration and to further relax the dependent assumptions
on the observations.
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