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Exponential Stability of General Tracking Algorithms 
Lei Guo and Lennart Ljung, Fellow, ZEEE 

Abstract-Tkacking and adaptation algorithms are, from a 
formal point of view, nonlinear systems which depend on sto- 
chastic variables in a fairly complicated way. The analysis of such 
algorithms is thus quite complicated. A 6rst step is to establish the 
exponential stability of these systems. This is of interest in its own 
right and a prerequisite for the practical use of the algorithm. It 
is also a necessary starting point to analyze the performance in 
terms of tracking and adaptation because that is how close the 
estimated parameters are to the time-varying true ones. 

In this contribution we establish some general conditions for 
the exponential stability of a wide and common class of tracking 
algorithms. This includes least mean squares, recursive least 
squares, and K h a n  filter based adaptation algorithms. We show 
how stability of an averaged (linear and deterministic) equation 
and stability of the actual algorithm are linked to each other 
under weak conditions on the involved stochastic processes. We 
also give explicit conditions for exponential stability of the most 
common algorithms. The tracking performance of the algorithms 
is studied in a companion paper. 

I. INTRODUCTION 
0 track parameters that describe time-varying properties T in signals and systems is of fundamental importance in 

many applications. There is a quite substantial literature on 
this topic, and much effort has been spent on the analysis of 
these algorithm. See among many references, e.g., the books 
and surveys [26], [29], [281, and [24] as well as [2], [9], [ l l l ,  

The analysis problem is surprisingly difficult, and no gen- 
eral, comprehensive theory is really available. 

It is the purpose of this contribution, together with the 
companion paper [ 171, to provide some quite general results 
for the analysis of tracking algorithms. In particular, we are 
concerned with results that apply to more general algorithms 
than the familiar and simple least mean squares (LMS) method. 

As remarked, e.g., in [24], the analysis of tracking algo- 
rithms naturally splits into two different, but related, problems: 
one is to establish that the algorithm is exponentially stable, 
and the other is to obtain useful expressions for its perfor- 
mance. It is also desirable to treat a whole family of algorithms 
under similar conditions. 

To be more specific, consider the following standard linear 
regression 

(1) 

[231, [61, and P I .  

Y k  = 9 ; o k  + v k  
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where ( y k ,  pk) are measured signals, ‘Uk is a disturbance se- 
quence, and e k  is an unknown time-varying (vector) parameter 
process whose variation at time k is denoted by A k ,  i.e., 

Adaptive tracking and estimation algorithms for the un- 
known parameter 6 k  usually have the following form (e.g., 
~ 1 ,  ~ 9 1 )  

where L k  is a random process, called the adaptation gain vec- 
tor, which reflects the “direction” of adaptation. The constant p 
is called the step size or speed of adaptation, which is usually 
chosen to be small for slowly varying parameters. 

Denote 

Then (1)-(4) give the following error equation 

By taking different gain sequences L k ,  we obtain the following 
three well-known basic algorithms: 

a) Least Mean Squares (LMS) 

b) Recursive Least Squares (RLS) 

(7) 

c) Kalman Filter (KF) based algorithm 

(9) 

( R  > 0, Q > 0). (10) 

The KF algorithm would be the optimal algorithm if 
A ,  and V k  in (1)-(2) were white Gaussian noises with 
covariances Q and R, respectively. 
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For the above general tracking algorithms, our prime interest 
is in the values of the covariance matrix of the tracking error 
E [e, e;]. Unfortunately, except for some trivial cases, precise 
expressions for this error are extremely difficult to obtain, 
mainly due to the inherent dependence between the signals 
{ p k . z ' k . & } .  In the companion paper [17], we show that 
this value can be well approximated by an easily computable 
expression, namely, by 

where o ( p )  + 0 as p + 0, provided that the signals 
{ pk . Ilk. A,} satisfy a certain weak dependence condition and 
that the homogeneous equation of (5) 

together with its "averaged' equation 

is exponentially stable in stochastic and deterministic senses, 
respectively. 

It may be shown, using the stochastic BIB0 (bounded- 
inputhounded-output) results in [ 161, that exponential stability 
of (12) and (13) are necessary*in general to guarantee the 
boundedness of El(Ok11* and IIIIkll. Exponential stability of 
time-varying equations has been recognized to be a tough 
problem, and few existing methods and results are available, 
especially in the stochastic case. In general, the deterministic 
equation (13) is relatively easy to handle compared to the 
stochastic equation (12), and hence our main efforts in this 
paper will be focused on stochastic stability of (12), which 
essentially amounts to studying a product of random matrices. 

The investigation of products of random matrices and of 
the related random linear differential equations has a long 
history (e.g., [lo], [l], [3], and [4] and the references therein) 
where stationarity and ergodicity of the random matrices are 
usually assumed and only the asymptotic stability (a weaker 
property than exponential stability) has been studied. Related 
results for continuous-time random linear equations are also 
available (see, e.g., [7] and [22]). Concerning the exponential 
stability, some interesting results for continuous-time random 
differential equations are presented in [12] and [13], under the 
assumption that the coefficient matrices are uniformly bounded 
and satisfy a certain mixing conditions. Without imposing any 
specific assumptions on { F k } .  some stability results on (12) 
are obtained in [16] by transferring the exponential stability 
of the vector equation to that of a relatively simple scalar 
random equation via a random Lyapunov equation (but the 
dependence of the Lyapunov exponent on p is not quantified 
when applied to KF). A detailed study for products of bounded 
nonnegative definite random matrices is also presented in [ 161. 
These results, as mentioned in [16], are just preliminaries for 
parts of the results to be established in the present paper. 

Tracking algorithms differ mainly in their form of adaptation 
gains. In general, the gains can be roughly divided into two 
classes: gradient-based gains (e.g., LMS) and Riccati equation- 
based gains (e.g., KF and RLS). Thus, exponential stability of 
(12) will naturally be studied separately for each cases. 

In this paper, we shall prove that: 
For a quite general class of { F k } ,  the (stochastic) expo- 
nential stability of (12) is equivalent to the (determin- 
istic) exponential stability of (1 3) without necessarily 
requiring boundedness, stationary, and strong mixing 
conditions on the coefficient matrix process. This may 
be directly applied to a general class of gradient-based 
algorithms, and 
For algorithms with gains based on Riccati equations, 
especially for the standard KF algorithm, we shall prove 
that by reducing the dimension of the stochastic equa- 
tions in question, the exponential stability can be es- 
tablished by resorting to a general stochastic excitation 
condition. 

Our main result will be formulated as Theorem 3.2 in 
Section In. It states that exponential stability of the averaged 
equation (13) implies exponential stability of the actual one, 
(12). The conditions for this are essentially that i) the distri- 
butions of the stochastic matrix F k  have rapidly decaying tails 
and ii) that the dependence among the different F k  decays 
sufficiently fast. These assumptions are quite weaker than 
boundedness and strong mixing, respectively. 

The result in itself is of a technical nature, but has an 
independent interest, in addition to being a building block 
for more practical performance analysis. Even more so, the 
reader will find that the proof is quite technical and the 
development in several of the sections is terse. This seems 
to be unavoidable, given the character of the problem. 

In a companion paper, [17], the exponential stability results 
are applied to analysis of the tracking performance of a broad 
class of algorithms. 

11. NOTATION 

For convenience of reference, here we collect the main 

a) The maximum eigenvalue of a matrix X is denoted by 
Amax(X), and the Euclidean norm of X is defined as its 
maximum singular value, i.e., 

notations to be used throughout the paper. 

and the L,-norm of a random matrix X is defined as 

b) For any square random matrix sequence F = { F k }  

and real numbers p 2 1. p* E (0.1). the stochastic 
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exponentially stable family is defined by III. THE MAIN RESULTS 

A. Stochastic Averaging Based Results 
We first claim that under a very general weak dependence 

condition, the stability of stochastic equation (12) implies 
stability of averaged equation (13): { F k )  E 192 implies that v p  E (O,p*],VIC 2 2 2 0, 

for someM>O and cr E (0, l) Theorem 3.1: Let {Fk} be a random matrix process be- 
longing to M P .  Then 

Likewise, the corresponding deterministic exponentially {Fk) E S2 =+ {Fk) E S .  
stable family is defined by 

The proof is given in Section IV. 
Remark: By Jensen's or Lyapunov's inequality it follows 

theorem thus holds for any p 2 2. If some further assumptions 
(like independence among the F k )  are introduced, it can be 
shown along the lines of the current proof that it will also 

Next, our main task is to establish the following "converse" 

Zlheorem 3.2: Let {Fk} be a random matrix process. Then 

5 M(l - that { F k }  belongs to SP if it belongs to S, for any p > 2. The 

v p  E (0,p*],VIC 2 i 2 0, 

for someM > 0 ,  and a E ( 0 , l )  hold for p 2 1. 

assertion together with its consequences. 
In what follows, it will be convenient to set 

U S,(P*), s U S(P*). (14) {Fk) E S =+ {Fk) E s p , v p  2 1 
a s, = 

f i * € ( O , l )  fi*E(O,1) 
provided that the following two conditions are satisfied: 

'Ihese sets thus mean that the stochastic9 and determi'- 
istic, respectively, equation is exponentially stable for at 
least one nonzero value of p (and then also all smaller 
values). 

c) For a scalar sequence a = {ah, IC 2 O} and X E (0, l), 

i) There exist positive constants E, 6, M and K such that 

Eexp { E  2  it;^\"'.} 5 M e x p { K ( n  - 2)). 

for any n 2 i 2 0 

we set j=i+l 

n ii) There exist a constant M and a nondecreasing function 
a: a k  E [O, 11, E n (1 - a j )  5 MA"-", g(T)  with g(T) = o(T)  such that for any fixed T, all 

small p > 0 and any n _> i 2 0 j=i+l 

I 
I Vk 2 i 2 0, forsomeM > 0. 

Also 

d) Let p 2 l ,F  {Pi}.  Set 

and define the set 

M ,  =  sup JIS,!~)J~, = o p ) ,  as T --$ m). 
3 

The sum S,!*) consists of T zero-mean terms, and just 
requiring that its norm increases slower than T means that 
a rather weak averaging property is imposed on the Fk. As 
is known, martingale difference sequences, 4- and a-mixing 
sequences, and linear random processes are all in the set M ,  
(see [18]). 

where S y '  is defined by (16). 
The proof is given in Section V. 
Now, some remarks and discussions on the above two 

conditions are in order. 
Remark 3.1: Note that i) and ii) of the theorem are trivially 

satisfied if F k  is deterministic. In that case, the theorem is of 
course vacuous, but the point is that no too strong assumptions 
have been introduced. 

Remark 3.2: Condition i) is immediately satisfied if 
I IFj 1 1  5 L, Vj ,  for some constant L > 0. This is the case when, 
for example, a normalized version of the LMS algorithm 
is considered (cf., [16] and [24]) or when a weighted 
version of LMS with Lk = &(Pk is studied (cf., [25]), 
where (pk is a bounded random regressor and Pk is any 
bounded deterministic weighting matrix (the standard LMS 
corresponds to Pk = I ) .  In general, Condition i) implies 
that the distribution of the random process {Fk) has an 
exponentially decaying tail. This kind of condition has been 
previously used in stability analysis of stochastic differential 
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equations (cf., [20]) and in stochastic adaptive control (see 
[27]). We now give two examples to illustrate this condition. 

Example 3.1: If there are positive constants E ,  6, M ,  h such 
that 

Eexp {EllFk+h11'+61{Fk} 5 MI vk 

then similar to the proof in [15], it can be verified that 
Condition i) holds. 

Example 3.2: Let {Fk} be dominated by a linear process 
n m 

J = - W  j=-m 

with A, 2 0 and with {Wk} being a nonnegative independent 
process satisfying 

sup E exp {QW:+~} 5 eb < 00 

for some positive constants a,6 and b.  Then Condition i) is 
also true. (The proof is given in Appendix A.) 

Remark 3.3: Let {Fk} be a sequence in M , then with 
SjT)  defined by (16) we know that supj llS'~T711p = o(T)  
as T + x. This gives an intuitive explanation for the upper 
bound in Condition ii). This condition mainly reflects the weak 
dependence property of the coefficient matrices and cannot 
be removed in general. To see this, let Fk = f , V k ,  with 
f being a random variable uniformly distributed on [O, 13. 
Then, clearly, {Fk} E S and Condition i) holds, but for any 
p 2 1, {Fk} S,, because for any ,LL E (0 , l )  

k 

1 
n + l  k=l k=l 

which does not tend to zero exponentially fast. This example 
also shows that even for stationary cases, the result of Theorem 
3.2 may not be true if no weak dependence condition is 
imposed. 

Remark 3.4: From the proof of Theorem 3.2, it follows that 
if Condition ii) is replaced by a weaker one ( r  > 1) 

5 M[1 + p g ( T )  + o(p)]"-* ,  V n  2 i 2 0 (17) 

then we have {Fk} E S,, V p  < r. Moreover, under Condition 
i), (17) can be guaranteed if for some q > r 

I M{1+ p g ( T )  + O(,LL)>"-~, V n  2 i 2 0 (18) 

where c~ satisfies T = O ( C T )  as T .--f x, and I ( . )  is the 
indicator function. (The proof of this fact is given in Appendix 
B.) 

I I 5 
c T )  , j 2 1 } is uniformly bounded, (18) will considerably ease 
the task of verifying Condition ii), as evidenced by the proof 
of the following corollary (see Section IV). 

Since the truncated random process { I  I II( I 

Corollary 3.1: Let {Fk} be a &mixing random process 
satisfying Condition i) of Theorem 3.2. Then 

The next corollary shows that Theorem 3.2 is also applicable 
to a wide class of matrix processes other than &mixing (see 
Section VI for the proof). 

Corollary 3.2: Let {Fk} be expanded as 

(compare this with the well-known Wold decomposition for 
stationary processes in, for example, [SI), where {vk} is an 
independent sequence satisfying 

and {&} is a bounded deterministic process. Then 

Now, we show how Theorem 3.2 can be conveniently 
applied to the analysis of LMS. 

Theorem 3.3: Let {Fk} be a sequence of nonnegative def- 
inite random matrices (e.g., the LMS case). If {Fk} satisfies 
the conditions in either Corollary 3.1 or Corollary 3.2 and if 
there are constants h > 0 and 6 > 0 such that 

k+h 
E[Fi] 2 SI, V k  

i=k+l 

then we have 

Proof: By Corollaries 3.1 and 3.2, we need only to show 
that {Fk} E S(,LL*), for some p* E (0, l ) .  This follows 
directly from Theorem 2.1 in [16], however, if we take the 
matrix Ak there as the deterministic matrix ,&[Fk] and take 
p* < (suPk ~~EIFkl~~)-l~ 

B. Stochastic Lyapunov Equation Based Results 

In general, given a random matrix process {Fk}, we may 
always transfer the study of {Fk} E S, to that of a relatively 
simple scalar random sequence in So, via the following 
random Lyapunov equation 

where {Qk} is a sequence of nonnegative definite random 
matrices (may depend on p ) .  The following result is proved 
in Theorem 2.4 of [ 161. (Recall the definition of So in (13.) 
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Theorem3.4: Let { F k }  be an arbitrary matrix random 
process and { Q~c} be any sequence of positive definite random 
matrices. If {Pk} defined by (19) satisfies the following two 
conditions (for some p* E (0, l ) , a  E (0, l ) , p  2 1) 

then { F k }  E Sp(p*). 
Note that the essence of both i) and ii) is that Pk stays 

bounded even if Qk does not vanish. 
Based on this result, we may establish the exponential 

stability of the KF algorithm. The IUS algorithm may also 
be analyzed within this framework. Due to its special form, 
however, simpler methods exist (cf., [lS]), and we shall not 
discuss that here. 

Now, let h > 0 be an integer and let G k  be the sigma-algebra 
generated by {vi, i 5 IC}. Introduce 

bk  = ( I  - 6)bk-1 + 6(ll(Pk112 + I), 6 E (0 , l ) .  (21) 

Theorem3.5: Consider the KF algorithm defined by (3), 
(9), and (10). Assume that there are constants X E (0 , l )  
(independent of 6) and h>O such that 

where So(X) is defined by (15), and X l  and b k  are defined by 
(20) and (21). Assume also that for some p 2 1, I I ( ~ k l l 2 ~  = 
O(1). Then { F k }  E S t ,V t<p .  

The proof is given in Section VII. 
Let us comment on condition (22). It is a variation of stan- 

dard persistently excitation (PE) conditions for the regression 
sequence {vi}. The usual PE condition contains two parts: a 
lower bound on the “richness” of the regressors and an upper 
bound on their growth rate. Condition (22) means that the 
smallest eigenvalue Xk is not “too small” and that bk (and 
hence p k )  is not “too large.” Thus, (22) is similar in spirit as 
the standard PE conditions. 

Remark3.5: A simple case where (22) holds is when (Pk 
is bounded and persistently gets “full rank contributions.” The 
latter would mean that 

(Pk+l = f ( ( P k ,  (Pk-1, ’ ’  * )  + uk+l 

where uk+l is independent of the past and of uniformally 
full rank. That means that XI, can be taken as a strictly 
positive, deterministic scalar ( c l ) ,  and b k  is bounded, for 
which trivially (22) holds. 

Remark 3.6: When { q k }  is bounded, so is { b k }  defined by 
(21), and hence the excitation condition (22) is implied by 
{A,} E So(X) (cf., [16]). This condition has been studied in 
detail in [ 161. Also, when { cpk} is unbounded, but is the output 
of a linear state-space model, then (22) can also be verified 
(cf. [16]). 

w. THE PROOF OF THEOREM 3.1 

We start with lemmas. 
Lemma 4.1: Let ao, a l ,  . . . , aT be random variables inde- 

pendent of p. If there exist p* > 0, and a function M ( p )  such 
that V p  E (O,p*] 

IIao+pal+.. .+pTaTIIp L ~ ( p ) < c o ,  forsome p 2  1 

then there is a constant M (independent of p )  such that 

l la i l lp<M<m, V’i=O,l , . . . ,T . 

Pro05 Take (T + 1) distinct real numbers pi E (0, p * ) ,  
i=1,2,...,T+1,andsetA=(aolal,...,a~)‘,U;=(1, 
Pi, ” ’ ,f ir)‘> U [Ul, ’ * .  , UT+l]. 

Then by the assumption, we have 

IIA‘Uillp I M(pi),  i l , . . . , T +  1 

consequently, by the Minkowski inequality 

I I A‘UI Ip = I I A‘ [U1 I ’ ’ ’ 7 UT+1] I Ip 

T+1 

5 IIA‘Ulllp + “ ’ +  IIA‘UT+lIIp 5 M ( p i ) .  
i=l 

But U is a nonsingular Vandermonde matrix, so we have 

IlAllP = IIAUU-lllP I IlAUllP. llU-lll I IIU-lll 
T+1 

M(pi ) .  
i=l 

# 
Lemma 4.2: Let T 2 2 be an integer. Denote 

fnC1)T-1 fn+l)T-1 - \ I  

A Gn = n ( I -  pFi), Gn = ‘ n ( I -  p E [ F i ] ) .  
i=nT i=nT 

Assume that { F k }  E S2(p*)  n M 2  for some p* > 0. Then for 
any p E (O,p*] and all n 2 1 

llGn - C l 1 2  I p T f ( T )  + 0 ( p L 2 )  

where the “0” constant may depend on T, and f ( T )  + 0 as 
T + 00. 

Pro08 By the definition of &?(,U*), it is seen that 

111 - PFk112 I M ,  v p  E ( O , p * ] ,  wc 2 1 (23) 

and 

IIGnll2 I M(1- I M ,  VP E ( O , P * ] ,  vn 2 1. 
(24) 

Note that (23) implies 

llFk112 5 (p*)-l(M + 1) < 00, V k .  (25) 

Now, a direct expansion of the products yields 

(n+l)T-1 
- 

Gn - Gn = P  {[Fi - E(Fi)I 
i=nT 

+ p2[Ao  + pA1 + . . . + P ~ - ~ A T - ~ ] }  (26) 
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for some matrices .-lo. A l .  . . . . - - ITp2  depending on {F,} and 
T.  From (24H26) we know that there is -\I(p) such that 
vp E (0 .p*]  

11.40 + p i l l  + . . '  + pT-2L4T-21/2 5 M ( p )  < x. 
Thus by applying Lemma 4.1 (to each element of the matrix 
under consideration). we know that 

I1-4,112 5 Al < X. 2 = 0.1. . . . . T - 2 (27) 

where may depend on T (but not on p).  
Now, by using (27), it follows from (26) that 

(71 + l )T  - 1 

IIGI? - Gr,112 5 /I [ E  - E(F,)] + 0(,L2). 1 1  i=nT l2 
Hence Lemma 4.2 follows immediately from the assumption 

Proof of Theorem 3.1: For any T 2 2. let G, and En 
be defined as in Lemma 4.2. For any vector T with llsll = 1. 
introduce a sequence ( 2 , )  as follows 

.r,+1 = Gnx,. 

{Fk} E -M2. 

- 
V n  2 m . s m  = T. 

Then V n  > m 

s n + 1  = G n x n  + (Gn - G n ) Z n  

Note that {st} is a deterministic process, by the Schwarz 
inequality it follows that 

Since { F k }  E S2(p*). we have Vn 2 i . V p  E (O.p*] 

Consequently, by the Bellman-Gronwall inequality we have 

I Zn+I I ~ ( 1 -  1 + c ( 1 +  g(P))n--2 . g ( p )  i ,,, 
5 2M(1 - / ~ a ) - ~ ~ [ 1  +g(p) ]n-m+l .  

Therefore, by using (30) and the inequality (1 + x ) ~  5 
1 + ax.5 2 0, a E (0.11, we get 

1 Iz,+1 I I I 2M( 1 - pa)(n-m+l)T 
. {[I + g(p)]l/T}("-m+l)T 

5 2 M { ( 1  - p a ) ( l +  T-lg(p))}(n-"+l)T 

(n-m+l)T 
. (1 - q)-']} 

From this, it is obvious that there is p1 E (O,p*] such that 
V n  2 m 

From here it is not difficult to conclude that { F k }  E S(p1) .  
This completes the proof. # 

v. THE PROOF OF THEOREM 3.2 

First of all, by { F k }  E S, there exist constants M > 0. a E 
(0.1). p* E (0.1) such that Vlc 2 z 2 0 

5 M(l - V p  E (O.p*]. 

(31) 

The proof is then divided into two lemmas. 
Lemma 5.1: Let G, and c, be defined as in Lemma 4.2 

and (6,) be defined by 

6, = M(1- ap)-T(IG, -C211. T>O 

where the constants M and cy are defined in (31). Under 
Condition i) if (17) holds for some r > 1, then there exists 
a function g(T)  with g(T)  = o(T)  such that for any fixed T 
and for all small p 

I M [ 1  + P d T )  + 4P)1n-2. 

V n  2 z 2 0, V q < r .  (32) 

Proo) First, note that by (26) 

G, - C, = P S ! ~ )  + p 2 H t  (33) 

where SjT)  is defined by (16). We shall drop the argument 
( T )  in the sequel. Moreover 

p 2 ~ 2  = p 2 ~ z ( ~ )  + p 3 ~ 2 ( 1 )  + . . . + - 2 )  + o ( 2 )  
with 

. 
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where the summation is over 

i T < j l < j p <  * . .  <j,+2 5 ( i + l ) T - l .  

Denote c = M(l - 
by the definition of Si and (33) 

and t = (q-' - T - ' ) - ' ,  we have 

(34) 

We now proceed to estimate the last term in the above 
inequality. Without loss of generality, we may assume in 
Condition i) that 0 < S < 1. Then, by the relationship be- 
tween geometric mean and arithmetic mean and the following 
inequality 

with p = k/l+S, k 2 2, we have for any nonnegative numbers 
z2.i 2 1 

and so for c 2 1 

Applying this to each Hi(k) gives 

(i+l)T-l 

j=iT 

The second products in the intermediary steps are taken over 
iT 5 jl < j 2  . . . < j k + 2  5 ( i  + l)T - 1. Consequently 

Now, for fixed T take p small enough so that 

5 E  -. t2TC p1+6 

l + A  

then by Condition i) we have from (36) 

Finally, putting this into (34) and using condition (17) we see 
that (32) is true. 

Lemma 5.2: Let Condition i) be satisfied. If (17) holds for 
some T > 1, then 

and consequently Theorem 3.2 holds. 

proof of Theorem 3.1, introduce a sequence {yn} as follows 
Proofi For any vector x with 11x11 = 1) similar to the 

, Y , ~ ~ I  = G,,yr , .  Vn 2 m. ym = x. 
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(Note, however, this is a random equation and is no longer 
deterministic.) Then Vn > m 

Lemma 6.2: If, in addition to the condition of Lemma 6.1, 
/x,\ I c 5 1. then for any p >. 1 

l i p  
- - 

~ n + l  =Gnyn  + (Gn - G n ) y n  
(1 + lz,l) I 2 ' / ~ ( 1 +  ~ l ) ~ - m + l ,  V n  2 m >. 1 

- - (fi  cl)^+ 2 [ fi cl] (G, - c l ) y z .  llt:m 

z=m i=m j = i + I  where /31 = 22P-1(S + 2c4(2)). 
Proof of Corollary 3.1: Let the mixing rate of { F k }  be 

{ q 5 ( k ) } .  By Remark 3.4 we need only to prove (18) for any 
q > 1, by talung CT = T /  d m .  To this end, set 

Hence by (31) 

IIyn+lII I ~ ( 1 -  
n 

+ M c(1 - jm)(n-z))TIIG, - . IIgIII (37) 2% = P l l ~ ~ l l ~ ~ l l ~ ~ l l  I C T ) .  

Since S, = S,(T) is defined by (16), it is obvious that {x,} is 
also a &mixing process with mixing rate {4((z - 1)T + 1)). 

i = m  

consequently, by the definition of 6, in Lemma 5.1 and the 
Gronwall inequality Moreover 

I lyn+l I I I M( 1 - jLa)(n+l--m)T 

x { I + ?  z=m j = z + l  fi ( 1 + 6 j ) h t } .  (38) 

Since p < r .  we can always find a number q such that 
p < 9 < T .  then from (38) and by the Holder inequality (with 
s = (p -1  - q - y )  

which is less than one for suitably small p (with T fixed). 

the &mixing inequality of Ibragimov [21], we know that 
Also, since { Fi} is +mixing and has bounded moments, by 

llE{[Ft - EFt][F,  - EFs]'}II I c d m - .  vt vs  

where c is a constant. Consequently, by the definition of S, 
in (16) it is readily verified that there exists a function f ( T )  
with f ( T )  = o ( T )  such that 

EIISJ( I l l & / l z  I f ( T ) ,  Vi ,VT.  

Hence, by the definition of z, it follows that 
Note that by Condition i), llb,l[s = O(p) .Vs > 1. so by 

IlYn+lllp I M ( 1  - P4(R+1-m)T 

(32) and (39) supEz, I lIf(T). 
z 

Thus, applying Lemma 6.2, we have for any q 2 1 
x (1 + O([1 + pg(T) + O(jL)]"-"+l)) 

+ o ( p ) ] } ( n - m + I ) T  1 lI@ +xa)l lq 
=O({( l  -pcY)[1 + p P g ( T )  

= O( { 1 - [N - T-lg(T)]p + . ( /L) ) ("-m+1)= 1 I 2{ 1 + p [ f ( T )  + 2Td$pTi j ]224- l}n-m+l  

and hence (1 8) is true for any q > 1. This completes the proof 
of Corollary 3.1. 

Proof of Corollary 3.2: By Example 3.2, we need only 

First, for any random variable z 2 0, if x 5 1, then it is 
provided that T is SO large that T-'g(T) < 1212. Hence from 
here it is easy to see that Lemma 5.2 is true. # 

to 

readily verified that (cf., [15]) 

Condition ii) of Theorem 3.2. 

VI. THE PROOFS OF COROLLARIES 3.1 AND 3.2 
E exp (x) 5 exp (2Ex). 

By this, we may estimate E exp (z) in the general case as 
follows 

The proof of Corollary 3.1 is prefaced by the following two 
lemmas. whose proofs are given in Appendix C. 

Lemma 6.1: Let {x,} be a scalar &mixing process with 
mixing rate 4( 2 ) .  If there are constants 6 2 0. c 2 0. such that E exp (z) = E exp { x [ I ( x  5 i) + I(x > i)]} 

Elx,( 5 6. Ixil I c. Vz I II exp { x 1 ( x  I ;)>I12 ' I 1  exp { 4 l l :  > ;))I12 
I exp (213x1 . {I + II[exp (z)]I(z > $)II2). (40) then for any n 2 m 2 0 

Now, denote 
t+T-1 

~ t =  V,  V , = K - E V ,  (41) 
1=t 
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then there exits a constant c > 0 such that 

Ell&tll 5 c f i  Vt,VT. 

Moreover, for any constant b > 0 and small p > 0 

~ e ~ P ( 2 ~ ~ l l ~ t l I ) ~ ( ~ ~ l l ~ t l l >  ;) 
1 

I EexP(2Pbll&tll + d,Gll&tll)exP (-m) 
= O(p2b) .  

Hence, by (40) we have 
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Hence by (43) we have 

Note that 

(z+l)T-1 00 (i+l)T-1 
k - E [ F k ] )  = Aj h - j  

' [ k=iT - ] k=iT j=-m 
si= ( F  

we have 

Hence Condition ii) of Theorem 3.2 holds. 

VII. THE PROOF OF THEOREM 3.5 

The proof is prefaced with two lemmas. 
Lemma 7.1: Let {Pk} be defined by (10). If ( l ( p k 1 1 ~ ~  = 

0(1), p 2 1, then 

sup sup ~~P;lllp < 33. 

P€(O, l )  k?l  

Pro08 By (10) and the matrix inversion formula 

(44) Pk = [P,-'l + PR- lvkY;] - l  + PQ. 

Denote U k  = XmaX(P;') = &, then by (44) 

Xmin(Pk)  2 [U~C-I  + ~ R - ~ J l ~ k l l ' ] ~ '  + pXmin(Q). 

Consequently 

) 1IT fT-1 m 

But, by (42) we know that for some constant c > 0 Uk-1 + p(X,fn(Q) + R-l ( lPk1I2) .  (45) 

E r s p ( ~ ~ T f ~ r - ~ I l ~ ~ r - ~ l I )  5 exp{pftT+lc[T3/2 + O ( p ) ] } .  From this it is evident that Lemma 7.1 holds. 
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, x > 0, is increasing 

Proof of Theorem 3.5: First, (10) can be rewritten as 

pk = (I - PFk)Pk-l(I - PF;) -k Qk 

where 

Qk = PRLkL; + PQ. 

Hence, the desired result will follow directly from Theorem 
3.4 if we can prove that Conditions i) and ii) are true. 

By Lemmas 7.1 and 7.2 and the Holder inequality, it is easy 
to see that Condition ii) of Theorem 3.4 holds for Vt  < p ,  so 
we need only to verify Condition i). 

Note that 
1 1 

1 + Il&k'Pk+ill 
' 

1 + Il&C1ll. 11Pk+i11 

Now, denote 

X k  = (h  + llQ-lllTk)P-l 

where T k  is defined by (46). Then it follows from (47) that 

xk+1 5 (1 - Pak+l)xk + o(1). 
Consequently, by Lemma 3.1 in [16] and (49), we get 

Note, however, that 

xk 5 0 [ 1 +  
(48) i=(k-l)h+l 

where Uk is the same as that in (45). By (49,  there is a constant from (51) it can be derived that (c 
c >  1 + IlP;'ll such that 

P 
U k  5 (1 - !).k-l + Tc(l[pkl12 + I ) ,  

IC 2 1, P E (0 , l ) .  

Consequently, Uk 5 cbk,% 2 1, where bk  is defined by (21) 
with 6 = p/2 .  Thus (48) gives 

From this, by Lemmas 2.1 and 2.3 in [16] and condition (22) 
we know that 

{Qk} E s'(A). for some x E (0,1) 

Note that ak E [O. 1/1 + R]. Then by using Lemma 2.3 in 
[16] again, we derive 

{pak} E So(APR('+R)-l 1 1  VP E (0 , l ) .  (49) 

From this and (47) it is evident that { T k }  and hence {Pk} is 
uniformly bounded in Lp. Vp 2 1; this completes the proof. 

# 

(1: > 0, vp  E (0, l ) .  

(51) 

for some ,Cl > 0, and Vp E (0, l), from this and (50) it is 
evident that Condition i) of Theorem 3.4 holds, and this 
completes the proof of Theorem 3.5. # 

VIII. CONCLUSIONS 

Exponential stability of a tracking algorithm is the key both 
to its practical usefulness and to its analysis. In many cases 
the properties of the averaged dynamic equation (1 3) are easy 
to study. Exponential stability of this deterministic, linear 
difference equation often follows in a straightforward way 
from persistence of excitation conditions for the regressors 
in the underlying estimation problem. The stability of the 
actual, stochastic, difference equation (12), however, is much 
more difficult to establish. The most relevant earlier results, 
[12] and [13], have dealt with continuous time, stochastic 
differential equations. The assumptions used in these articles 
include that the coefficient matrices are bounded and satisfy 
a certain mixing condition. 
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Our main result, Theorem 3.2, deals with the discrete-time 
case. It establishes that the stability of the averaged equation 
implies the stability of the stochastic one under two quite 
general conditions: one being that the tails of the distributions 
of the random matrices decay sufficiently fast and the other that 
the dependence between the matrices also decays sufficiently 
fast. This is the case, for example, when they are linearly 
generated using a stable filter (Corollary 3.2). 

Exponential stability of the homogeneous tracking algorithm 
is sufficient to directly obtain useful results, e.g., about error 
propagation in the algorithm and bounded tracking error. It is 
also a necessary building block in establishing more accurate 
measurements of the tracking performance. 

This requires additional work, however, and we refer to the 
companion paper [17] for such results. 

APPENDIX A 
mOOF OF EXAMPLE 3.2 

Denote X = X j ,  by the Holder inequality 

Then for small E > O  we have 
I n  

M I n 

n m  I 

APPENDIX B 

By Condition i) of Theorem 3.2, we have for any p > 0 

THE PROOF OF "(18) + (17)" 

n 

j=i+l 

j=(i+l)T 

Note that as T ---f 00, T/CT -+ 0, so by the Holder inequality, 
(17) follows from (18) and (B.l) immediately. 

APPENDIX C 
PROOFS OF LEMMAS 6.1 AND 6.2 

Proof of Lemma 6.1: Denote z ,  = nYZm(1 + 111:iI), 

zm-l = 1. Then 
n 

zn = z,-1 + (znlzn-l = 1 + IZZ(Zi- l .  K . 1 )  
i=m 

By Theorem A.6 in [19] it is known that 

lE ( l~ i l z i -~ )  - EJzilEzi-11 5 2$(1) . C *  Ezi-1. 

Consequently, it follows that 

E[J11:iJzi--i] I PEG-1. 

Substituting this into (C.l) we get 
n 

i=m 

hence by the Bellman-Gronwall inequality 

n-1 

Ez n -  < 1 + (1 + p)n-i+lp I 1 + (1 + p)n-m+l. 
i=m-1 

This completes the proof. # 
Proof of Lemma 6.2: By the Schwarz inequality and the 

elementary inequality (1 + 11:)'~ 5 1 + ~ 2 ~ ~ 2 ,  O 5 11: 5 1, it 
follows that 

Since the process ( 2 2 1 ~ )  is also $-mixing with mixing rate 
$ ( 2 k ) ,  by Lemma 6.1, we have V n  2 m 

I {2(1+ 2pPl)n-m+1)1'2p 

< - 21'2P(l + pl)n-m+l (C.3) 
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Similarly, Vn 2 m 

( n  ) 1 P P  

[21] I. A. Ibragimov, “Some limit theorems for staionary processes,” Theory 
Prob. Appl., vol. 7, pp. 349-382, 1962. 

[221 E. F. Infante, “On the stability of some linear nonautonomous random 
systems,” ASME, vol. 35, 1968. 

[23] H. J. Kushner and H. Huang, “Asymptotic properties of stochastic 
approximations with constant coefficients,” SIAM J.  Contr. Optim., vol. 
19, no. 5 ,  pp. 87-105, 1981. 

[24] L. Ljung and S. Gunnarsson, “Adaptive tracking in system identifica- 

< 2 1 q 1  + p J - m + l .  

(C.4) 

tion-A survey,” Automatica, vol. 26, no. 1, pp. 7-22, 1990. 

usine general trackine aleorithms.” Int. J.  Adaptive Contr., vol. 5. no. 

by (c’3) and (c’4)1 the desired from 
[25] L, ~j~~~ and p, p,jouret, “A result of the mean square obtained 

(C.2). # 
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