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Exponential Stability of General Tracking Algorithms

Lei Guo and Lennart Ljung, Fellow, IEEE

Abstract— Tracking and adaptation algorithms are, from a
formal point of view, nonlinear systems which depend on sto-
chastic variables in a fairly complicated way. The analysis of such
algorithms is thus quite complicated. A first step is to establish the
exponential stability of these systems. This is of interest in its own
right and a prerequisite for the practical use of the algorithm. It
is also a necessary starting point to analyze the performance in
terms of tracking and adaptation because that is how close the
estimated parameters are to the time-varying true ones.

In this contribution we establish some general conditions for
the exponential stability of a wide and common class of tracking
algorithms. This includes least mean squares, recursive least
squares, and Kalman filter based adaptation algorithms. We show
how stability of an averaged (linear and deterministic) equation
and stability of the actual algorithm are linked to each other
under weak conditions on the involved stochastic processes. We
also give explicit conditions for exponential stability of the most
common algorithms. The tracking performance of the algorithms
is studied in a companion paper.

1. INTRODUCTION

O track parameters that describe time-varying properties

in signals and systems is of fundamental importance in
many applications. There is a quite substantial literature on
this topic, and much effort has been spent on the analysis of
these algorithm. See among many references, e.g., the books
and surveys [26], {291, [28], and [24] as well as {2], [9], [11],
[23], [6], and [5].

The analysis problem is surprisingly difficult, and no gen-
eral, comprehensive theory is really available.

It is the purpose of this contribution, together with the
companion paper [17], to provide some quite general results
for the analysis of tracking algorithms. In particular, we are
concerned with results that apply to more general algorithms
than the familiar and simple least mean squares (LMS) method.

As remarked, e.g., in [24], the analysis of tracking algo-
rithms naturally splits into two different, but related, problems:
one is to establish that the algorithm is exponentially stable,
and the other is to obtain useful expressions for its perfor-
mance. It is also desirable to treat a whole family of algorithms
under similar conditions.

To be more specific, consider the following standard linear
regression
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Yk = @ik + vk

where (yx, @r) are measured signals, vy is a disturbance se-
quence, and 6, is an unknown time-varying (vector) parameter
process whose variation at time & is denoted by Ay, i.e.,
Or = k1 + Ay 2)
Adaptive tracking and estimation algorithms for the un-
known parameter ), usually have the following form (e.g.,
[26], 129D
fe1 = Ok + uLli(yx — 030), € (0,1)  3)
where Ly is a random process, called the adaptation gain vec-
tor, which reflects the “direction” of adaptation. The constant
is called the step size or speed of adaptation, which is usually
chosen to be small for slowly varying parameters.
Denote

O 26— b, Fi 2 Ligf. 4)
Then (1)—(4) give the following error equation
Orsr = (I — pFi)0k — pLive + Agyr. (5)

By taking different gain sequences Ly, we obtain the following
three well-known basic algorithms:

a) Least Mean Squares (LMS)

Fi = prpk.- ©)

b) Recursive Least Squares (RLS)
Fi = Prprpk M
N e sy

¢) Kalman Filter (KF) based algorithm

Pr_109},
Fp=s——"7—"— ()]
T R+ uop Peo1k
1P 1019} Pe—1
Po= Py — PEAZ1PROTRL )
TR T Rt gl P 1ok “o
(R>0,Q>0). 10)

The KF algorithm would be the optimal algorithm if
Ay and v, in (1)«(2) were white Gaussian noises with
covariances @ and R, respectively.
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For the above general tracking algorithms, our prime interest
is in the values of the covariance matrix of the tracking error
E[Gkég]. Unfortunately, except for some trivial cases, precise
expressions for this error are extremely difficult to obtain,
mainly due to the inherent dependence between the signals
{¢k.vk. Ar}. In the companion paper [17], we show that
this value can be well approximated by an easily computable
expression, namely, by

ks = (I - pE[F)I(I - pE[Fe])T
+ P EviE[Ly L) + E[Ax+1AF,] (D)
with the following guaranteed accuracy
EBkr16741) = Miesa || < o()|[Tega |

where o(pu) — 0 as g — 0, provided that the signals
{pk.vk. Ay} satisfy a certain weak dependence condition and
that the homogeneous equation of (5)

Tri1 = (I = pFe)zs (12)
together with its “averaged” equation
Tt = (I — pE[FL])Tk (13)

is exponentially stable in stochastic and deterministic senses,
respectively.

It may be shown, using the stochastic BIBO (bounded-
input/bounded-output) results in [16], that exponential stability
of (12) and (13) are necessary in general to guarantee the
boundedness of E||6||? and ||II;||. Exponential stability of
time-varying equations has been recognized to be a tough
problem, and few existing methods and results are available,
especially in the stochastic case. In general, the deterministic
equation (13) is relatively easy to handle compared to the
stochastic equation (12), and hence our main efforts in this
paper will be focused on stochastic stability of (12), which
essentially amounts to studying a product of random matrices.

The investigation of products of random matrices and of
the related random linear differential equations has a long
history (e.g., [10], [1], [3], and [4] and the references therein)
where stationarity and ergodicity of the random matrices are
usually assumed and only the asymptotic stability (a weaker
property than exponential stability) has been studied. Related
results for continuous-time random linear equations are also
available (see, e.g., [7] and [22]). Concerning the exponential
stability, some interesting results for continuous-time random
differential equations are presented in [12] and [13], under the
assumption that the coefficient matrices are uniformly bounded
and satisfy a certain mixing conditions. Without imposing any
specific assumptions on {F%}, some stability results on (12)
are obtained in [16] by transferring the exponential stability
of the vector equation to that of a relatively simple scalar
random equation via a random Lyapunov equation (but the
dependence of the Lyapunov exponent on 4 is not quantified
when applied to KF). A detailed study for products of bounded
nonnegative definite random matrices is also presented in [16].
These results, as mentioned in [16], are just preliminaries for
parts of the results to be established in the present paper.
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Tracking algorithms differ mainly in their form of adaptation
gains. In general, the gains can be roughly divided into two
classes: gradient-based gains (e.g., LMS) and Riccati equation-
based gains (e.g., KF and RLS). Thus, exponential stability of
(12) will naturally be studied separately for each cases.

In this paper, we shall prove that:

1) For a quite general class of { F}}, the (stochastic) expo-
nential stability of (12) is equivalent to the (determin-
istic) exponential stability of (13) without necessarily
requiring boundedness, stationary, and strong mixing
conditions on the coefficient matrix process. This may
be directly applied to a general class of gradient-based
algorithms, and

2) For algorithms with gains based on Riccati equations,
especially for the standard KF algorithm, we shall prove
that by reducing the dimension of the stochastic equa-
tions in question, the exponential stability can be es-
tablished by resorting to a general stochastic excitation
condition.

Our main result will be formulated as Theorem 3.2 in
Section III. It states that exponential stability of the averaged
equation (13) implies exponential stability of the actual one,
(12). The conditions for this are essentially that i) the distri-
butions of the stochastic matrix F} have rapidly decaying tails
and ii) that the dependence among the different Fj. decays
sufficiently fast. These assumptions are quite weaker than
boundedness and strong mixing, respectively.

The result in itself is of a technical nature, but has an
independent interest, in addition to being a building block
for more practical performance analysis. Even more so, the
reader will find that the proof is quite technical and the
development in several of the sections is terse. This seems
to be unavoidable, given the character of the problem.

In a companion paper, [17], the exponential stability results
are applied to analysis of the tracking performance of a broad
class of algorithms.

II. NOTATION

For convenience of reference, here we collect the main
notations to be used throughout the paper.

a) The maximum eigenvalue of a matrix X is denoted by
Amax(X), and the Euclidean norm of X is defined as its
maximum singular value, i.e.,

X1 Pmax(X X7}
and the L,-norm of a random matrix X is defined as
A
1X[l, = {BE(IX|P)}?,

p2 1L

b) For any square random matrix sequence F = {Fy}
and real numbers p > 1.u* € (0.1). the stochastic
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exponentially stable family is defined by

k

II 7 -wF)

j=itl

Sp(u*) =4 F: < M(1 - pa)tt,

P
V€ (0,u*],Vk > >0,

forsome M >0 and a€(0,1)

Likewise, the corresponding deterministic exponentially
stable family is defined by

k

II @ - kEFD|| < M1 - pa)*~,
Jj=it+i
Vu € (0,p1*],Vk > i >0,

S(ut) ={ F:

for some M >0, and a€(0,1)

In what follows, it will be convenient to set

U S s2 | sw).

n*€(0,1) p*€(0,1)

Sp = (14)

These sets thus mean that the stochastic, and determin-
istic, respectively, equation is exponentially stable for at
least one nonzero value of 4 (and then also all smaller
values).

¢) For a scalar sequence a = {ax,k > 0} and X € (0,1),
we set

n

SN =qaa€0,1L,E J] (1-a;) < MA,

J=i+1
Yk >i2>0, forsomelM >0.
Also

s°2 | s, (15)

A€(0,1)

d) Letp > 1,F 2 {F;}. Set

(G+1)T-1

sV = 3 (R -E[R) (16)
t=3jT

and define the set

My, = {F:sup HSJ(-T)H,, =o(T), as T — oo}.
7

The sum SJ(-T) consists of T' zero-mean terms, and just
requiring that its norm increases slower than 7" means that
a rather weak averaging property is imposed on the Fj. As
is known, martingale difference sequences, ¢- and a-mixing
sequences, and linear random processes are all in the set M,
(see [18]).
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III. THE MAIN RESULTS

A. Stochastic Averaging Based Results

We first claim that under a very general weak dependence
condition, the stability of stochastic equation (12) implies
stability of averaged equation (13): {Fj} € 6, implies that
{Fk} € 6.

Theorem 3.1: Let {F.} be a random matrix process be-
longing to M. Then

{Fi) €Sy = {F} €8S.

The proof is given in Section IV.

Remark: By Jensen’s or Lyapunov’s inequality it follows
that { .} belongs to S, if it belongs to S, for any p > 2. The
theorem thus holds for any p > 2. If some further assumptions
(like independence among the F}) are introduced, it can be
shown along the lines of the current proof that it will also
hold for p > 1.

Next, our main task is to establish the following “converse”
assertion together with its consequences.

Theorem 3.2: Let {F}} be a random matrix process. Then

{Fk} €S> {Fk} €S, Vp2>1

provided that the following two conditions are satisfied:

i) There exist positive constants ¢,d, M and K such that
forany n > 1 >0

Eexpqe Y ||F|[" 3 < Mexp {K(n—i)}.
=i+l

ii) There exist a constant M and a nondecreasing function
g(T) with g(T) = o(T) such that for any fixed 7, all
small x>0and any n > 17> 0

Eexp{u Y 1SN p <M exp{lug(T)+o(10))(n—i)}
j=i+1

where S§T) is defined by (16).

The proof is given in Section V.

Now, some remarks and discussions on the above two
conditions are in order.

Remark 3.1: Note that i) and ii) of the theorem are trivially
satisfied if F}, is deterministic. In that case, the theorem is of
course vacuous, but the point is that no too strong assumptions
have been introduced.

Remark 3.2: Condition i) is immediately satisfied if
||F;]| < L,Vj, for some constant L > 0. This is the case when,
for example, a normalized version of the LMS algorithm
is considered (cf., [16] and [24]) or when a weighted
version of LMS with Lp = Pyyy is studied (cf., [25]),
where ¢, is a bounded random regressor and Py is any
bounded deterministic weighting matrix (the standard LMS
corresponds to P, = I). In general, Condition i) implies
that the distribution of the random process {F:} has an
exponentially decaying tail. This kind of condition has been
previously used in stability analysis of stochastic differential
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equations (cf., [20]) and in stochastic adaptive control (see
[271). We now give two examples to illustrate this condition.

Example 3.1: If there are positive constants ¢, , M, h such
that

Eexp {¢||Frsn|' T8 |{Fe} < M, vk

then similar to the proof in [15], it can be verified that
Condition i) holds.
Example 3.2: Let {F:} be dominated by a linear process

et oo
I1Fell < Z AWk~ j, Z Aj < oo

j=—o0 j=—o0

with A; > 0 and with {wx} being a nonnegative independent
process satisfying

sup Eexp {awlt®} < et < o0
k

for some positive constants o, and b. Then Condition i) is
also true. (The proof is given in Appendix A.)

Remark 3.3: Let {F}} be a sequence in M,, then with
.S'](.T) defined by (16) we know that sup; !|S§T§||p = o(T)
as T — oo. This gives an intuitive explanation for the upper
bound in Condition ii). This condition mainly reflects the weak
dependence property of the coefficient matrices and cannot
be removed in general. To see this, let F, = f,Vk, with
f being a random variable uniformly distributed on [0, 1].
Then, clearly, {F;} € S and Condition i) holds, but for any
p > 1,{Fi} € Sp, because for any p1 € (0,1)

n n 1 1
— FE - f)= —z)"dx =
pll0-mn2ell0-n= [fa-ori=

which does not tend to zero exponentially fast. This example
also shows that even for stationary cases, the result of Theorem
3.2 may not be true if no weak dependence condition is
imposed.

Remark 3.4: From the proof of Theorem 3.2, it follows that
if Condition ii) is replaced by a weaker one (r > 1)

n

IT @+ uiss™mn
j=i+1 ,

<M1+ pg(T) +o(W]*™",  Vr2i20 (17)

then we have {Fi} € S,,Vp < r. Moreover, under Condition
i), (17) can be guaranteed if for some ¢ > r

IT 0+l s&hrss™) < er)}

=i+l

< M{1+ pg(T) + o(p)}" %,

q

Vn>i>0 (18)

where cr satisfies T = o(cr) as T — oo, and I(-) is the
indicator function. (The proof of this fact is given in Appendix
B.)

Since the truncated random process {||Ss”||I(]|S7|| <
cr),j > 1} is uniformly bounded, (18) will considerably ease
the task of verifying Condition ii), as evidenced by the proof
of the following corollary (see Section IV).

1379

Corollary 3.1: Let {F.} be a ¢-mixing random process
satisfying Condition i) of Theorem 3.2. Then
{Fele S = {F} €S, Vp > 1.
The next corollary shows that Theorem 3.2 is also applicable
to a wide class of matrix processes other than ¢-mixing (see

Section VI for the proof).
Corollary 3.2: Let {F}} be expanded as

oo

Y l4jll<eo

j=—o0

F, = Z AVi_j + &k,

j=—o0

(compare this with the well-known Wold decomposition for
stationary processes in, for example, [8]), where {V} is an
independent sequence satisfying

sup E exp {a]|Vi||'T®} <00, forsome «>0,6>0
k

and {£;} is a bounded deterministic process. Then

{F} € S = {Fi} €S, Vp > 1.

Now, we show how Theorem 3.2 can be conveniently
applied to the analysis of LMS.

Theorem 3.3: Let {Fi} be a sequence of nonnegative def-
inite random matrices (e.g., the LMS case). If {F}} satisfies
the conditions in either Corollary 3.1 or Corollary 3.2 and if
there are constants A >0 and 6 >0 such that

k+h
> E[F]>6I, Vk
i=k+1
then we have
{Fr} €S, NS, Vp > 1.

Proof: By Corollaries 3.1 and 3.2, we need only to show
that {Fy} € S(p*), for some p* € (0,1). This follows
directly from Theorem 2.1 in [16], however, if we take the
matrix Ay there as the deterministic matrix pE[Fy] and take
p* < (supy [|E[Fe]l))~

B. Stochastic Lyapunov Equation Based Results

In general, given a random matrix process {Fy}, we may
always transfer the study of {F;} € S, to that of a relatively
simple scalar random sequence in S°, via the following
random Lyapunov equation

Pk+1 = (I—/LFk)Pk(I—p,F,:)-{—Qk, P()>0 (19)
where {Q} is a sequence of nonnegative definite random
matrices (may depend on p). The following result is proved
in Theorem 2.4 of [16]. (Recall the definition of S in (15).)
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Theorem 3.4: Let {F,} be an arbitrary matrix random
process and {Q:} be any sequence of positive definite random
matrices. If {Py} defined by (19) satisfies the following two
conditions (for some u* € (0,1),a € (0,1),p > 1)

) 1
) {1+ IIQEIPkHII} € 51— aw),
i) sup  sup [[(1Pall- 1P UNllp < 0

peO,p*)n

then {Fi} € Sp(u*).

Note that the essence of both i) and ii) is that P stays
bounded even if Q. does not vanish.

Based on this result, we may establish the exponential
stability of the KF algorithm. The RLS algorithm may also
be analyzed within this framework. Due to its special form,
however, simpler methods exist (cf., [18]), and we shall not
discuss that here.

Now, let h > 0 be an integer and let G, be the sigma-algebra
generated by {¢;,7 < k}. Introduce

Yu € (0,u"),

(k+1)h
M 2 Amin 3 5 |Gk (20)
5% 2 T
bi = (1 — 8)be—1 + 6(|lkl|> + 1), 5e€(0,1). (1

Theorem 3.5: Consider the KF algorithm defined by (3),
(9), and (10). Assume that there are constants A € (0,1)
(independent of §) and h >0 such that

Ak } 0
— 3 e S(A
{1+bkh+1 @)

where S()\) is defined by (15), and A; and by, are defined by
(20) and (21). Assume also that for some p > 1, ||¢k|l2, =
O(1). Then {Fy} € &, Vi<p.

The proof is given in Section VIL

Let us comment on condition (22). It is a variation of stan-
dard persistently excitation (PE) conditions for the regression
sequence {(;}. The usual PE condition contains two parts: a
lower bound on the “richness” of the regressors and an upper
bound on their growth rate. Condition (22) means that the
smallest eigenvalue \; is not “too small” and that b; (and
hence ¢y) is not “too large.” Thus, (22) is similar in spirit as
the standard PE conditions.

Remark 3.5: A simple case where (22) holds is when ¢y
is bounded and persistently gets “full rank contributions.” The
latter would mean that

(22)

Ok+1 = @k Qr—1, ) + Vg1

where vi41 is independent of the past and of uniformally
full rank. That means that A\, can be taken as a strictly
positive, deterministic scalar (<1), and b; is bounded, for
which trivially (22) holds.

Remark 3.6: When {¢,} is bounded, so is {b;} defined by
(21), and hence the excitation condition (22) is implied by
{M} € 8°()) (cf., [16]). This condition has been studied in
detail in [16]. Also, when {4} is unbounded, but is the output
of a linear state-space model, then (22) can also be verified
(cf. [16]).
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IV. THE PROOF OF THEOREM 3.1

We start with lemmas.

Lemma 4.1: Let ag,a;,---,ar be random variables inde-
pendent of y. If there exist x* > 0, and a function M (1) such
that Vi € (0, 1]

llao + pay +- -+ pTar|[, < M(u) <oco, forsome p>1

then there is a constant M (independent of u) such that

||ai“pSM<007 VZ=07137T
Proof: Take (T + 1) distinct real numbers p; € (0, u*),
i=1,2,---,T+1, and set A = (ao, a1, --,a7)", U; = (1,
Hiy ot ’/l'ZT)T’ U= [Ula v 'aUT+1]-
Then by the assumption, we have
HATUz”pr(M)a i=1,---,T+1
consequently, by the Minkowski inequality
AUl =11A7[Us, - -+, Ura]llp
T+1
<||AUllp + - + 1A Uraally < Y M(ps).

i=1
But U is a nonsingular Vandermonde matrix, so we have

ll4ll, = 1AV, < AU, - (101 < U]
T+1

S M)
=1

#
Lemma 4.2: Let T > 2 be an integer. Denote
(n+1)T-1 (n+1)T—-1
A —
i=nT i=nT

Assume that {Fi} € Sa(p*) N My for some p* > 0. Then for
any p € (0,p*] and all n > 1

IGn = Galla < pTf(T) + O(k?)

where the “O” constant may depend on T, and f(T) — 0 as
T — oo.

Proof: By the definition of Sz(p*), it is seen that

[l = uFi|l2 < M, Yy € (0, "], Ye>1 (23)
and
IGalla < M(1 — pe)™ <M, Vpe(0,p%], Yn>1.
(24)
Note that (23) implies
1Fellz < (u*)"'(M +1)<oco,  Vk. 25)
Now, a direct expansion of the products yields
(n+1)T-1
Gn=CGn=p Y {F-EF)
1=nT
+ Ao+ pAr+ -+ uT TP Ao} (26)
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for some matrices Ag. Aj.---. Ar_o depending on {F;} and
T. From (24)+26) we know that there is A (u) such that
Y € (0. 1%

Ao + pAr + -+ pT 72 Ar ol < M(p) < x.

Thus by applying Lemma 4.1 (to each element of the matrix
under consideration), we know that

where M may depend on T (but not on p).
Now, by using (27), it follows from (26) that
(n+1)T-1
NG =Gulla<ul| Y. [F—EFE)| +002).
i=nT

2
Hence Lemma 4.2 follows immediately from the assumption

{Fk} E ./MQ. _
Proof of Theorem 3.1: For any T > 2. let G, and G,
be defined as in Lemma 4.2. For any vector z with ||z|| = 1,

introduce a sequence {z,} as follows
Tntl = Gptn. Yn>m.r, =2
Then Vn>m

Tne1 =Grrn + (én - Gn)l‘n
:(H G,').’L‘mAZ H Gj (Gi—ai)l‘i‘
i=m i=m | j=i+1

Note that {z;} is a deterministic process, by the Schwarz
inequality it follows that

G|l + ST G|l 16 - Gillalill.
2

. - i
=m t=m |{j=1+ 2

Since {Fy} € Sa(p*), we have Vn > 7.V € (0. p*]

H-L‘n—f—l || S

\ n (n+1)T—-1
[Ial = II U-rF) <MAL-pa)"=7
J=i+1 5 (+1)T

for some M >0.a € (0.1).
Therefore, from this and Lemma 4.2, it follows that

Heasetll <M1= po) "= DT LAY (1 = ap) 0T

x {uT f(T) + O(u®) Y |:]l. (28)
Now. let T" be suitably large so that
AT) < 53 (29)
Then by denoting
2n = ||zall(1 = pa) ™"
g = [T+ 0|1 =am)™  GO)

we have from (28) and (29)

2t S M(L= pa)™™ T 4 g(u) Y 2

i=m
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Consequently, by the Bellman—Gronwall inequality we have

1 SM(1 - ua)‘"‘T{l + > (1 +gw) 'g(u)}

<2M(1 — po) T + g(p)t T

Therefore, by using (30) and the inequality (1 + z)* <
1+az.z > 0.a € (0.1], we get

Hzn+1H < 2M(1 - ,ua)("*erl)T
AL+ g(p) VT YnmmaT

<2M{(1 = pa)(1 + T~ 1g(p))}m-m+0T
= - @ 2
._2M{(1 ua)[l-}- (2ﬂ+0(li ))
(n-m+1)T

(1= au)‘ﬂ} :
From this, it is obvious that there is p1 € (0, u*] such that
Yn > m
)(”*m+1)T

63
llznsall < 2M(1 —gh

From here it is not difficult to conclude that {Fx} € S(p1).
This completes the proof.

V/" € (0 u'l]

V. THE PROOF OF THEOREM 3.2
First of all, by {Fi} € S, there exist constants M >0, a €
(0.1),u* € (0,1) such that Vk > ¢ > 0

k
[T (7= uEIF]|| < M1 = pa)*,
j=i+1

Y€ (0,u7].

3D

The proof is then divided into two lemmas.
Lemma 5.1: Let G, and G, be defined as in Lemma 4.2
and {6;} be defined by

6i:M(1—au)_THG1‘—§1‘||, T>0

where the constants M and « are defined in (31). Under
Condition i) if (17) holds for some r > 1, then there exists
a function g(T) with g(T) = o(T) such that for any fixed T
and for all small p

n

I a+s)

<M1+ pg(T) + o(w)]" ™,

j=i+1 .
Vn>:>0, VYg<r. (32)
Proof: First, note that by (26)
Gi = Gi=uS" + ) H; (33)

where Si(T) is defined by (16). We shall drop the argument
(T) in the sequel. Moreover

p2H; = (2Hi(0) + pPHi(1) + -+ + pTHy(T = 2) + O(1?)
with
H1(d) = ZFjd*-z "'Fjl‘
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where the summation is over
T <ji<ja< o <Jjara S(E+ 1T -1

Denote ¢ = M(1 — pa)™7 and t = (¢! — r=1)71, we have
by the definition of §; and (33)

n

II a+6)

j=it1 .
=|| [ a+¢liG; -Gl
j=i+l a
<|| TT @+ weliS;ll + uellH;l))
j=it+1 .
<|| IT @+ uelis;iy TT (@ +wPeliH;1)
J=1+1 Jj=i+1 q
<[ TT @+ nells;i)
j=itl .,
TI (t + u2ellE 1) (34)
j=i+l ¢

We now proceed to estimate the last term in the above
inequality. Without loss of generality, we may assume in
Condition i) that 0 <4 < 1. Then, by the relationship be-
tween geometric mean and arithmetic mean and the following
inequality

14z < exp (Bz/9), VB >1

with 8 = k/1+8, k > 2, we have for any nonnegative numbers
Z;. i > 1

IN
o
]

T

IN
®
%

el

and so for ¢ > 1

cpulte
1+6

1+ukcxl~--zk§exp{ (m{+‘s+~-+z}c+5)}.
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Applying this to each H;(k) gives

(1+ p2e||Hil])
T-2

< L+ 2elH (R + 0(s2)
k=0

T-2
< [T T + i 2eliFi -+ Fin D + O(i2))
k=0

T-2 e+ k2 s
I+

< HHEXP many

k=0 s=1

(14 0(1?))

oT, (G+1)T-1

< RS F 146
<exp T n Z;T |

S(140(?)).

The second products in the intermediary steps are taken over
1T < j1<jo--+ <jr+2 < (i 4+ 1)T — 1. Consequently

E|| IT @+ uelif;l)
j=i+l

T (n+1)T-1

27c i4s Z

t
L+é i=G+1T

X (14 0(u2))H=0),

< exp lIF511*°

(36)

Now, for fixed T take p small enough so that

t2Tc

R
i+a F o =F

then by Condition i) we have from (36)

n

I @+ el

j=it+1 .

<oxp { 2L g = T U1+ 0

oTKTe o
< e 032 .
—(1+5(1+6) w0+ Op ))

Finally, putting this into (34) and using condition (17) we see
that (32) is true.

Lemma 5.2: Let Condition i) be satisfied. If (17) holds for
some r > 1, then

{Fk}GS#{Fk}ESP, Vp<r
and consequently Theorem 3.2 holds.
Proof: For any vector z with }|z|| = 1, similar to the

proof of Theorem 3.1, introduce a sequence {y,} as follows

Yn+1 :Gnyn- Vanym = .
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(Note, however, this is a random equation and is no longer
deterministic.) Then Vn > m

Yn+1 =anyn +{Gn — én)yn
:(Ha,)I'}'Z H E] (G,‘-Ei)y,
i=m i=m | j=i+1
Hence by (31)

Wyns1l] €M1 = pa)tn+i-mT
$M S (1= )G, ~ Gl | BT

consequently, by the definition of §; in Lemma 5.1 and the
Gronwall inequality

Nynsa]] <M1 - ;La)(nH_m)T

X 1+i ﬁ (1+(5]’)6i

i=m j=i+1

(38)

Since p<r. we can always find a number ¢ such that
p < g <, then from (38) and by the Holder inequality (with

s = (p7t—¢7H™h
ynslly <M1 = pa)mtt=mT

n

II a+6)|| sl

j=itl

x <1+

i=m

(39)
q9

Note that by Condition 1), ||6;||s = O(u).Vs>1. so by
(32) and (39)

[gnsally < M(L = pa)41=mT

X {14 O([1 + ug(T) + o(w)]" "™+ 1)}
=O0({(1 - pa)[1 + uT*g(T)

+o(p)]} DT
=0({1 = [a = T g(T)]p + o(p)} "~ +1T)

:0({1 - %“ + ()(/.L)}(n*m+l)’r)

provided that T is so large that T~ 1g(T) < a/2. Hence from
here it is easy to see that Lemma 5.2 is true. #

VI. THE PROOFS OF COROLLARIES 3.1 AND 3.2

The proof of Corollary 3.1 is prefaced by the following two
lemmas. whose proofs are given in Appendix C.

Lemma 6.1: Let {z;} be a scalar ¢-mixing process with
mixing rate ¢(i). If there are constants § > 0.c > 0. such that

Elz;| <6, || <, Vi
then for any n > m > 0
E [+ e <200+ gynm?
i=m

where 4 = *» — 200(1).
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Lemma 6.2: If, in addition to the condition of Lemma 6.1,
|z;] < ¢ < 1. then for any p > 1
< 21/;)(1 +/31)n—m+1’

[T+ )
=m P

where 81 = 22P71(6 + 2¢¢(2)).
Proof of Corollary 3.1: Let the mixing rate of {F.} be
{¢(k)}. By Remark 3.4 we need only to prove (18) for any

g>1, by taking ¢ = T/\/¢$(T + 1). To this end, set
zi = p|lSilH(|[S:]] < er).

Yn>m>1

Since S; = SfT) is defined by (16), it is obvious that {x;} is
also a ¢-mixing process with mixing rate {¢((z — 1)T + 1)}.
Moreover

T
Ty S P
V(T +1)
which is less than one for suitably small x4 (with T fixed).

Also, since {F}} is ¢-mixing and has bounded moments, by
the ¢-mixing inequality of Ibragimov [21], we know that

E{[F: = ER][Fs — EF]}| < ey ¢(|t = s])

where ¢ is a constant. Consequently, by the definition of S,
in (16) it is readily verified that there exists a function f(7T')
with f(T) = o(T) such that

ESi]| < ISil2 < £(T),

Vit Vs

Vi, VT.
Hence, by the definition of z; it follows that

sup Ez; < uf(T).

Thus, applying Lemma 6.2, we have for any ¢ > 1

H(l +.Z‘i)

i=m

q
S 2{1 + lu‘[f(T) + ZTW]QQQ—I}n—m+1

and hence (18) is true for any ¢ > 1. This completes the proof
of Corollary 3.1.
Proof of Corollary 3.2: By Example 3.2, we need only
to verify Condition ii) of Theorem 3.2.
First, for any random variable z > 0, if z < 1, then it is
readily verified that (cf., [15])

Fexp(z) < exp(2Ex).

By this, we may estimate E exp(z) in the general case as
follows

Eexp(e) =B exp{all(z < 3) +1(r> )]}

<|lexp{aI(z < )}z - [lexp {zI(z > 3)}2
< exp (2Ez) - {1+ ||[exp () (z > 3)|2}. (40)

Now, denote

41
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then there exits a constant ¢ > 0 such that
Elle;|]] < VT ¥t VT.

Moreover, for any constant b> 0 and small x>0

Bexp ubllee)T (bl > 3 )

< Eexp (2ublled]] + v/ibllecl]) exp (—
= O(u?b).

)

Hence, by (40) we have

E exp (pbllec]) < exp {2ube[VT + O(u)]}. (42

Note that
(i+1)T-1 oo (H+)T-1
Si= Y (FR-EFRD= > 4| > Vg
k=iT j=—o0 k=:iT
we have
E exp {u > Hs,~{|}
i=m+1
n oo (+1)T-1
<Eexp{p 3 DAY Y. Ve
i=m+1j=—o0 k=:T
n oo +)T-1-5
=FEexp{p Y, Z Nl > v
i=m+1j= s=iT—j
t+T—1

}

p i tlletll},(ft= i HAiT—t”>

i=m+1

>V
i=m+1t=—00 a=t

e lu S (z ||A1-T,t||>nst||}

t=—o0 i=m+1

II

rLf
{u > il
a0

ror

t=—o00

T—-1 oo
= Eexp ,uz Z fer+jlleer+sl]

j=0t=—0

T
{H Eexp (MT Z ftT+]||5tT+J“>}

t=—o00

T-1 oo yr
={H [I Eexp (qutmlletmjll)} . 43)

j=0 t=—o00
But, by (42) we know that for some constant ¢ >0

E exp (/‘TftT—JHftT—]H) < exp {#ffT*]C{TS/Z + O(l‘)]}
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Hence by (43) we have

Eexp {u > IISiH}

i=m+1
T-1 oo

< exp {Z Z pcfer+; VT + O(#)]}
j=0t=—0c0

= exp { > uefilVT + 0(#)]}

t=—0o0

= exp { zn: u0< > ||AiT—t”>[ﬁ+ O(u)]}

i=m+1 t=—o0

= exp {[u6< > HMI) VT + 0(u*))(n - m)}-
t=—00
Hence Condition ii) of Theorem 3.2 holds.

VII. THE PROOF OF THEOREM 3.5

The proof is prefaced with two lemmas.
Lemma 7.1: Let {P:} be defined by (10). If ||¢k|l2, =
O(1), p > 1, then

sup sup||Py
#€(0,1) k>1

Hp<oo.

Proof: By (10) and the matrix inversion formula

P, = [P}, + uR™or}] ™t + Q. (44)

Denote uy, = Amax(Py }) = Wl(PJ’ then by (44)

Amin(Pr) > [ur—1+ #B7 {9k Pl + pAmin(Q)-
Consequently

ur < {fuk-1 + #BR7H@rl 17 + pAmin(@)}
up—1 + pR™ |k l?
1+ p(ur—1 + LR7@r]|?) Amin(Q)
ug—1 + pR7 |kl

= 14 ptg—1Amin(Q)
U1

P e S
~ 1+ Mukwl)\min(Q)
Uk -1

= 1 + HUE— 1)\mm(Q)
X [T(ug—1 2 Agh (@) + I{uk—1 < Agin(@))]
+uR Yleol?

1 I(Uk 12 A00(Q)

+uk (=1 < ALL(Q)) + Rkl

+ pR 7 [kl ®

<=

1i et (1 1u)”k (-1 <053 (Q))
+uR ™kl
S(l-il-,u)uk L HOGQ) + R gl ) @3)

From this it is evident that Lemma 7.1 holds.
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Lemma 7.2: Let condition (22) hold. Then for { P} defined
by (10)

sup sup || Px||p < o0, Vp > 1.

n€(0,1) k21

Proof: Denote
kh

>

i=(k=1)h+1

Ty = tr (Pit1), To = 1. (46)

Then similar to (4.4) in [16], we have
Titr < (1 = par41) Tk + O(p) (47)

where

(k+1)h -

PYip;
tr | (Pens1+phQ)? E T
i el

a = .
ST BB D)1+ Amax(Prnr1 + #RQ)] tr (Penr1 + 10 Q)
Note that

Elak+1|Gkn]

S (L4 h)tr (Perga + #hQ)% Ak
T (R + D1 + Amax(Pent1 + uhQ)] tr (Pers1 + uhQ)
(1 + h))\k /\max(th+1 + I‘Lh’Q) 5
: d=d
T dh(R+1) 14+ Amax(Prns1+phQ)’ ( m (o)
(L+M)XA Amin(Prnt1)
T dh(R+1) 1+ Amin(Pert1)’

z
<1+—z , x>0, 1s increasing)

_ 04k 1
AR+ 1) 14 Amax(Pipky)
1+h Ak

“dh(R+1) 1+ ugns “8)

where uy is the same as that in (45). By (45), there is a constant
¢>1+||P;Y| such that

ue < (1= Bucs + elllonl? + 1),
k>1, pe(0,1).
Consequently, ur < cbg, Yk > 1, where by is defined by (21)
with § = /2. Thus (48) gives

1+h Ak
E Tin] > : .
(@21 n] 2 dch(R+1) 1+ brasr

From this, by Lemmas 2.1 and 2.3 in {16] and condition (22)
we know that

{ar} € S°(N),

for some A € (0,1).

Note that ax € [0.1/1 + R]. Then by using Lemma 2.3 in
[16] again, we derive

{nar} € SOARA+RTH (49)

From this and (47) it is evident that {T}} and hence { P} is
uniformly bounded in L,,Vp > 1; this completes the proof.

#

Y € (0,1).
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Proof of Theorem 3.5: First, (10) can be rewritten as
Pe=(I - pF)Peor(I = wF]) + Qx
where
Qk = pRLyLE + pQ.

Hence, the desired result will follow directly from Theorem
3.4 if we can prove that Conditions i) and ii) are true.

By Lemmas 7.1 and 7.2 and the Holder inequality, it is easy
to see that Condition ii) of Theorem 3.4 holds for V¢ < p, so
we need only to verify Condition i).

Note that
1 1
= 2 —
1+ [1Q% Petall ~ 1+ 1QF |1 - | Piall
1
2 —1|[O-1
1+ p~ QY| - || Pr1l|
I
> . (50)
L+ {IQ7H] - [[Prgall
Now, denote

ok = (h+[1Q7 | Te)n™!
where T}, is defined by (46). Then it follows from (47) that
Zit1 < (1 — parsr)zi + O(1).

Consequently, by Lemma 3.1 in [16] and (49), we get

{zi} S8%1 - ap), forsome a>0, Vp € (0,1).
k

(51)
Note, however, that
kh
o= > WL+ [IQ7M tr (Prya)]
i=(k—1)h+1
from (51) it can be derived that (cf., [14, Lemma 5])

[ (1 _
{1+||cz—1||-||Pk+1||}E‘S (1= Bu)

for some >0, and Vi € (0,1), from this and (50) it is
evident that Condition i) of Theorem 3.4 holds, and this
completes the proof of Theorem 3.5. #

VIII. CONCLUSIONS

Exponential stability of a tracking algorithm is the key both
to its practical usefulness and to its analysis. In many cases
the properties of the averaged dynamic equation (13) are easy
to study. Exponential stability of this deterministic, linear
difference equation often follows in a straightforward way
from persistence of excitation conditions for the regressors
in the underlying estimation problem. The stability of the
actual, stochastic, difference equation (12), however, is much
more difficult to establish. The most relevant earlier results,
[12] and [13], have dealt with continuous time, stochastic
differential equations. The assumptions used in these articles
include that the coefficient matrices are bounded and satisfy
a certain mixing condition.
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Our main result, Theorem 3.2, deals with the discrete-time
case. It establishes that the stability of the averaged equation
implies the stability of the stochastic one under two quite
general conditions: one being that the tails of the distributions
of the random matrices decay sufficiently fast and the other that
the dependence between the matrices also decays sufficiently
fast. This is the case, for example, when they are linearly
generated using a stable filter (Corollary 3.2).

Exponential stability of the homogeneous tracking algorithm
is sufficient to directly obtain useful results, e.g., about error
propagation in the algorithm and bounded tracking error. It is
also a necessary building block in establishing more accurate
measurements of the tracking performance.

This requires additional work, however, and we refer to the
companion paper [17] for such results.

APPENDIX A
PROOF OF EXAMPLE 3.2

Denote A = ¥°

j=—o0

Aj, by the Holder inequality

o0
RES
Z AjwiZ;

j=—o0

[|Fel |7+ < 2°

Then for small € >0 we have

Eexp {s i ||Fk||1+‘5}

k=i+1

< ﬁ Eexp {6)\6( i /\k_j)w}'*"s}
j=—o00 k=i+1
< H exp {bE/\é -1 Z Ak ]}

j=—00 k=141

=exp { beXla! Z Z Ak—j

k=i4+1j=—00

= exp {beA P~ (n —9)

APPENDIX B
THE PROOF OF “(18) = (17)”

By Condition i) of Theorem 3.2, we have for any 5> 0

E T 0+ ullSii18511> er))?

=i+l

< Eexp {uB > SIS > er)

j=i+1
< Eexp { uf Z (15511 +oez?
Jj=i+1
l5(n+1)T 1
< Eexp 127
i= (1+1)T

6
<E { 'luﬂK T(n - z)} (B.1)
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Note that as T — o0, T/cr — 0, so by the Holder inequality,
(17) follows from (18) and (B.1) immediately.

APPENDIX C
PROOFS OF LEMMAS 6.1 AND 6.2

Proof of Lemma 6.1: Denote 2z, = II7_
2Zm—1 = 1. Then

1+ |=l),

n
Zn = Zn-1+ |[Tn|za-1 =1+ z |zil2i—1. (o))

By Theorem A.6 in [19] it is known that
|E(|2:|2i—1) — Elzi|Ezi—1] < 2¢(1) - ¢ Ez;_y.
Consequently, it follows that
El|zi|zi-1] < BEzi-1.

Substituting this into (C.1) we get

Ez, < 1+ﬂZE2i—1

i=m
hence by the Bellman-Gronwall inequality
n—1

Bz <1+ Y (144" <141+

i=m—1

This completes the proof. #

Proof of Lemma 6.2: By the Schwarz inequality and the
elementary inequality (1 + 2)% < 1+ p2%7,0 <z < 1, it
follows that

n

TT @+ )

i=m P
<I| TI a+leb I a+i=n
m<i<n m<i<n
i1o0dd 2p ieven 2p
1/2p
n
<{E [[ @+

m<i<n
1odd
1/2p

x¢E [ (+p2%z)
m<i<n
7 even

C2)

Since the process {z2r} is also ¢-mixing with mixing rate
#(2k), by Lemma 6.1, we have Vn > m

n 1/2p
{E [Ia +p22plxzka>}

k=m
< {2(1 + 2pBy) /%P

< 21/2p(1 + ﬂl)n—m+1 (C.3)

where 87 = 22P71(6 + 2¢(2)).
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Similarly, Yn > m

n 1/2p
EJ[(+p2Plzanl)y <2214+ 8)" ™

k=m

(C4)

Finally, by (C.3) and (C.4), the desired result follows from

(C.2).
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