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Judicial Sentencing Prediction Based on Hybrid
Models and Two-Stage Learning Algorithms
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Abstract—The investigation of legal judgment prediction
(LJP), such as sentencing prediction, has attracted broad at-
tention for its potential to promote judicial fairness, making the
accuracy and reliability of its computation result an increasingly
critical concern. In view of this, we present a new sentencing
model that shares both legal logic interpretability and strong pre-
diction capability by introducing a two-stage learning algorithm.
Specifically, we first construct a hybrid model that synthesizes
a mechanism model based on the main factors for sentencing
with a neural network modeling possible uncertain features. We
then propose a two-stage learning algorithm: First, an adaptive
stochastic gradient (ASG) algorithm is used to get good estimates
for the unknown parameters in the mechanistic component of the
hybrid model. Then, the Adam optimizer tunes all parameters to
enhance the predictive performance of the entire hybrid model.
The asymptotic convergence of the ASG-based adaptive predictor
is established without requiring any excitation data conditions,
thereby providing a good initial parameter estimate for predic-
tion. Based on this, the fast-converging Adam optimizer further
refines the parameters to enhance overall prediction accuracy.
Experiments on a real-world dataset of intentional injury cases
in China show that our new hybrid model combined with our
two-stage ASG-Adam algorithm, outperforms the existing related
methods in sentencing prediction performance, including those
based on neural networks and saturated mechanism models.

Index Terms—Sentencing prediction, saturated mechanism
model, neural network, two-stage ASG-Adam algorithm, predic-
tion error minimization.

1. INTRODUCTION

N recent years, the investigation of various problems in legal
judgment prediction (LJP), such as sentencing prediction,
has attracted broad research attention due to its vital role in
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enhancing fairness in the judicial system [2], [3], [4], [5], [6],
[71, [8], [9], [10]. Among these problems, ensuring the high
reliability and accuracy of sentencing prediction results is an
important requirement in judicial practice. This requirement
calls for sentencing models that integrate the sentencing logic
for interpretability and capture case-specific uncertainties not
specified explicitly in law for prediction capability. However,
such models have been rarely developed in the literature. More-
over, most existing theories on the current mainstream gradient-
based learning algorithms are not directly applicable to sen-
tencing prediction, since they rely on common yet stringent
statistical assumptions on the data, such as the independent
and identically distributed (i.i.d.) data assumption, which are
not the case for real-world judicial datasets. Therefore, de-
veloping sentencing prediction models based on judicial logic
and establishing the performance guarantees of the associ-
ated learning algorithms, hold significant value in both theory
and practice.

Although most existing LJP studies have not adequately
addressed the aforementioned challenges, their efforts to-
ward achieving high-precision sentencing prediction offer
valuable insights (see, e.g., [1], [2], [3], [4], [5], [6], [7],
[11], [12], [17], [18]), which can be broadly summarized
in terms of model construction and algorithm design in
the following.

First, extensive research has been conducted on using ma-
chine learning models for sentencing prediction. For example,
Kim [1] introduced a convolutional neural network (CNN)-
based model for sentencing classification prediction. To address
the need to model subtask dependencies, Zhong et al. [2] em-
ployed a multitask learning framework TopJudge that represents
the dependencies among LJP subtasks using a directed acyclic
graph. To further capture the relationships between subtasks,
Yang et al. [3] proposed a multiperspective bifeedback network
model enhanced by a word collocation attention mechanism,
which reflects subtask dependencies through a topology-aware
design. Subsequently, Dong and Niu [4] modeled LJP as a
node classification problem over a global consistency graph. Xu
et al. [5] presented the LADAN model, which combines a graph
neural network (GNN) and an attention mechanism to distin-
guish confusing law articles for more accurate LJP. In addition,
Yue et al. [6] introduced a NeurJudge model that sets BERT
(see [13]) as a judgment encoder and leverages intermediate
subtask results to partition fact descriptions into circumstances
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for guiding subsequent subtask predictions. Zhong et al. [7]
presented a QAjudge model composed of a question net and
an answer net to visualize the prediction processes.

Despite the widespread application of the machine learning
sentencing models, they fail to fully incorporate the sentenc-
ing logic in the sentencing guidelines. In view of this, Wang
etal. [11] proposed an interpretable saturated mechanism model
based on the sentencing logic of “starting point—benchmark
sentence—announced sentence”, and applied it to sentencing
prediction for the crime of intentional injury. To improve sen-
tencing prediction accuracy, Dai et al. [12] incorporated satu-
rated boundaries to ensure that neural network—predicted sen-
tences fall within the statutory sentencing range. Guo [31] and
Jin et al. [32] refined the sentencing mechanism model proposed
in [11] by incorporating the temporal logic underlying sentenc-
ing adjustments for benchmark sentences. The impact that is
not explicitly encoded in sentencing guidelines, although po-
tentially varying across different cases, is coarsely represented
by a fixed constant in [31] and [32].

Second, many efforts have been devoted to designing al-
gorithms for sentencing prediction. For instance, Zhang and
Guo [17] proposed a two-step Newton-type adaptive algorithm
and analyzed the related performances for both parameter es-
timation and sentencing prediction, without resorting to the
traditional persistence of excitation (PE) on the system data.
Subsequently, Zheng and Guo [18] designed a more robust
two-step weighted [,-based Newton-type algorithm to improve
prediction performance and established its global convergence.
Both algorithms in [17], [18] were applied to sentencing pre-
diction tasks based on the saturated mechanism model proposed
in [11]. However, all the above algorithms incur high computa-
tional costs when processing large-scale and high-dimensional
judicial data due to their second-order nature. Different from the
Newton-type algorithms, the gradient descent algorithms and
their variants, such as Adam [15], Adadelta [16], and AdamW
[14], are also used for sentencing prediction based on neural
network models (e.g., [1], [2], [3], [4], [S], [6], [7], [12]). How-
ever, neural networks are just mathematical approximation and
can hardly provide judicial interpretability for the sentencing
results.

To overcome the aforementioned shortcomings, we establish
a new sentencing model that possesses both high legal inter-
pretability and strong predictive capability by introducing a
two-stage gradient algorithm. The main contributions can be
summarized as follows.

1) We will introduce a hybrid model that integrates the
sentencing-logic-based mechanism model with a neural
network, which can not only reflect the main factors
for sentencing, but also reflect the influence of possible
uncertain factors not explicitly encoded in the sentencing
guidelines.

2) We will propose a two-stage learning (TSL) algorithm
for the prediction of the hybrid sentencing model. To be
specific, an adaptive stochastic gradient (ASG) algorithm
will provide a good initial value of the mechanistic com-
ponent parameters for the Adam optimizer in the next
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stage to fine-tune all parameters to improve the sentenc-
ing prediction performance.

3) We will rigorously establish the global asymptotic con-
vergence of the ASG-based adaptive predictor without
requiring any excitation data conditions. This theoreti-
cal guarantee ensures that the ASG-based initialization
provides a reliable approximation to globally optimal
prediction, thereby offering a solid basis for the refined
prediction by the Adam optimizer.

4) Empirical experiments using a real-world judgment
dataset for the crime of intentional injury (CII) will show
that our proposed hybrid model and two-stage algorithm
can achieve high accuracy in sentencing prediction, out-
performing other known related methods.

The structure of this article is as follows. Section II will
introduce the new sentencing model. Section III will present
the two-stage ASG-Adam algorithm. Section IV will provide
the global asymptotic convergence theory of the ASG algorithm
whose proof will be shown in the appendix. In Section V, we
will demonstrate the advantages of the proposed model and al-
gorithm using a real-world sentencing dataset. The concluding
remarks will be presented in the final section.

II. HYBRID SMNN MODEL

In this section, we propose a hybrid model that integrates the
sentencing mechanism (SM) in Chinese Criminal Law with a
neural network (NN) accounting for possible uncertainties in
sentencing, abbreviated as SMNN model, as follows:

Zk+1 = Sk < [ak + bx,(cl) + cx,(f)}

benchmark sentence
my

< I +pivt?)

i=1

influence of primary factors

ma
x |1+ quu,(f) + ex +wk+1> )

j=1

influence of other factors

where the time-varying bias term e and the saturated function
Sk (+) are defined respectively as follows:

e, =1o (BO’ (Ank + b(l)) + b(z)) + 53 2)

Lk, x < Ly
Se(x)=q2, Ly <z <Ny (3)
Ny, x> N

and where z;, € R is the pronounced sentence, a; € R is the
sentencing starting point, and xg’) eR,7=1,2, represent the
factors determining penalty amounts, e.g., in the CII', they

IRelated definition and interpretation for the crime of intentional injury can
be found in Article 234 of Chinese Criminal Law, available on the website
https://flk.npc.gov.cn/.
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represent the number of seriously and minorly injured victims,
respectively. b,c € R quantify the additional sentence for the
offender corresponding to a one-unit increase in 1:,(;). v,(j),i =
1,---,m; denote F‘rimary sentencing factors with applica-
tion priority, and ukj ), j=1,---,my denote other sentencing
factors. p;,i=1,--- ,m; and g;,j = 1,--- ,my are unknown
weighting parameters for v,(:) and ugj , respectively. m; and
my are the number of primary sentencing factors and other
sentencing factors, respectively. wy € R denotes potential ran-
dom noise effects. e, € R in (2) is the bias term reflecting
the comprehensive influence of possible factors not specified
explicitly in the law, and A € R™*™ B ¢ R™*™ [ ¢ RI*X™
are unknown weight parameter matrices or vectors, and b(!) €
R™, b3 e R™ b3 € R are unknown bias parameters in the
neural network. Here, m represents the number of neurons in
each of the two hidden layers. m3 denotes the number of pos-
sible factors that are not specified in the law. 77, € R"* denotes
the vector of factors that are not explicitly encoded in the law
of the kth case’s sentencing. o(X) is an activation function,
such as the rectified linear unit (ReLU) function, defined as
(max(zy,0), max(z,,0), ..., max(z,,,0))” with z; being the
element of X inthei-throw,2=1,--- ,m. Ly € Rand N, € R
in (3) are the lower and upper bounds for the announced sen-
tence, respectively, which are prescribed in Chinese Criminal
Law and may vary for different crimes and criminal cases.

Remark 1: The SMNN model (1) is mainly based on Chinese
Criminal Law and sentencing guidelines?, it specifically follows
the sentencing logic of “starting point—benchmark sentence—
announced sentence” and incorporates temporal adjustments
for benchmark sentences (see [31], [32] for more details).
Moreover, the model employs a neural network to approximate
the comprehensive influences of factors that are not explicitly
encoded in the law. Unlike treating the bias term as a fixed
constant in previous studies [31], [32], the neural network
can approximate the case-specific influences, enhancing the
model’s flexibility and predictive performance.

The SMNN model (1) will degenerate to the mechanism
model in [11], if we take v,(;) =0,i=1,---,m; and replace
e with a constant e.

Remark 2: The saturated function (3) ensures that the sen-
tences are restricted to the statutory penalty range, and when a
sentence exceeds the upper limit Ny, or falls below the lower
limit Ly, the final judgment is capped at N, or Ly, respectively.

Besides, the saturated phenomena described by (3) are also
commonly found in various application fields, including engi-
neering systems [26], [27], economic behavior analysis [28],
[29], biomedical systems [30], and others. These applications
collectively emphasize the importance of saturated scenarios in
complex nonlinear modeling and analysis.

Remark 3: The SMNN model mainly comprises two parts:
1) a mechanistic component grounded in the sentencing logic;
and 2) a neural network that captures the influence of possible
residual factors (RF) not explicitly encoded in sentencing law.
Since the mechanistic component already encodes the factors
and rules explicitly stated in the sentencing law, which plays a

2See https:/flk.npc.gov.cn/ and https://www.court.gov.cn/.

dominating role in sentencing, the influence of the RF may not
be significant. Therefore, we first assume the bias term e, = e
to be a constant reflecting the averaged effect of the RF, to
facilitate a more straightforward estimation of the mechanistic
component. After this stage, the highly nonlinear neural net-
work will be introduced to enhance the prediction accuracy for
each case.

To avoid nonconvex optimization problems and get better es-
timators of the mechanistic component parameters, we rewrite
the internal structure of (1) as a linearly parameterized regres-
sion by increasing the dimension of both regression vectors and
parameter vectors. Here the bias term e;, = e. To be specific, set
the expanded regressor and parameter vector as follows:

O = [ard iy, ar(dar @ d1i) ", fggl)d’lTkv

ﬂig)(@k ® o), 37;(92)¢1Tk, x;(qz)(@k ® ¢1k)T]T 4)
0=1[(1+e)d], (0 @9)",b(1+e)d],

b2 @ 01)", c(1 + €)o7, c(r @ 01)7]" )
where
b =1, Z}i”y e Z;E;ml), Z}E;I)Zi(cz)v .
A m) D mopT (6)
N N ()
Vi=[L, p1, =, Pmys PID2 5 Piny—1Pmys
o) (8)
Dr=la, - qma]” ©)
and the Kronecker product of two vectors is definedasa ® b =
[a1b, azb, .-+, a,b]. Then (1) can be rewritten as follows:

Zit1 = Sk(AL0 4+ wip1). (10)

For the above new parameterized model (10), the dimension
of the unknown parameter 6 is 2™ (3 4+ 3m;), which grows
exponentially with m, resulting in a huge demand for com-
putational resources to handle such high-dimensional inputs.
Taking the CII example as detailed below, the dimension of
unknown parameter vector is 565 248, rendering many Newton-
type methods (e.g., [17], [18]) computationally infeasible due
to excessive memory and time complexity.

III. GRADIENT-BASED TWO-STAGE ALGORITHM

In this section, we propose the two-stage gradient learning
algorithm for the SMNN model (1).

To better introduce the algorithm, we first introduce the fol-
lowing notations and assumptions.

A. Notations and Assumptions

Notations: Throughout the sequel, || - ||; and || - || denote the
1-norm and Euclidean norm of vectors or matrices, respectively.
The maximum and minimum eigenvalues of a square matrix X
are denoted by A\pax{ X} and \pin{ X }, respectively. Let {F }
be a non-decreasing sequence of o-algebras, along with the as-
sociated conditional expectation operator E[- | F]. Moreover,
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for any two sequences {a,},{b,} with b, >0, a, = O(by,)
means that there exists a constant N' > 0 such that |a,,| /b, < N
forall n > 0, and a,, = o(b,,) means that a,, /b, — 0 asn — oco.

Assumption 1: The regressor ¢j, is .#j,-measurable and
bounded. Also, there is a known constant L > 0 such that
10l < L.

Under Assumption 1, there exists a positive bounded se-
quence {My} such that max;<;<omi(343m,) |Pr,i| < My for
all k>0, where ¢, is the i-th component of ¢; and
M}, is bigger than the natural constant e. The time-varying
bound M), will be used in the subsequent design of the algo-
rithm.

Assumption 2: The thresholds L and Nj defined in (3) are
F-measurable, uniformly bounded with respect to the sam-
pling path, and strictly ordered, satisfying L; < NN}, for all k.

Note that Assumption (2) is quite general for ensuring the
saturated property of the function S (+).

Assumption 3: The random noise {wy, %y} is a martingale
difference sequence, and satisfies

sup E[|wyp1[*|Fr] < oo, as. (11)
k>0

And the conditional expectation function G (x) £ E[Sy (z +
Wr+1)]-#] is differentiable, and its derivation function G, ()
satisfies

sup G;€ (x)

|z|<C,E>0

0<g= inf G;ﬂ(x) <

= |z|<C,k>0 =g<oo (12

where C' > 0 is any constant.
For convenience of analysis, we also introduce the following
notations used in the subsequent sections:

0, =0 — 0y, (13)
Vg1 = 21 — Gr(0,0) (14)
Yk = Gr(¢r0) — Gi(¢70k) (15)
I~ |x\gmax{zvlfl,3£,zwk|\ek|\l} Gi() (16)
Jr = sup G;C(x) (17)

|z| <max{ M L,My|| 0|1}

where 6y, k > 0 is the estimate for 6, which is obtained by our
algorithm introduced below.

B. Gradient-Based Two-Stage Algorithm

Now, we propose our two-stage gradient algorithm, the de-
tails of this algorithm are outlined in Algorithm 1 below.

In Algorithm 1, the Adam algorithm in the second stage is
based on the following loss for the h-th batch of training data

during the Ith epoch (h = n/T], 1=1,---,N)
| |z,(f) 1 hT o
T T T S —¢ @
k=(h—1)T+1 k k=(h—1)T+1

where z,(cl) denotes the actual sentence of the kth case in

the Ith epoch, and 2]?) = Si| [ar + IS(Z) lxg) + A;f) l:r,(f)]

XHZ]l (1 + (15521)(1)”1(@1)) X [ + Z (qf(zj)l) l)ul(cj) +

ég ) } denotes

the corresponding predictive sentence,

IEEE TRANSACTIONS ON COMPUTATIONAL SOCIAL SYSTEMS

60 =10 0 (B0 (A0 e+ GL)O) + (G2)0) +
(?’51,321)(1) denotes the corresponding predictive time-varying
bias term, where bg) - cg) - (ﬁ;jl ), (A(]) ), f(l) B,(Ll) -
AD ) O, (53 YO and (b() ) are the estlmates
of the true parameters in the model (1) after training on the
(h — 1)th batch data in the [th epoch. € is the ASG-based
estimate of the averaged bias term obtained by (20). The
regularization coefficient 7y is determined to guide the neural
network output towards matching the averaged bias term.
Moreover, as for other related notations in Algorithm 1,

p=22™(3+3m;,) in (19) is the dimension of unknown

parameters 6 defined in (5), 0L (&=1,---,p) in (20)—(21)
is the £th component of the estimate 0,,. g,(ll in (23)-(24)
denotes the negative gradient of the loss function (25)

evaluated at @s) | = [bg) 1 Aﬁf) 1 ﬁ;bl)l )(l), ) (ﬁ;ﬁlﬁ))(l),
~(1 ~(m >
G20, - @I)O, veeTL)T, vee BT,
A 1 2 23 .
el AT, (G007, (62007, 62,077 i

vec(-) denoting the vectorlzation of a matrix. Besides, the
addition, multiplication, and division operations in the Adam
algorithm are performed element-wise.

The essence of Algorithm 1 is that the ASG algorithm in the
first stage generates parameter estimates close to the prediction-
error minimizer for the mechanism model, which are then used
to initialize the Adam algorithm for the hybrid model in the
second stage, thereby enhancing overall sentencing prediction
performance. It is worth noting that, to ensure that the neural
network serves only as a compensatory component for the
mechanistic model, the loss function (25) of the Adam algo-
rithm incorporates a penalty on the deviation of the averaged
neural network output from the bias term e estimated by the
ASG algorithm in the first stage.

Remark 4: The ASG algorithm specified in (18)—(19) is an
adaptive algorithm, i.e., the algorithm updates the parameter
estimate 05 using only the current online data {¢x, zx+1}
and the current estimate . The algorithm is motivated by the
classical ASG algorithm studied in [20], [21], [22], but achieves
a faster theoretical convergence rate of the averaged regret due
to the use of a larger adaptation rate, which will be proven in
the subsequent theoretical analysis.

Remark 5: The estimate 0}, obtained by the ASG-type algo-
rithm (18)—(19) is bounded. Moreover, according to Assump-
tion 3 and the definition of 9 J, it follows that

inf{g,}>0, ilgg{gk} < o0. (26)

Remark 6: For the proposed TSL algorithm, in Stage 1, the
ASG method is proposed since it can provide good initial esti-
mates for prediction in Stage 2. Specifically, the predictor based
on the ASG method possesses a global asymptotic convergence
property, as established in Section IV below, thereby providing
good initial parameter estimates close to the prediction-error
minimizer for the mechanism model—a guarantee typically
absent in most machine learning algorithms. Moreover, the
expanded regression vector in (4) is very high-dimensional in

Authorized licensed use limited to: SHANDONG UNIVERSITY. Downloaded on December 19,2025 at 02:23:07 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

DAI et al.: JUDICIAL SENTENCING PREDICTION 5

Algorithm 1: Two-Stage Learning (TSL) Algorithm.

1: Input: The temporally ordered training dataset D;

5]

= { bk, 21y 1}2;5 , the held-out testing dataset D, =
arbitrarily chosen initial estimates 6y € RPX!, 'y € R1*™, By e Rm*™m, Ay € Rm*ms IS( ) eR™, b(z) eRrR™, b(
epoch count of N, the batch size 7 (7 < n), hyper-parameters o > 1, m; >0, >0, u € (O 1,6 €
: Output: The final parameter estimate @LQ/)T & the predictive sentences for sentencing cases in D,.

{on, 2141}y, the
) eR, the
(0,1) and 52 € (0,1).

3: # Stage 1: ASG-based initialization for the unknown mechanistic parameter in the model (1).
4: for k=0ton—1do
Ik Pk
Opr1 =0k + l#gia (2611 — G (OF 1)), (18)
rr log? 7y
k
re =MD+ gillgsl o = M*p?, (19)
i=1
S: end for
6: Calculate the parameter estimates of the mechanistic part in (1) and the bias term by using the estimate 0,:
g (14ma)+1) M (2+2ma)+1)
by= " =~ =0 — 1, (20)
Or, O
pU+D ™
Piozg(il)v Qj0=97(1 J ), 21
n
7: # Stage 2: Adam-based estimation for all unknown parameters in the model (1).
8: for (=1 to N do
9: if /=1 then
5" = [b0, 0, P10, 4 Pimy0; @10, » my05 vee(T0) T, vee(Bo) T vee(Ao) T, (6)T, (5§)7, 5§V1T
m(()l) =0, vél) =0
10: else
51 _ g=1) @ _ (=1 0 _ =D
O0" =OLw/Tp M0 =Mn7pr Y0 = VT
11: end if
12: for h=1to [n/7| do
A() Al Ul mV
6y =6y" + T (22)
oD 1- B
e+ 176,1
=Bimf | + (1= B1gy, 23)
l l
=By, + (1= B)lgy P, 24)
13: end for
14: end for

5(N)

15: Calculate the predictive sentences in D, by using the final estimate ®Ln T

sentencing prediction, making stochastic-gradient—type meth-
ods particularly suitable for handling such cases, since the
computational load of the gradient algorithms is much lower
than that of the Newton-type algorithms. In Stage 2, once the
bias term e is replaced by a neural network, the Adam algo-
rithm is applied to improve the overall predictive capability
of the model, as Adam is widely recognized as one of the
most appropriate optimization algorithms for neural networks
[33]. The advantages of using Adam are also confirmed by the
experimental results presented in Section V.

IV. PREDICTION THEORY OF THE ASG ALGORITHM

In this section, we establish the global asymptotic conver-
gence of the ASG-based predictor without requiring any exci-
tation data conditions.

To facilitate the theoretical analysis, we first introduce the
corresponding best predictor. By (10) and the definition of
Gr(+), one can deduce that the best prediction of zj,; given
7}, in the mean square sense is as follows:

Elze41|Fk] = Gr(07 on,).

Since 6 is unknown a priori, we replace the unknown param-
eter 0 by its estimates 0 and define the adaptive prediction for
Zk+1 at time k as follows:

27

= G1(0f, ). (28)

From the above, we define the difference between the best
prediction and the adaptive prediction for the saturated sentence
zZr+1 as “regret”, which can be expressed as follows:

().

Zpt1

Ry = [Elz141| k] — 261]* = (29)
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Naturally, we expect the regret for z; to decrease as k in-
creases, ideally vanishing to zero. The following theorem shows
that this can be achieved in the averaged sense without requiring
any data excitation condition, such as the i.i.d. condition, etc.

Theorem 1: Under Assumptions 1-3, the accumulated regrets
have the following upper bounds:

n—I1
Z Rip=o0 (n% log% n) , a.s.

k=0

(30)

where 7, and « are defined in Algorithm 1.

Corollary 1: If the bounded condition on ¢y, ; in Assump-
tion 1 is relaxed to |¢x ;| < Mk“,0<e<1/2forany 1 <i<
p, and g and 7 in the algorithm (18)—(19) are replaced by
Gk = SUD|y| <max{LMEke,Mk<||0x|: } G;c(l) and ry, = M*k*p* +
Ele G?||¢: ), respectively, then the accumulated regrets pos-
sess the following upper bound:

n—1

Z Rip=o (n%"re log? n) a.s.

k=0

3D

It can be seen that the averaged regrets % Z;é Ry, in both
Theorem 1 and Corollary 1 will converge to zero almost surely
as n — o0o. The proofs of the above results will be shown in the
Appendix below.

V. SENTENCING EXPERIMENTS

In this section, we demonstrate the superiority of the pro-
posed model and algorithm based on a real-world CII dataset.
First, the experimental settings and the baseline models for
comparison are described, followed by a detailed analysis of
the results.

A. Experimental Settings

We conduct judicial sentencing experiments based on an
available CII real-world dataset obtained from China Judge-
ments Online®, which contains 87 588 original minor injury
judgment documents, as well as 9228 original serious injury
judgment documents from the period 2019 to 2024. These data
are processed through feature extraction and quantification to
facilitate subsequent experiments.

We provide a detailed explanation of the output boundary se-
lection and feature interpretation for the SMNN model. Regard-
ing the output boundaries, Article 234 of Chinese Criminal Law
prescribes a fixed-term imprisonment ranging from six months
to three years for minor injury cases and three years to ten years
for serious injury cases, so we let the statutory penalty ranges
Ly =6, N, =36 and Ly =36, N, = 120 for minor and seri-
ous cases in (3), respectively (Unit: Month). According to the
sentencing guidelines for the CII, penalty-determining factors
xif), 1 = 1,2 in the model (1) represent the number of seriously
and minorly injured victims, respectively. Primary sentenc-
ing adjust factors v,(:),i =1,---,13 in the model (1) include

99 <l

“juveniles aged 16-18 years,” “juveniles aged 12-16 years,”

3https://wenshu.court.gov.cn/
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ELINT3

“elderly individuals over 75 years of age,” “mentally disor-
dered persons with diminished criminal responsibility,” “deaf-

mute and blind individuals,” “excessive self-defense,” “exces-
sive act of necessity,” “preparatory acts for crime,” “attempted
crime,” “voluntary cessation of crime,” “accessories,” “coerced

accomplices,” and “instigators.” Other sentencing adjust factors
ufj),j =1,---,22 in the model (1) include “grade I serious
injury cases,” “ grade I minor
injury cases,” * voluntary surren-
7 criminal reconciliation,” “active compensa-

” “crimes targeting

der,
” “principal offender,
” “civil dispute-

9

grade II serious injury cases,
grade II minor injury cases,” “

99 ¢

confession,

LEINT3

tion,” “victim pardon,
vulnerable groups,” “victim’s contributory fault,
related offenses,” “recidivism,” “prior criminal records,” “first-
time offenders,” “courtroom confession,” “plea agreement ac-
ceptance,” “armed affray,” “mutual combat,” “meritorious ser-
vice,” and “probation,” among others.

The prediction accuracy metric adopts a relative accuracy
with discretion (RAD), which is defined as follows:

1 no ~

Zk -
RAD=1- — —=I(Z > max{20%zy, 2
nzkz::lzvc (Zk {20%24,2})

(32)

where Zj, = |z, — 2x| with z; denoting the actual sentence for
the k-th judicial case, and Zj, representing its predicted value.
n, is the total number of criminal cases in the testing set. The
threshold max{20%zy, 2} represents the degree of adjustment
allowed during the judges’ sentencing process, indicating the
judicial discretion. Here, the component 20%z, is based on the
sentencing guidelines*, while the fixed value 2 is derived from
interviews with judges and reflects practical discretion in real-
world judicial decision-making. Compared with the prediction
accuracy metrics employed in previous related studies (e.g.,
classification metrics in [1], [2], [6]), the metric (32) is both
legally compatible and practically reasonable.

Moreover, the sentencing starting point ag in the model (1)
is set as the lower bound of the sentencing starting range pre-
scribed in law based on a series of comparative experiments (see
[11]). The dataset is split into a training set and a testing set with
a ratio of 4 : 1. Some hyper-parameters for the ASG algorithm
are configured as follows: the constant « in Algorithm 1 is set to
1.02, 11 and gy, are set to 1, and the random noise sequence {wy, }
is assumed to be i.i.d. following a normal distribution N (0, 25).

Additionally, other common hyper-parameters for the Adam
algorithm involved in relevant experiments are set as follows:
a batch size of 245, an epoch count of 30, a learning rate of
0.001, exponential decay rates for the first and second moment
estimates of 51 = 0.9, 8, =0.999, a smoothing coefficient of
€ = 1078, The hidden layer is configured with 128 nodes. Im-
portantly, during training across different epochs, data are fed in
chronological order without shuffling to preserve the temporal
structure inherent in the dataset. The regularization coefficient ~y
in (25) is set to 0.2 and 1.4 for minor and serious injury cases,
respectively, based on comparative experiments of prediction
accuracy. All experiments involving random initialization are
conducted 10 times, with the best-performing initialization se-
lected to optimize overall performance.

4See https://www.court.gov.cn/.
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B. Baseline Models

1) SM Model With ASG-Based Algorithm: First, we con-
sider the SM model (see [31]), where the bias term in (1) is a
fixed unknown constant e. Specifically, the model is as follows:

Zk+1 = Sk ( {ak + bx,(cl) + cx,(f)]
mi
X H(l +piv,(j))
i=1

ma
x |1+ quugy +e| + wkH). (33)
j=1
The proposed ASG algorithm (18)—(19) will be used for opti-
mization based on the model (33).
2) SNN Model With Adam-Based Algorithm: Second, we
conduct experiments utilizing a saturated neural network (SNN)
model (see [12]) specified as follows:

2k
_h [W<3>U(W<2>U(W<”Xk +BM) 4+ B®) 4 B@]
(34)

where W@ B(®) j=1,2 3 are unknown weighting parame-
ters, and X}, is the input data composed of various sentencing
factors. Other notations are consistent with those defined in
Section II. The Adam algorithm (22)—(24) will be used for
optimization based on the model (34).

3) SMNN Model With Adam-Based Algorithm: Third, we
train our SMNN model (1) by Adam optimizer (22)—(24) with
all the parameters being initialized randomly.

4) SMNN Model With TSL Algorithm: Fourth, we train the
SMNN model (1) by our TSL optimizer described in Algo-
rithm 1, where the mechanistic parameters are initialized using
the ASG algorithm in the first stage, and other parameters are
initialized randomly.

C. COMPARISON EXPERIMENTS ON SENTENCING PREDICTION

To further improve the sentencing prediction accuracy for
CII in the existing literature (e.g., [11], [31], [32]), we perform
comparison experiments to demonstrate the improved accuracy
of our SMNN model and the TSL algorithm compared with the
above baseline methods using the same available data.

Figs. 1-2 illustrate the prediction accuracy trends of our
method in comparison to other related known methods on the
testing set for minor and serious cases, respectively. It can be
shown that

1) The SMNN model with the ASG-Adam algorithm consis-

tently achieves the highest prediction accuracy of 86.66%
and 95.25% for minor and serious cases, respectively, sur-
passing the SM model with the ASG algorithm (80.69%;
90.59%) and the SNN model with the Adam algorithm
(85.66%; 94.38%). This demonstrates the advantages of
combining both the SM model with the NN model as well
as integrating the ASG algorithm with the Adam algo-
rithm, allowing for more accurate sentencing prediction.

The trend of average sentencing accuracy for different methods in the minor testing set.

0.87
0.86
0.85
S o84
g
< 0.83
£
2 082
g
=™
0.81
08 SM + ASG
SNN + Adam
0.79 SMNN + Adam
SMNN + ASG-Adam
0.78 ‘ ‘ ‘ ‘ ‘ : : ‘
2000 4000 6000 8000 10000 12000 14000 16000
Data Size
Fig. 1. Trend of average sentencing accuracy of minor cases for different

methods in the testing set.

The trend of average sentencing accuracy for different methods in the serious testing set.
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Fig. 2. Trend of average sentencing accuracy of serious cases for different

methods in the testing set.

2) The SMNN model with our ASG-Adam algorithm out-
performs the same model with the Adam algorithm with
random initialization (86.46%; 93.29%), which demon-
strates that our ASG algorithm (18)—(19) in the first stage
provides good initial parameter estimates for the Adam
optimizer (22)—(24) in the second stage, thereby improv-
ing prediction accuracy. This advantage stems from the
ASG-based initialization, which guides the optimization
process toward the global error minimum. In contrast,
random initialization requires exploring a broader solu-
tion space and is more prone to local error minima, often
resulting in inferior prediction accuracy.

VI. CONCLUSION

Motivated by the imperative demand in judicial practice for
highly accurate and reliable sentencing prediction, this article
proposed a SMNN hybrid model, which integrates the sentenc-
ing logic model with a neural network. The ASG algorithm is
applied to update the parameters of the mechanistic component
within the SMINN model, after which the Adam algorithm is
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utilized to further optimize the SMNN model with the aim of en-
hancing predictive accuracy. Both theoretical analysis and sen-
tencing experiments demonstrate that the estimates produced by
the ASG algorithm in the first stage can provide well enough
initial values for the implementation of the prediction algorithm
in the second stage. Moreover, sentencing experiments also
reveal that the neural networks introduced in the hybrid model
are indeed helpful for improving the prediction accuracy in the
second stage. For future investigation, it would be interesting to
establish the global convergence of the Adam algorithm in the
second stage, and to apply our prediction algorithms to other
judicial crimes other than the intentional injury studied here.

APPENDIX

Lemma 1 ([23] Theorem 1.3.2): Let { fx, %1} and {ay, F1 }
be two nonnegative adapted sequences. If E[f11|- %] < fr +
ag,a.s. for any k> 1 and Z;’il a; < 00,a.s., then fj, will
converge to a finite limit a.s.

Lemma 2 ([23] Theorem  1.2.15): Let Dj=
C+YF 1dj,d;>0 and Dy=C with C'>1 being any
constant, then we have

d;
— < o0,Va > 1. (35)
; Dj loga Dj

Lemma 3 [25]: Let {wy,, F,} be a martingale difference
sequence and { f,,, F,,} an adapted sequence. If

SUp E [|wnt1]” | Fn] < o0, as. (36)
for some « € (0, 2], then as n — oo, we have V>0
Zfin_I =0 (sn(a) log= ™" (sp(a) + e)) as. (37
i=0

1
where s, (a) = (X7 o | fi]*) ™
Inspired by the analysis ideas mentioned in [23], [17], [18],
etc., the proof of Theorem 1 is as follows.
Proof of Theorem I: By the algorithm (18)—(19) and the
differential mean value theorem, we have

Or1 =01 — M [Gk(gk)¢k: Ok + Uk:+1:|
2 log2 Tk
G T
_ (I 1Gi G (6) o1 b1 ) . M9k¢k L (38)
rk log2 Tk rk log2 Tk

where &, € (min{07 ¢y, 0] ¢r }, max{07 ¢y, 07 ¢ }). By this
and the elementary inequality we have

010k
T
_ { (I Mg/cG (fk)¢k¢k> KTk P }
= EnTarmll K S vaarenl 8
log Tk log2 Tk
{( o ungk@k)qsmk) 151 }
e - 71%-&-1
log? 7y, r; log? 7y
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N 2
T -
o zﬂngk(fk) [9k ¢k} ., ﬁfgkeizf’k :

r? L log? > e r7log? 1y,
, 2
2GRIGE0Pllox I [0 ]
7 log® 7y,
. ZMZQiG (fk)||¢k||29T¢k L H g;€||<l5k||2
ri log™ 1) k1 i log® 1 k‘“
- 2
G [0 gar
r; log? ry, ri log® 1y,
, . 2
WG G (€ Pllon P [0 o
+ (140 =
Tk log Tk
L gellowll”
1 39
+< +b) 7 log® 7y, k“ (39

where 0 < b < 1 is a constant. since S, () < 1,Vz € R implies
0< ng;c (&) < 1, summing up both sides of (39) from k =

1 o
0 to n — 1, and noticing [|¢y||> <} log? 7y, for all k>0, we
know that

~ 2
i n=1 pgrG (&) |0F ¢
182+ (1 =) > ‘ k ‘ {k k}
k=0

rilog? ry

n—1 _
vo (S Al
kel rklog Tk

k=0

n—1
gkek o
=0 ( E /%
k=0 T}, log Tk

Now we analyze the RHS of (40) term by term. Note that by
(11), the elementary inequality 2ab < a? + b? and the inequality
E*|z||.Z1] < E]|z|*|.Z1], we have

Elvrs|" | Fi]
= O(EHSk’(GT‘bk + W) — Sk(97¢k)’4|=%g}>

k+1>

(40)

+ O(EHSk(HngSk) — E[Sk(HTQSk + wk+1)’§k]’4|ﬁk})

m“w) Lo

= O(E[]Sk(ﬁfqbk + wk_H) —

:O(E[wk+1|4|9k]> +0(1)=0(1), as. 41)
Note that by the definition of vg4, we have
E (vit1 | F)
= E[Sk (0" ¢k + wit1) | Fi]
— E[E[Sk (07 ¢k +wit1) | Tl | Fu] =0 (42)
So by (41), (42) and Lemma 3, we have
_ 2
n—1 n—1 glzg 6T¢k
Z T 905 O i o ————Vp41 =0 Z M +0(1),as.
k=0 r,ﬁ log? S g k=0 rk log? S g
(43)
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Moreover, by (41), (42) and Lemmas 2 and 3, we have

Gillonl®
=Tk log® ry, k“
“lﬂWH
k 2
< 1 10g® 1 [Uk-i-l E[Uk+1|gk]]
k=0
n—1 _5
Gillowl*
E|
+Sup [vk11.5 Z ‘ Tk log® ry,
n—1 _»o
o Tk 108" Tk
=0(1), as. (44)
Combining (43)-(44) with (40), we have
- 2
! GGl (&) [9;@T¢k}
=0(1), as. (45)
k=0 log2 Tk

Note that since ¢y, is bounded, we have r, = O(k). Moreover,
if 7, — 0o as k — oo, then we have by (45) and the Kronecker
Lemma, we obtain

n—1
Z Rip=o0 (n% log% n) , a.s.

(46)

Otherwise, if rp - 0o, then denominator of (45) is bounded,
and (46) is also satisfied.
Proof of Remark 5: By (18), we have

T
OF 1 Opsr = |0k — L(ék [Zk1 — G, (01 01) ]
T, log? 7y
O~ IO - G (6F0)] |- @D
r; log? ry,

Set supy,~o max{| L/, [Nx|} <U < oo, from (14) and (15) we
know that

_ 2
iz
= H9 H I ]i [Zit1 — G (61 01)] OF 1.
2 2 Tk
_ 2
12, [Zk+1 — Gy (01 0x)] 2
+ — el
T 10gT Tk
< HekH A[Uk+l + ) 0F
r7log? 1y,
U2
I g (48)
i log® 7
Take the conditional expectation for both sides
of (48), and by (42) and differential mean value

theorem, we know that there exists a random variable
&k € (min{67 ¢, 0] dr }, max{07 ¢y, 0] &1 }) such that

- 2
o [Je 15

9
< HékHZ _ 2U§kG/ (k) (OF o1)? n AUg} || oil?
- 2 log% i log® 1,
=12 4U?
4@H+4£J@£ (49)
i log™ 1y,

Moreover, by Lemma 2 we obtain ) ,_,
(G2l Pk |I*/rilog® i) = O(1), by this, (49) and Lemma
1, we know that there exists a constant S >0 such that
|0kl = S <oo as k—oo. Combining this with the
boundedness of 6, we can easily obtain the estimate 0
is bounded. 1

Proof of Corollary 1: Note that || ¢y |* < r} log? 7, similar
to the analysis of (40) and (43)—(44), we have

n—I1 , N ) ] .
> 9Gil&) [0 on] = ot logTm)as.  (50)
k=0

which implies that (31) holds.
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