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Forn > 0, let Fug1 = of{tu.1, ta1, - +5 tu, kys td, ke3¢5 [18] Q. Y. Tang, H. F. Chen, and Z. J. Han, “Convergence rates of
tus k1 b k41 50 Lu ks L kg }e SINCE T (00, Co) = O, perturbation-analysis-Robbins—Monro-single-run  algorithmdEEE
ECa=) = 1, €(Ca) = 0; 2(Bn, Togr) = b, E(Tuyr—) = 1, Trans. Automat. Contryol. 42, pp. 1442-1447, 1997.

&(Thy1) = 0,[¢n, Tngr] is aregenerative cycle fdee (6, t), £(t)}.

By Lemma 1.2 it is seen tha[c,+1|Fx] = 0. Thus {z,, F}

is a martingale difference sequence. Along the same lines as in

Theorems 3.1-3.3, we arrive at the following results for the adaptive

control scheme II. Prediction-Based Discrete-Time Adaptive
Theorem 4.1: Suppose: 1) that conditions AO) and A2)-1) hold Nonlinear Stochastic Control

with go = 2. Thenlim,, .. 8., = 8° a.s. and 2) that conditions A0),

A2), and A3) hold withgo = 2. Then|d,, — 8°| = o(al) a.s. for Chen Wei and Lei Guo

all 6 € [0,1—1/(2v)).
Theorem 4.2: Suppose that conditions A0)-A3) hold with = 4,

v > 2/3. Then Abstract—Adaptive control of a class of discrete-time parametric-strict-
g, —8° 4 feedback nonlinear systems with additive white noises is considered in
u — N(0, a'%)_ this paper. The control law is designed based on weighted least squares

Van  n—oo (WLS) algorithms and on recursive adaptive predictors. Global stability

Theorem 4.3: The assertions of Theorem 3.3 remain true for thaend tracking error bounds are established for the closed-loop systems.

adaptive control scheme II. Index Terms—Adaptive nonlinear control, discrete time, global stabil-
It is of interest to extend our results to failure-prone manufacturirity: Prediction, stochastic systems.
systems with multiple machine states or multiple part types.
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A. Problem Formulation 6.1+ &, P @7 "

Ax(k) + bu(k) + 16,

Qk (8)

Consider the discrete-time parametric-strict-feedback control sys- Pk +1) 9)
tems, as shown in (1) at the bottom of the page, whefe, u(%),
and w;(k), 1 < ¢ < n are the system output, input and noisewhere the initial valuego, and P, > 0 are chosen arbitrarily and
respectivelyz(k) = [z (k) - -+ z. (k)] is the measured state vector {3+ } is the weighting sequence defined by
6 € R? is an unknown parameter vector, ang(-), 1 < i < n 3
are known nonlinear vector-valued functions. This model may be e 2 ||P0_1 | + Z ||q>i||2
regarded as the stochastic analogue of the deterministic one studied =0
in [7].

The control objective is to design a feedback control sequen\(:v(gere(5
{u(k)}, such that the system output sequence tracks a reference - .
signal {y*(k)}. C. Prediction and Controller Design

In order to analyze this control problem, we introduce the following lterating (1) step by step, we get the following “input—output” form:

e e

Bk = (10)

log' ™ 7y’

is some positive constant.

conditions.

Al) The noise sequencéw;(k), Fr} (1 < i < n) is a mar-
tingale difference sequence (whefeFi} is a family of
nondecreasing-algebras) with conditional varianeg, i.e.,
Elwi(k + D|Fi] = 67 as. Yk, 1 < i < n. We also
assume that

t
. 1 ) 2 2 .
Lh_yolo 7 kg_l |wi(k)|" =0; as. 1<i<n. 2)

A2) There exists a constadt; > 0 such that

lai(€1) — ai(&)| < Lilé — &|, Y&, & ER,
1<i<n-—1
lan(2)] < Lifal, V€ R"

A3) {y*(%k)} is a bounded deterministic reference signal.

B. Parameter Estimation
First, similar to [7], put (1) into a compact form

{:c(k +1) = Az(k) + bu(k) + ®1.6 + Wiy 3)
y(k) = Ca(k)
where
-l‘1(]1) ’LL)]UC)
ws (k) wa (k)
=1 W=
. (k) wa (k)
ar(z1(k))™
g1 (k), x2(k))"
o, = : (4)
Lovn (21 (k) -+ 2 (k)7
0 1 0 -« 0 0
001 -+ 0 0
000 --- 1 0
0 0 0 0 1
c=[1 0 0 0] ®)

y(k+n) =u(k)+6" Zai(k—l—n —i)—l—Zwi(k—l—n—i—l—l) (11)

i=1 =1

where

a; (k) 2 ai(xi(k) - xi(k)), 1<i<n. (12)

If i (k4+n—1i) (1 < i< n)wereknown at step, we see from (11)
that the “certainty equivalence” adaptive tracking control would be

u(k) =y"(k+n) — 60 > ailk+n—i).
=1
But at stepk, x;(k + j), j > 0 are unknown. A natural way is
to use their predicted values. The minimum variance predictors for
z;(k+j) anda,;(k + j) at timek are

wi(k+jlk) 2 Elai(k + 5)|F]

ik +jlk) = Elai(k + j)|Fe] (13)

wherel < i < n—-j,1< j < n—1. Clearly, the conditional
expectation depends on the unknown parametéising the param-
eter estimate;, to replaced, we can define the following optimal
prediction-based adaptive predictors:

Ti(k+ jk) 2 Blei(k + )| Frlo=o,
wi(k+ jlk) 2 Elai(k + §)| Falo=o,

wherel <i<n—j,1<j<n—1and#d, is defined by (6)—(9).
Because of the nonlinearity involved, these adaptive predictors are
hard to calculate. Instead, we use the following approximate adaptive
predictor expressed in a recursive form:

(14)

di(k+ k) 2 Gigr (k47— 1|k) + 05ai(k +j — 1]k)  (15)
Gilk 4 k) 2 ai(@y (k4 k) - &k + j|k)) (16)
Fi(k|k) 2 zi(k),  di(k)k) 2 aq(k) 17)

wherel <i<n—-j,1<j<n-1.
Now, at stepk, the adaptive control law can be defined as

u(k)=y" (k+n)— 6} Zdi(k +n —i|k).

=1

(18)

Next, use the matrix version of the recursive WLS algorithm [1]

to estimated

Ort1 = Ok + Pr®LQp(2(k+ 1) — &(k + 1))
Piy1 = P — P ®;,Q1Pi P

(6)
@)

With this controller applied to (11), the closed-loop equation is

y(k+n)=y"(k+n) +9TZou(k+n — )
i=1

zi(k+1) =aip1(k) + 607 a;(z1 (k) - -
(k4 1) =u(k)+ 0"an(v1(k) ---

y(k) = (k)

zi(k)+wi(k+1)1<i<n-1

ra(k)) +we(k+1) 1)
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n

— 00> ik +n —ilk)

=1

wherel < j <n-—1,1<1i < n—j. Therefore, substituting (24)
into (18), and applying Condition A3) and 2) of Lemma 1, we have

n

+> wilk+n—i+1) (19) lu(k)| = O(|lz(k)|]) + O(1). (25)
i=1
Remark 1: By transforming (1) into (11), the formula of the Finally, from (1), (22), (23), and (25), the desired result (21)
optimal controller can be written immediately, and the necessity fellows immediately. a

predict the states is obvious. In the noise-free case, the recursivélow, let us introduce the following notations for prediction errors:
predictors (15)—(17) are the same as the optimal prediction-based

ones (14). Although (15)-(17) are not expected to perform better Ei(k+jlk) =zi(k+j) — &i(k+ j|k) (26)
than (14).in the stochgstic case, they have.the advantage of 'recursive ai(k+jlk) = ai(k + j) — &k + j|k) (27)
computations and do indeed give an adaptive controller that is robust

with respect to stochastic disturbances, as to be shown in Theo

ifere 1 <j<n-1,1<1i<n—j. The following two lemmas
1 below.

are devoted to establish upper bounds for these prediction errors.

. Lemma 3: Under Conditions A1)-A2), it holds that
D. The Main Results

We now present the main results on stability and tracking perfor- |Z:(k + G|k + | (k + 418
mance of the closed-loop system (19). i1

Theorem 1: Consider the adaptive control system described by = O<Z [||<I>k+lék+l||2 Wi |
(6)-(12) and (15)—(19). Let Conditions A1)-A3) be satisfied. Then —o

the closed-loop system is stable in the sense tht as
. +o(||lz(k + 1)||'2)]> +o(1), VE>O0
> (eI +u)]?) = O(T)  as.
=t wherel < j <n—1,1<i<n-—j.
and the averaged squared tracking error satisfies Proof: We inductively prove the result for < j < n — 1.
17 ‘ ‘ Forj =1, by (1), (4), (12), (15), and (17), we see that
T Z ly(t+1) —y* (t+ 1) = O(c*)+0(1) as. (20) ) i ,
t=1 |z:(k 4+ 1|k)|” = |a:(k + 1) — &:(k + L|k)|
where g2 2 S ol =i (k) + 0 ai(k) +w;(k+1)
We note that in the noise-free case (€%, = 0), the right-hand —ziti (k) — froi (k)
side (RHS) of (20) reduces to(1), which means that the tracking <2007 i (k)% + 2|wi(k + 1)]?

error converges to zero in the averaging sense. P .
9 ging < 2(|BxBi]|” + 2| Wi |1 (28)

l. PROOF oF THEMAIN RESULTS Then, by (12), (16), (28), and Condition A2), we have

We first present some basic properties of the WLS algorithm,
which can be proven in a similar way to those established for linear |5, (% + 1]k)||? = |joui(k + 1) — d@u(k + 1]k)|?
regression vector models (see [1] and [2]). ;

Lemma 1: If Condition A1) is fulfilled, then the WLS algorithm =llaiCea(k+ 1), - ai(k +1))

defined by (6)-(9) satisfies — i (L (ke 1k, - i (k + 1R
1) 0, 07 21Qe i < oo as,; L ) .
2) 9% converges to some finite random vectoalmost surely; <Ly Z | (ke 4+ 1) — &(k 4 1]k)]
3) >ty 1ktq — Oi||* < oc as.V g > 0; =1 o 2

whered, 2 6 — o, <O(1B1l1”) + O(IWest ). (29)

We remark that the property 1) is nothing but the matrix analogue

of [2, Lemma 1, property (iii)]. Hence, combining (28) and (29) we see that the lemma holds for
Lemma 2: Under Conditions A1)-A3), we have J =1
) ) Now, assume that the lemma holds for sofme 1. Then by (1),
l2(k + DI = O(llz(B)[]") + o(k). (21) (@), (12), (15), and (23) we have far< i < n—j — 1

Proof: First of all, by (2) it follows that ag: — oc . ) 9
|k + j + 1K)

9 . g 2 — g 7 r
|lwi(k)]” =0(k) as. 1<i<n. (22) ek 4+ 1) = di(k 4+ 1R
Next, from Condition A2) we see that =z (k+ )+ 0 ai(k+j)+wilk+j+1)
~ . T A . 2
lai(@)| < Lillall + Lo, 1<i<n (23) —tisa(k 4 jlk) = Oiaa(k + k)]

. | 2
, < 5igs (k4 ) + 5|87 0 (B +
where L, 2 maxi<i<n—1 ||ai(0)]]. S Sl (k4 JIF + 51800k + )

Then, by (4), (12), (15)—(17), (23), and 2) of Lemma 1, the + 5[0k s — O8] i (k+ )
following result can be derived inductively: + 5105 [ovi (k =+ §) — au(k + j1B)]]?
lla:(k +jll)ll = O(le(R)]l) + O(1) (24) +5lwi(k +j + 1)
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2

< 5|Fia (k4 j1R)[2 + 5| Prs Ors; and so by 1) of Lemma 1 and the Kronecker Lemma we have for
- ) o 2o 1<j<n
+ 5016k, = Oell” - 231k + DI + 2L3]
+ 5010k - 16 (k4 RN + 51 Wi |1 E
; ] > Nl = o(ris-1) + O(1) = o(F) +o(t)  (36)
: O(Z [\ =
(=0

where for the last equality we have used (4), (10), (23), and Lemma 2.
Fol||(k + l)||2)]> +o(1), VE>0  (30) For the second term on the RHS of (34), by (2) and (4) we have
for1 < j<n
t4j—1
where the last inequality is derived from the induction assumption Z (|Wia1]l® = O(c”t) (37)
and Lemma 1. Similar to the derivation of (29), by (12), (16), (30), k=1

and Condition A2) it can be shown that wheres? is defined in Theorem 1.

For the third term on the RHS of (34), by (33) and Lemma 2 it

& (k + j + 1|l<:)||2 can be seen that for < 7 < n
j R t+j—1 ) Jj—1 )
=0 (Z [||‘1’k+t9k+t||2 + | Weria | Z [l (B)|]? < 7o + Z |zt +D]I> = OF:) +o(t). (38)
=0 k=1 =1
, ) Finally, substituting (36)—(38) into (34), we see that the lemma is
+o(||lz(k+ )| )] +o(1). BL)  true. O

We are now in a position to give the proof of Theorem 1.
Therefore, combining (30) and (31) we see that the lemma holds fﬂ%) Proof of Theorem 1:It follows from (4), (12), (17), (19), and

that
j + 1. Hence, the lemma holds for ady< j < n — 1. O .
The next lemma gives an estimation for the accumulated prediction Z ly(k+n) —y"(k +n)|?
errors. k=1
Lemma 4: Under Conditions A1)-A3), we have for < i < L . )
n—j. 1<j<n-1 = 2ok +n =)
k=1 |5=1
¢ mn . )
D (& + F10)P + [l (k + jIR)1%) - ;[9“”"" Ol es(k+n =)
k=1 -
9 _ n
= 0(07t) + o(F:) + o(t) (32) + Z%[%‘(k‘ +n—j)—a;(k+n—jlk)
j=1
where #;(-) and a;(-) are defined by (26) and (27¥? is defined n 2
in Theorem 1 and +> wilk4n—j+1)
j=1
R + t n 2
72143 (bl (33) <an Y3 | rnm frnnm
k=1 k=1 j=1
t n
Proof: By Lemma 3, we have +4n ZZ 1861n_; — 0|
k=1 j5=1
t 2
. . . , 2 Nev; (B ) —
S (sl 0 + Gk + 81 Iostht n =l
k=1

s s +4n 37 ST 0Nl (K + 0 — 0]
B O( > ||<r>kep||2> " O( > Wiy ||2>
k=1 k=1

t n
- +4n > S Wil (39)
+ 0( > ||w(k)||2> + o(1). (34) e
k=1 As to the second term on the RHS of (39), by (4), (12), (23), (38),

and 3) of Lemma 1, it is clear that
For the first term on the RHS of (34), by (8), (10), afd < F,

t n
we have DD 8ksu—s = Ol lla (ke +n = H)II°
k=1 j=1
67D QrPrb) L
S =0<ZZH0M]»—ekn?-[||w<k+n—j>||2+11)
Z >\n1i11(Qk) : ||q)k€k||‘ k=1 =1
>[50+ A (B PeB])] - (|06 tHn 1 7
[/’;1 , 7]1 L =o| 3 lamI* | +0(1)
> (B ol - 12l - I1Pwbill =
> [log" ™ vy + | Pol| - re] ™" - (| @a i ® (35) = o(71) + o(t). (40)

Authorized licensed use limited to: THE LIBRARY OF CHINESE ACADEMY OF SCIENCES. Downloaded on July 10,2020 at 10:03:02 UTC from IEEE Xplore. Restrictions apply.



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 44, NO. 9, SEPTEMBER 1999

For the third term on the RHS of (39), by 2) of Lemmas 1 and 4
we have a

(2]

t n—I1

SO ST I8Pl (k4 — 1)

k=1 j=1

=0 (Z i lla, (k+n — j|k)||2>

k=1 j=1

(3]
(4]

= O(a*t) + o(F.) + o(t) (41)

(5]
(6]
(7]
(8]

where o2 is given in Theorem 1.
Therefore, by substituting (36), (37), (40), and (41) into (39), we
have

t
Z ly(k+n) —y*(k+ n,)|2 = O(o'zt) + o(Ft) + oft). (42)
k=1
[9]
From (1), (42), and Condition A3), we then have [10]
¢ ¢ [11]
kzl |21 (k +n)|* = ;1 ke +m) =0t +o(r).  (43) |y

Now, starting from (43) and repeatedly using (1), (2), and (23)3]
we have

t

Z|:L’j(k—|—n—j—|—1)|2:O(t)—i-o(r_‘t), 1<j<n
k=1
which implies that
3
Dol =0@) + o), 1<j<n (44)

k=1

Finally, it follows from (4), (33), and (44) that,
Therefore,

O(t) + o(71).
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Discrete-Time Approximated Linearization
of SISO Systems Under Output Feedback

J. P. Barbot, S. Monaco, and D. Normand-Cyrot

Abstract—This paper deals with higher order approximation for

discrete-time systems. It is shown that approximated feedback lineariza-
tion at the second order can always be achieved under feedback compen-
sation based on an approximated observer. An example is given in order

7= O(t). (45) toillustrate the control design and the efficiency of the proposed method.

Index Terms—Bynamic state feedback, nonlinear discrete-time systems,

li b , drati imation.
Hence the desired stability follows from (44), (45), and (25), and (28)On near observer, quadratic approximation

follows from (42) and (45). This completes the proof of Theorem1.
I. INTRODUCTION

The paper deals with output feedback control for achieving an
approximated feedback linearization of a given nonlinear single-
In this paper, we have studied the adaptive control of a class iaput/single-output (SISO) discrete-time system. The control scheme
discrete-time stochastic nonlinear systems whose nonlinearities $sitthe usual one based on an approximated observer coupled with
isfy the linear growth condition. (This condition cannot be essentially
relaxed in general as recently shown in [13].) The prediction/WLS- Manuscript received October 25, 1996; revised September 23, 1997. Rec-

3 - . mended by Associate Editor, G. Tao.
based adaptive control is shown to be globally stable in the preseﬁ ' P. Barbot is with Equipe Commande des Byss (ECS), ENSEA, 95014

of random noise. Of course, there are many problems which stilbrgy Cedex, France and with the Laboratoire des Signaux egrBgst
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