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Abstract—It is notoriously known that in contrast to the measure
of classical macro systems, the quantum measurement will in general
cause quantum state collapse. In this note, we will present some further
results on stabilizing control of quantum systems with measurement being
involved. To be precise, we will study the effects of the open-loop control
and the feedback control in preparing an arbitrarily desired eigenstate of
an effective Hamiltonian, respectively. For the open-loop control case, it
is shown that no matter how to select the measurement channel, control
channel and the control law, one cannot prepare all the eigenstates of the
effective Hamiltonian with arbitrary high fidelity for all sufficient large
time. While for the feedback case, we not only demonstrate how to select
the measurement channel properly to achieve the control target, but also
show if not, what cannot be done by the measurement-based feedback
control.

Index Terms—Eigenstate preparation, master equation, quantum feed-
back control, quantum measurement.

I. INTRODUCTION

Over the past decades, much progress has been made in regulating
the microscopic world, such as molecules, atoms and so on (e.g., [1],
[2]). The rapid development of the technology further promotes the de-
velopment of the quantum control theory. According to whether or not
there is measurement andwhether themeasurement information is used
in regulating the quantum system during the control process, we may
divide the control strategy into open-loop control (OLC) and feedback
control (FC). For the OLC, we can further divide it into Hamiltonian
and non-Hamiltonian control modes according to how the control law
is introduced. For the Hamiltonian control mode (e.g., [3]–[8]), we
mean the control is an adjustable parameter in the Hamiltonian. While
in the non-Hamiltonian control case (e.g., [9], [10]), one regulates the
quantum system by adjusting some parameters of an auxiliary system,
for example, the parameter of the environment of the system. For the
FC, there are three types: (i) learning control (e.g., [11], [12]), (ii) mea-
surement-based feedback control (MFC) (e.g., [13]–[23]) and (iii) co-
herent feedback control (e.g., [24]–[30]). For the learning control, one
begins with some initial control pulses, and then makes some measure-
ment on the samples after the control process. A selected learning al-
gorithm is used to adjust the control pulses and then the above steps
are repeated on some new samples until the performance index does
not change significantly. Hence, for this control mode, one needs dif-
ferent samples for different cycles. For the MFC mode, one performs
some direct or indirect measurement on the quantum system and then
designs a control law based on the measurement information to regu-
late the quantum system. In contrast to the MFC mode, the coherent
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feedback control does not involve any real measurement, and instead,
the controller is coherently connected with the system plant and can be
a quantum system itself.
In this note, we only focus on the characteristics of the control of

quantum systems with measurement being involved. For classical
macro systems, the back action effect of the measurement on the
system state can be neglected in principle, which, however, cannot
be neglected in the quantum case. It is well-known that measurement
on a quantum system will generally cause the quantum state collapse,
and the corresponding measurement back action effects for the state
transfer consist of the deterministic drift part and the stochastic
diffusion part, which will be interpreted in detail later.
Our aim is to prepare an arbitrarily desired eigenstate of an effective

Hamiltonian from an arbitrary initial state. Note that the initial state of
the system may generally be a mixed state owing to the inevitable in-
teractions between the system and its bath. Furthermore, the von Neu-
mann entropy of a mixed state is strictly greater than 0. In this sense, we
say the initial state has some uncertainties. We will compare the effects
of the twomentioned control strategies, OLC andMFC, in dealing with
the initial state uncertainties to complete the control target.
The note is organized as follows. In Section II, we briefly introduce

the typical control models to be studied, and set up the control prob-
lems specifically. The effects of the OLC and MFC in dealing with the
initial state uncertainties are studied in Section III and Section IV, re-
spectively. Some comparison remarks between the effects of the OLC
and MFC are also given in Section IV. Section V concludes the note
with some remarks.

II. THE CONTROL MODELS

We now sketch the control models to be used (see e.g., [16], [31] for
more details). Let be the Hilbert space of the quantum system with
finite dimension, . The quantum bath is modeled
by the symmetric Fock space . Now, let denote the von Neumann
algebra generated by the set of all bounded operators on . Then
the quantum probability space of the system and the bath is ,
where the state is given by some state on
and the vacuum state on the bath .
Under some proper approximations, the quantum dynamics can be

described by the Hudson–Parthasarathy equation,1 (e.g., [31], [32])

(1)

Here, describes the unitary evolution of the whole plant, ,
and are system operators, and is the annihilation operator on .
The symbol denotes the Hilbert space adjoint as well as the scalar
complex conjugate. Furthermore, and are Hermitian and can
be considered as the effective Hamiltonian and the control channel of
the system respectively. is an adjustable parameter process and

is the effective interaction strength.
In this note, for the MFC, we will measure the field observable

. Noting the form of the observable and the quantum
dynamics (1), we can name as the measurement channel, because it
is through this channel that the system signals are probed for measure-
ment and that the back action effects of the measurement on the bath
are imposed on the system..

1We always work in units such that .
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Note that what we really concern is the state of the system. We can
use the quantum filtering theory (see e.g., [32]–[34]) to estimate the
state of the system. One can get the dynamics of the conditional density
operator of the system as

(2)

where is the detection efficiency, is a Wiener process on
some probability space (e.g., [33], [35]), and the superoper-
ators and are defined by

and describe the deterministic drift part and the
stochastic diffusion part of the measurement back action effects, re-
spectively.
This form of (2) is also known as the stochastic master equation

or the quantum trajectory in physics. In this note, we do not consider
another MFC mode—direct feedback control, see e.g., [36] and [37].
An interesting comparison between the indirect feedback control (as
the control mode in (2)) and the direct feedback control can be found
in [38].
For the OLC case, as we have mentioned in the introduction, there

are two cases. First, we look at the case where there is no measurement
at all. This kind of OLC model is described by

(3)

Next, let us look at the case where there is measurement but only the
prior information is used to design the control law. The corresponding
OLC model is [31]

(4)

In contrast to (2), there is no diffusion part in (4), which depicts
the measurement induced uncertainty. This is because (4) actually de-
scribes the evolution of the ensemble average. This form of evolution
equation is usually called the master equation.
In the following, we suppose is nondegenerate. Our control ob-

jective is to prepare an arbitrarily desired eigenstate of asymptoti-
cally from an arbitrary initial state. We define the distance between the
state and one of the eigenstates as .
We remark that a desired eigenstate not only can be reached after some
time, but more importantly, such a desired eigenstate can be kept for-
ever as long as the control law is in action. Note that preparing a family
of fiducial states is one of the four basic requirements for quantum
computation and is the basis for subsequent manipulations, e.g., im-
plementing a family of universal unitary operations on these fiducial
states [39].
It is worth pointing out that in the special case where ,

, ( and are spin- angular momentum oper-
ators, where is the number of the atoms in the ensemble), the equa-
tion (2) corresponds to the control of quantum spins, which has been
investigated in depth, see e.g., [16], [17]. While in the current note, we
will focus on more general , , and , and establish theorems con-
cerning their structural relationships in completing the control task.

III. THE OPEN-LOOP CONTROL CASE

In this section we will study the effects of the quantum OLC in
dealing with the initial state uncertainties. Recall when referring to the
OLC strategy, we only use the prior information to design the control
law.

First, we look at the case where there is no measurement at all. The
OLC model is

(5)

For completeness we give the followingwell-known result, the proof
of which can be find in [22].
Proposition 1: For the OLC model (5), for arbitrary control channel
and arbitrary control law , an arbitrary eigenstate of cannot

be prepared from any mixed initial state.
Next, let us look at the case where there is measurement but only the

prior information is used to design the control law. The corresponding
OLC model is [31]

(6)

Note that the Hamiltonian in [40]–[42] is time-invariant, so gener-
ally, the results there cannot be applied directly to our OLC control
model (6) with time-varying Hamiltonian.
First, we consider the case where the given and are commuta-

tive.
Proposition 2: For the OLC model (6), if is non-degenerate,

and , then for arbitrary control channel and arbitrary
control law , one cannot prepare an arbitrarily desired eigenstate of

from any mixed initial state.
We omit the proof here which is similar to that in [40].
Secondly, we consider the case where the given and are non-

commutative.
Theorem 1: For the OLC model (6), if is non-degenerate, and

, then there is at least one eigenstate of denoted as ,
such that no matter how to select the control channel and how to
design the corresponding control law , one has

where
.

a) Proof: First of all, let us take the eigenstates
, of as the basis of the matrix representation of the system

operators in question, where is the vector with only a nonzero el-
ement 1 in the -th row. Since is diagonal, non-degenerate and

, we know that there exists at least one non-diagonal entry
of which is not zero. Without loss of generality, suppose it is in the
-th column of . Hence one has

(7)

Next we use a contradiction argument to give the proof of this the-
orem. Suppose that for any eigenstate of , their exist a corre-
sponding control channel and a corresponding control law , such
that . Then there exist some , ,
such that for any , . Therefore for

(8)
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Then by (8) one has

(9)

Then by (7) and (9), one has for

(10)

By substituting the definition of into defined above, we can
find that . Hence, from the above inequality, we have a contra-
diction , as , and the proof is completed.
Generally speaking, a state having a high fidelity2 with the target

state (e.g., greater than 90%) is satisfactory. However, Theorem 1
points out that under some conditions, there is at least one eigenstate
such that no matter how to choose the control channel and how
to design the control law, one cannot prepare this target state with
arbitrary high fidelity for all sufficient large .

IV. THE MEASUREMENT-BASED FEEDBACK CONTROL CASE

As we have mentioned in Section II, can be referred to as the mea-
surement channel. Note that for the quantum MFC, the measurement
channel should be chosen appropriately, since the measurement on a
quantum state gains some information of the state as well as introduces
a state collapse in general.
In this section, we will first show how to choose the measurement

channel appropriately to achieve the control target. We have the fol-
lowing selection theorem.
Theorem 2: For the MFC model (2), suppose that and are

non-degenerate, and . Then every eigenstate of
can be prepared asymptotically with probability 1 under .
The proof of the above theorem is inspired by that of Theorem 4.2

in [17].
First, we define

Footnote to above equation.3 Secondly, we give the following three
lemmas.

2Here, the fidelity between the state and the target state is defined by
.

3Similarly, we define ,
.

Lemma 1: For the control model (2) with , denote
, where is a real number. If there

exist an and an eigenstate of such that

(11)

then there exists such that for any initial state ,
will exit in finite time with probability 1.
Lemma 2: For the feedback control model (2) with

, denote by the solution of the model with
an initial state and a control . Then one has for all

Lemma 3: For the feedback control model (2) with
, if , are non-degenerate, and

, then the trajectories of which never exit will
converge almost surely to as .
The corresponding proofs of the above lemmas are omitted and can

be gotten in a similar way as the proof of Theorem 4.2 in [17], but for
the more general model (2).
In the following, we just show how to select the control channel
and to construct the corresponding control law according to the

arbitrarily desired eigenstate of .
The control channel should be chosen such that there exists a real

number satisfying the following rank condition:

(12)

for all the eigenstates of , where is
defined as in Lemma 1.
Note that this is similar to the observability condition in the linear

control system theory. Now, we show how to choose the control
channel to meet the above rank condition.
First we associate with a non-oriented graph

, where the vertices set corresponds
to the eigenstates of , i.e., . There
is an edge between and iff for . Hence,

does not depend on .
For the feedback control model (2), a necessary condition for to

meet the rank condition (12) is that the graph is con-
nected.
Actually, Since is diagonal, non-degenerate and , we

know that is also diagonal. Thus the off-diagonal elements of are
those of . Hence, if is not connected, then we

can find a permutation matrix , such that

[43].
Moreover, note that , , are the basis of the matrix

representation, and is a permutation matrix, thus for arbitrary
, there exits some integer , which may

depend on and , such that

...
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Therefore, the connectivity of graph is necessary for
to meet the rank condition (12).
Intuitively, a connected graph implies that all

the eigenstates of (the corresponding energy levels in physical
meaning) can reach each other under the control law .
For the feedback control model (2), a sufficient condition for to

meet the rank condition (12) is to choose the control channel such
that is actually a path4 of length . This can
be proved from the proof of Lemma 4.4 in [17] and the property of
permutation matrix.
Next, we give the feedback control law .
In order to globally prepare an arbitrary eigenstate of with

probability 1, let be as defined in Lemma 1, and define
, we construct the feedback control law as

follows:
1) If , ;
2) If , ;
3) If , then if enters into through
the boundary ; otherwise.

The proof of Theorem 2 is omitted here and can be proceeded by the
above three lemmas.
Furthermore, we consider the case where the given measurement

channel and the effective Hamiltonian are not commutative. We
have the following theorem on the limitation of MFC.
Theorem 3: For the MFC model (2), if is non-degenerate,

and , then there is at least one eigen-
state of denoted as , such that no matter how to select the
control channel and how to design the corresponding con-
trol law , , , where

a) Proof: A contradiction argument will be used. First, since
is diagonal, non-degenerate and , we know that has at
least one non-zero non-diagonal entry. For simplicity, we suppose it is
in the -th column of . Thus for the eigenstate , one has

(13)

Suppose that for any eigenstate of , there exist corre-
sponding control channel and control law , such that

on , where is a set with posi-
tive probability . Then for each sample point , there
exist and , such that for any , one has

. Therefore, for with

(14)

4A path in of length is a sequence of
distinct vertices such that .

Then for each , by (14) one has

(15)

and similarly for

(16)

By the Itô formula, one has

(17)

Then by (13), (15), (16) and (17), for with , one has
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(18)

Moreover, by Theorem 1.51 in [44], for , one has

where the limit is derived by the definition of . This is a contradic-
tion. Thus the theorem is proved.
Theorem 3 points out that under some conditions, there is at least

one eigenstate such that no matter how to choose the control channel
and how to design the control law, one cannot prepare this target state
with arbitrary high fidelity for all sufficient large .
Note that if , then all the off-diagonal elements of

must be zero, so by (13), we have . Hence, the above limit to
the MFC is due to the non-perfect detection and the noncommutative
relationship between the effective Hamiltonian and the measure-
ment channel . Theorem 3 is actually inspired by the Heisenberg un-
certainty principle.
Now we want to compare the effects of the quantum OLC and MFC

in dealing with the initial state uncertainties. This is not a theoreti-
cally obvious problem, because during the MFC process the quantum
measurement itself will introduce additional uncertainty (the stochastic
state collapse). Some initial analysis for a special model has been given
in [22].
From Propositions 1, 2 and Theorem 1, we know that for the OLC

model, one cannot achieve an arbitrarily desired target state from an
arbitrary given initial state no matter how to select the measurement
channel , the control channel and the control law . Hence, in
comparison with the MFC result as established in Theorem 2, we con-
clude that the measurement-based quantum feedback control is supe-
rior to the quantum OLC in dealing with the initial state uncertainties.
Note that in contrast to the classical control theory, themeasurement-

based quantum feedback control model (2) is different from the OLC
models (5) and (6). This is due to the inherent quantum measurement
back action effects which consist of the deterministic drift part and the
uncertainty part. Specifically, the change from in (5) to in (2)
and describe the deterministic back action effects, while

depicts the stochastic effect of the measurement col-
lapse.5 Note that for pure states, the diffusion term
becomes zero almost surely only when is one of the eigenstates of

5This is because with being
the quantum expectation, and being the -algebra generated by [16].
Moreover, remember that is the observation process which is stochastic.

, and hence this property will help to prepare the target state if can
be chosen appropriately. Moreover, for the open loop control, even if
is non-degenerate, and , by Propostion 2 we

know that one cannot prepare an arbitrarily desired eigenstate of
from any mixed initial state. Thus, it is this stochastic part of the back
action effect that helps to design a feedback control law to achieve the
control target.

V. CONCLUSION

In this note, by investigating the stabilizing control of quantum sys-
tems with OLC and MFC respectively, we have compared their effects
in dealing with the system initial state uncertainties, and have shown
that the MFC is still superior to the OLC for the quantum systems
in spite of the additional uncertainty induced by the quantum mea-
surement itself. For the MFC, we have demonstrated how to select
a measurement channel properly to achieve the control target. More-
over, if not, we gave a limitation theorem of the MFC. For future in-
vestigations, it may be necessary to further study the limitations of
the quantum MFC, e.g., in dealing with structural uncertainties and/or
in achieving other control objectives. Also, it would be interesting to
study how the measurement channel and/or the control channel can be
adjusted adaptively according to the quantum state in question, as dis-
cussed in e.g., [45]. The study of the above problems with the non-Mar-
kovian model would also be interesting. There is no doubt that these
investigations will help us understand more about the MFC.
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On Functional Observers for Linear Time-Varying Systems

Frédéric Rotella and Irène Zambettakis

Abstract—The technical note deals with existence conditions of a func-
tional observer for linear time-varying systems in the case where the order
of the observer is equal to the number of observed variables. Constructive
procedures for the design of such a linear functional observer are deduced
from the existence conditions. As a specific feature, the proposed proce-
dures do not require the solution of a differential Sylvester equation. Some
examples illustrate the presented results.

Index Terms—Functional observer, linear time-varying system, Luen-
berger observer.

I. INTRODUCTION

The interest to consider linear time-varying systems is twofold [5],
[8], [17]: on the one hand as general models of linear behaviour for
a plant, on the other hand as linearized models of non linear systems
about a given trajectory. For state feedback control or fault diagnosis
purposes the need of asymptotic observers of a given linear functional
is of primary importance. Therefore, we consider the problem of ob-
serving a linear functional

(1)

where, for every time in , is a constant full row rank
differentiable matrix, and is the -dimensional state vector of the
state space system

(2)

where is the -dimensional control, and is the -dimensional
output. For every in , , , and are known matrices of
appropriate dimensions. To avoid tedious counts and distracting lists
of differentiability requirements, we assume every time-varying ma-
trices are such that all derivatives that appear are continuous for all .
Without loss of generality and in order to avoid useless dynamic parts

in the observer, we suppose has full row rank for all . Indeed,

the rows of an arbitrary given which are linearly dependant of the
rows of induce obvious estimation of the corresponding compo-
nents of from the available informations.
The observability matrix of (2) is defined by

...

where , and for
. System (2), or shortly , is completely

observable if for some in . It is uniformly ob-
servable if for every in [21], [29].

Manuscript received February 18, 2011; revised September 16, 2011; ac-
cepted September 17, 2012. Date of publication October 18, 2012; date of cur-
rent version April 18, 2013. Recommended by Associate Editor A. Ferrara.
The authors are with the Laboratoire de Génie de Production, Ecole Nationale

d’Ingénieurs de Tarbes, Tarbes cedex 65016, France (e-mail rotella@enit.fr,
izambettakis@iut-tarbes.fr).
Digital Object Identifier 10.1109/TAC.2012.2225571

0018-9286/$31.00 © 2012 IEEE


