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Analysis of Distributed Adaptive Filters Based on
Diffusion Strategies Over Sensor Networks

Siyu Xie

Abstracit—In this paper, we will analyze a basic class of
diffusion adaptive filters based on least mean squares al-
gorithms. Both stability and performance analyses will be
carried out under a general cooperative information condi-
tion, without such stringent conditions as statistical inde-
pendence and stationarity that have been used in almost all
the existing literature and, thus, makes our theory applica-
ble to stochastic systems with feedback. In comparison with
the existing work, a key theoretical difficulty that needs to
be overcome in this paper is to analyze the product of asym-
metric correlated nonstationary random matrices, which is
inherent in the structure of the diffusion-type filtering al-
gorithms. We will further demonstrate that the distributed
adaptive filters can estimate a dynamic process of interest
from noisy measurements by a set of sensors working in a
cooperative way, in the natural scenario where none of the
sensors can fulfill the estimation task individually due to
insufficient information. Finally, the necessity of our coop-
erative information condition will also be discussed in this
paper.

Index Terms—Diffusion strategies, distributed adaptive
filters, least mean squares, stochastic stability, tracking per-
formance.

[. INTRODUCTION

a macro unknown parameter process of interest coopera-
tively in sensor networks. This problem has recently attracted
much attention in a number of research areas, e.g., signal pro-
cessing and distributed control, see [1]-[11]. There are basi-
cally two features about adaptive filtering in sensor networks,
i.e., distributed observations and distributed processing. For
distributed observations, each sensor in the networks can only
observe partial information of the unknown parameter process,
and the sensor networks can fulfill the estimation task by shar-
ing information among the sensors. In general, there are three
different ways for processing in sensor networks, i.e., central-
ized, distributed, and the combination of both. In the centralized
processing, the observations from all sensors are gathered and

D ISTRIBUTED adaptive filtering algorithms can estimate

Manuscript received May 5, 2017; revised September 4, 2017; ac-
cepted November 28, 2017. Date of publication January 30, 2018; date
of current version October 25, 2018. This work was supported by the
National Natural Science Foundation of China under Grant 11688101
and Grant 61227902. Recommended by Associate Editor W. X. Zheng.
(Corresponding author: Lei Guo.)

The authors are with the Key Laboratory of Systems and Control,
Academy of Mathematics and Systems Science, Chinese Academy of
Sciences, Beijing 100190, China, and also with School of Mathematical
Science, University of Chinese Academy of Sciences, Beijing 100049,
China (e-mail: xiesiyu7 @gmail.com; Lguo@amss.ac.cn).

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TAC.2018.2799567

and Lei Guo

, Fellow, IEEE

filtered at the fusion center, which may lack robustness and need
strong communication capability over the sensor networks. Dis-
tributed processing may overcome these shortcomings, in which
all the sensors could collect noisy observations and interact with
their neighbors in a certain manner, based on the given network
topology.

There are basically three different types of decentralized
strategies for distributed adaptive filtering, namely, incremen-
tal [3], consensus [4]-[6], and diffusion [7]-[13] strategies, and
the last two are fully decentralized. In our previous work [14],
we have studied the consensus-type LMS algorithms and estab-
lished the stability result under a general cooperative informa-
tion condition. However, as shown by Tu and Sayed [15], the
diffusion networks may converge faster and reach lower mean-
square deviation than the consensus networks, because diffusion
strategies allow information to diffuse more thoroughly through
networks than the consensus strategies. Moreover, the diffu-
sion algorithms are fundamentally different from the consensus
algorithms in structure and hence in the analysis. Thus, it is
necessary to investigate the diffusion strategies and to establish
a theory.

The diffusion strategies were originally introduced for the
solution of distributed estimation and adaptation problems, in
which the sensors exchange estimates with their neighbors and
fuse the collected estimates via a linear combination. Accord-
ing to the order of adaptation and combination, there are mainly
two different types of diffusion strategies, i.e., the combine-
then-adapt (CTA) diffusion strategy and the adapt-then-combine
(ATC) diffusion strategy. We remark that almost all the existing
related literature about diffusion adaptive filtering algorithms re-
quire certain statistical independence or stationarity conditions
on the system signals in the stability and performance analyses.
For example, in [7], the regressors and noises are independently
and identically distributed (i.i.d.) in time and space, and in [8],
they investigated the performance of the distributed LMS over
sensor networks under i.i.d. regressors and Gaussian measure-
ment noises. Moreover, Khalili ef al. [9] analyzed the effects
of noisy links on the steady-state performance of the diffusion
LMS under temporal and spatial independence assumptions.
Furthermore, Piggott and Solo [10] developed a theoretical per-
formance analysis of the diffusion LMS under nodewise inde-
pendence and temporal strict stationarity assumptions, Nosrati
et al. [11] studied the tracking behavior of a wide range of adap-
tive networks and analyzed the mean-square-error performance
under some time and spatial independence assumptions, Chen
and Sayed[12] studied the learning behavior of adaptive net-
works under some conditions on the conditional expectation of
the update vectors, and Gharehshiran ez al. [13] studied weak
convergence of the diffusion LMS for signals with decaying
dependence [16], [17].
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To the best of our knowledge, the first step to relax the in-
dependence and stationarity conditions in diffusion adaptive
filtering algorithms is made in [18], where a CTA diffusion nor-
malized least-mean-squares (NLMS) algorithm is considered.
It has been shown that the whole sensor networks can fulfil the
estimation task under a cooperative stochastic information con-
dition. Later, the authors further refined the stability result of
[18] in [19] and gave a detailed performance analysis in [20].
However, when the sensor network degenerates to a single sen-
sor, the information condition in [18]-[20] cannot include the
weakest known information condition introduced by Guo [21]
and used in [22], indicating that there is still much room for
improvement.

In this paper, we will consider both the CTA and the ATC dif-
fusion strategies. The exponential stability of the homogenous
part of the filtering error equation will be established, under a
much more general cooperative information condition than that
previously used in [12] and [18]-[20]. Compared with the sta-
bility analysis for the consensus LMS algorithms in the previous
works [14], [23], here the random matrices in the homogenous
part of the error equation is no longer symmetric, and we need to
establish some new results on possibly asymmetric correlated
nonstationary random matrices, and make them applicable to
the analysis of the current diffusion algorithms. Under some
additional mild conditions, the performance of the filtering al-
gorithms measured by the tracking error covariance matrix will
also be provided in the paper. Furthermore, we will show that our
new cooperative information condition is also a necessary one
for a wide class of stochastic signals with decaying dependence.

In the remainder of this paper, we will present the diffusion
NLMS algorithms and introduce some useful definitions in Sec-
tions II and III, respectively. The main results will be stated in
Section IV. Section V will present the proofs of the main results,
Section VI will provide some simulation results, and Section VII
will conclude the paper with some remarks.

[I. PROBLEM FORMULATION

Let us consider a sensor network consisting of n sensors.
Assume that at each time instant k, each sensori = 1,...,nin
the sensor network receives a noisy scalar measurement v, and
an m-dimensional regressor ¢} € R™, where R" denotes the
set of m x 1 column vectors with real entries. They are related
by a stochastic time-varying linear regression model

v = (1) 0k + 0k, k>0 (1

where (-)7 denotes the transpose operator, v}, is the scalar noise,
and 0; € R™ is an unknown time-varying parameter (signal)
vector whose variation at time % is denoted by Afy, i.e.,

ABLEO,—0,,, k>1 ®)

Many problems from different application areas can be cast
as (1), see, e.g., [24]-[27]. Note also that when A8, =0, 0;,
reduces to a constant vector.

As usual, let the communication structure among sensors be
represented by an undirected weighted graph G = (V, £, A),
where V = {1,2,...,n} isthe setof sensorsand € C V x Vis
the set of edges. The structure of the graph G is described by A =
{@;j }n xn Which s called the weighted adjacency matrix, where
a;; > 0if (4,5) € € and a;; = 0 otherwise. In this paper, we
assume that the elements of the weighted matrix A satisty a;; =
aji, Vi,j=1,...,n,and >7_, a;; = 1, Vi=1,...,n. Thus,

the matrix A is doubly stochastic.! Note that (i, j) € £ < a;; >
0. The set of neighbors of the sensor ¢ is denoted as

N, ={leV|@l) e &}

and the sensor 7 shares information with its neighboring sensors
in V;. The Laplacian matrix £ of the graph G is defined by £ =
1, — A, where I,, denotes the n-dimensional identity matrix.

The well-known LMS algorithm [26]-[29] can be used to
estimate the unknown parameter of interest and it is a type of
steepest descent algorithm that aims at minimizing the mean
square prediction error recursively. The LMS algorithm has a
number of well appreciated advantages (see in [29]): simplic-
ity, efficiency, robustness, and numerical stability, and is the
most basic adaptive algorithm in many areas, such as system
identification, adaptive control, adaptive signal processing, etc.

In the following, we present the CTA and ATC diffusion
strategies, both are based on NLMS algorithms.

Algorithm 1: CTA Diffusion NLMS Algorithm.

For any given sensor : = 1. .., n, begin with an initial
. ~i,CTA
estimate 0,

The algorithm is recursively defined for iteration £ > 0 as
follows:
1: Combine local estimates:

2i,CTA __ é\l,CTA
k - aiivy, .

leN;

2: Adapt the local estimate:
128
1+ [l @ |2

where ; € (0, 1) is a constant step-size of the sensor i.

5i.CTA __ 73i,CTA
0

i iNT Ai,CTA
k+1 = Pk i [)T i

+ 1 Y — (P k

Algorithm 2: ATC Diffusion NLMS Algorithm.

For any given sensor 7 = 1...,n, begin with an initial
TA

~i,C
estimate 0,
The algorithm is recursively defined for iteration £ > 0 as
follows:
1: Adapt the local estimate:
i Wk — ()
1+ || @ [

2: Combine local estimates:

20, ATC S1,ATC
0, = E :a”ﬁk-ﬂ

lEN;

i, ATC i, ATC
ByAC — 6

T Ai,ATC
k+1 Ok }

+p

where 11; € (0, 1) is a constant step-size of the sensor i.

For convenience of analysis, we introduce the following no-
tations:

Y 2 col{y;, ...

2

N7 (nx1)

P dlag{‘iollm SR (prkL}v (mn X n)

'A matrix is called doubly stochastic, if all elements are nonnegative, both
the sum of each row and the sum of each column equal to 1.
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Vi écol{v%,,...,v,’j}, (nx1)
AO; 2 col{AB;,..., A0}, (mn x 1)
n
A

O =col{by,...,0;}, (mn x 1)
———

~CTA A ~1,CTA ~n,CTA

@k —Col{ek ,...,Ok' }, (mnx 1)

~ CTA ~1,CTA ~n,CTA

e, = col{Ok o0 ) (mn x 1)
~1,CTA ~1,CTA

where 6, =0, —0;,

~ATC ~1,ATC ~n,ATC

@k —CO]{Bk ,...,0]6’ }', (mnx 1)

~ ATC ~1,ATC ~n,ATC

O, Zcol{6,”,....0." "}, (mn x 1)
~i,ATC  ~i,ATC

where 0, =6, — 0,

~CTA ~1,CTA ~n,CTA

B, = COl{ﬁk Bk (mn x 1)

~ATC ~1,ATC ~n,ATC

Bk _COI{ﬁk 7~-~76k }7 (mnx 1)

1 n
A Pk Pk
Ly —dlag{ e — }, (mn x n)
I+ o 17 I+ |l ey |17

Fkéqu)f7 (mn x mn)

A é dlag{/’él I’m 3o Mn Im }a (mn X mn)

$é£®lm, (mn x mn)

where col{- - - } denotes a vector by stacking the specified vec-

tors, diag{- - - } is used in a nonstandard manner which means
thatm X 1 column vectors are combined “in a diagonal manner”
resulting in a mn X n matrix, and ® is the Kronecker product.
Note also that A®j, and ®; mean just the n-times replication
of vectors A@;, and O, respectively. By (1) and (2), we have

Y, = @,{@k + Vi 3)
and
ABp 1 = Oy — Oy 4)
For the CTA diffusion NLMS algorithm, we have
~CTA ~
BAT = (A®,)0™ )
~CTA ~CTA
OSTA =B, " + ALy (Y} — @] Bk )
. . . N ~CTA
where A is the adjacency matrix. Denoting @ p =0, -

®., substituting (3) into (5), and noticing (4), we can get

~CTA

~CTA

~CTA
+ AL, ®TO,+V, -® (A 1,)0, .

Because (A ® I,,,)0; = Oy, we have

~CTA ~ CTA
k+1 — = (Imn AFk)(A@I,n)@k

T ALV, — A®y, 1.

Since A® I, = L, — (L& 1,,) = I, — %, we can obtain
the CTA diffusion NLMS error equation as follows:

~CTA
©.11 = (Iny — [AF), + Z — AF,.2))0,

+ AL,V —ABj, 1. 6)
Obviously, its homogeneous equation is
Xls:+1 - ( mn

which will be analyzed in the following sections.
In a similar way, we can obtain the ATC diffusion NLMS
error equation

7[AF]¢+$ AF};X])Xk, k>0 (7)

~ATC ~ ATC
k+1 — ( mn [AFk +.7 - Ang])@k

+AA® L)Ly Vi — AOj 1y ®)
together with its homogeneous equation
Yk:+1 - ( mn [AFk + £ — AZFk])YA; k > 0 (9)

which can be analyzed in a similar way as (7). In the sequel, we
will mainly focus on the analysis of the CTA diffusion NLMS
algorithms.

Note that by the stochastic internal-external stability results in
[21] (see Propositions 2.1 and 2.2 there), it is easy to see from the
above distributed filtering error (6) that the tracking error hinges
on the exponential stability of (7), which depends essentially on
the properties of product of random matrices. We remark that,
compared with the consensus NLMS error equation in [14],
here the random matrices AF), +.¢ — AF,..¥ and AF), +
L — AZLF) are asymmetric, and hence, the method used in
[14] is no longer applicable. In order to obtain the exponential
stability of (7) and (9), we need to generalize the results in [21]
for symmetric random matrices to possible asymmetric random
matrices, and make them applicable to the current proofs of the
diffusion algorithms. Before that, we first give some definitions
in the following section.

[Il. SOME DEFINITIONS

In the sequel, the set of m x n matrices with real entries is
denoted by R™*". Let X € R"*" and Y € R"*" be two sym-
metric matrices, then X > Y means that X — Y is a positive
semidefinite matrix and X > Y means that X — Y is a positive
definite matrix. Also, let Ay ax (+) and Ay, (+) denote the largest
and the smallest eigenvalues of a matrix (-), respectively. For
any random matrix X € R™*" its Euclidean norm is defined
as its maximum singular value, i.e., | X ||= {Amax (X X7)}7,
and its L,,-norm is defined as || X ||, = {E[|| X ||7’]}117, where

E[] denotes the expectation operator. Also, we use JFj =
O’{(p”w“ 7 1,] =1,...,n,i <k} to denote the o-algebra

generated by {@Z , Wi, U] 1,] =1,...,n,i < k}, where the def-
inition of o-algebra together with that of conditional mathemat-
ical expectation operator E[-| 7} ] to be used later can be found in
[30]. To proceed with further discussions, we need the following
definitions introduced in [21].

Definition 3.1: For a random matrix sequence {A;, k > 0}
defined on the basic probability space (2, F, P), if

sup || Ay, [|] < o0
k20
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holds for some p > 0, then {A;} is called L,-bounded. Fur-
thermore, if { A, } is a solution of a random difference equation,
then {4}, } is called L,-stable.

Definition 3.2: For a sequence of d x d random matrices
A = {A;, k > 0}, if it belongs to the following set with p > 0,

k

IT ad-4)

j=i+1

< M}\k*i

L,
Vk>i+4+1 Vi>0,forsomeM > 0} (10)

then {I — A,k > 0} is called L,-exponentially stable with
parameter A € [0,1).

Aspointed outin [21], (10) is in some sense the necessary and
sufficient condition for stability of random linear equations of
the form x, = (I — Ay )z + k1, k > 0, and it is well known
that the analysis of such a random matrix product is a mathe-
matically difficult problem. However, as demonstrated by Guo
[21], for linear random equations arising from adaptive filtering
algorithms, it is possible to transfer the product of the random
matrices to that of a certain class of scalar sequences, and the
later can be further analyzed based on some excitation or in-
formation conditions on the regressors. This paper will follow
a similar line of arguments for distributed algorithms. To this
end, we introduce the following subclass of S (1) for a scalar
sequence a = {ay, k > 0}

k

IT 0 =a)| <Mt~

j=i+1

S =<a:a €10,1,E

Vk>i+1 Vi>0,forsomeM >0} (11)

where A € [0, 1). This definition will be used when we transfer
the product of random matrices to that of a scalar sequence.

Definition 3.3: A random sequence x = {x},} is called an
element of the weakly dependent set M, (p > 1), if there exists
a constant C; depending only on p and the distribution of {x} }
such that for any £ > 0 and h > 1,

k+h

>«

i=k+1

< Coht. (12)

L,

Remark 3.1: Tt is known that many typical random se-
quences, such as the martingale difference, zero mean ¢- and
a-mixing sequences, and the linear process driven by white
noises, all belong to M, (see [22]).

Definition 3.4: Let {Aj, k > 0} be a matrix sequence and
{bk, k > 0} be a positive scalar sequence. Then, by A, = O(by,)
we mean that there exists a constant M/ > 0 such that

1AL|| < Mby, Yk >0, (13)

V. MAIN RESULTS

A. Stability and Performance Results

In this section, we study the stability of the error (6) and first
give an exponential stability result for the homogeneous part
(7) in the following theorem. For that, we need the following
conditions.

Condition 4.1 (Network Topology): The graph G is con-
nected and contains a self-loop at each node.

Remark 4.1: Tt is known that the eigenvalues of the Lapla-
cian matrix £ of the graph G can be arranged in a nondecreas-
ing order 0 = A1 (£) < A2(L) < -+ < 1, (L) < 2. The small-
est eigenvalue A, (L) always equals to zero, with \%(1, DT
being the corresponding unit eigenvector. Under Condition 4.1,
we know that A5 (L) > 0and A, (£) < 2, see [31].

Condition 4.2 (Cooperative Information Condition): For
the adapted sequences {¢},Fi,k > 0}(i =1,...,n), there
exists an integer i > 0 such that {1, k > 0} € S°()) for some

€ (0,1), where A, is defined by

k+h

)"ké)‘min{ |: h+1 Z Z

=k+1

T ||soj||2 ‘f ]} (1

where E[|F}] is the conditional mathematical expectation op-
eratorand]—'k—a{cp],w,,v]_l,z—l 7 <k}

Remark 4.2: Most of the existing theories on distributed
adaptive filters require that the regressors satisfy some statistical
independence and stationarity conditions, which are rather strin-
gent and cannot be satisfied for stochastic signals generated from
feedback systems. This conditional mathematical expectation-
based information condition was first introduced by Guo in [32]
and then refined in [21] for the traditional single sensor case,
which is quite general and even necessary for exponential sta-
bility (see [21]). Our Condition 4.2 is a natural generalization of
the information condition from single sensor to sensor networks.
We remark that, by properties of the conditional mathematical
expectation, Condition 4.2 implies that the system signals will
have some kind of “persistent excitations” since the predic-
tion of the “future” is nondegenerate given the “past,” which
is required to track constantly changing unknown signals. We
remark also that the information condition used in [18] is only
a special case of Condition 4.2 with h = 1. Moreover, under
Condition 4.2, the distributed filtering network can be shown
to fulfil the estimation task cooperatively even if any individual
filter cannot.

Without loss of generality, we express the step-size at each
nodeias ji; = o, where p* = max{py,..., pu, } € (0,1), 0;
€ (0, 1]. The main results of the paper are as follows.

Theorem 4.1: Consider the model (1) and the estimation er-
ror (6). Suppose that Conditions 4.1 and 4.2 are satisfied. Then
for any p > 1, there exists a constant x* € (0, 1), such that for
any 0 < A < p' Iy,

{mn_[AFk‘Fg AFLD%]]C>1}

is L,-exponentially stable (p > 1).

The detailed proof of Theorem 4.1 is given in Section V,
and the precise value of * € (0,1) can be found in (41). By
Theorem 4.1, we can obtain a preliminary tracking error bound
in the following theorem.

Theorem 4.2: Consider the model (1) and the estimation er-
ror (6). Suppose that Conditions 4.1 and 4.2 are satisfied. If for
somep > land 5 > 1,

A /
Tp = Sup [€xlog” (e + &)1, < o0

~ CTA
18, |

hold, where &; = ||Vi|| + ||A®y1 ||, then there exists a con-
~ CTA
stant p* € (0, 1), such that for any 0 < A < p*I,,,,, {@k ,
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k > 1} is L,-stable and

~ CTA
limsup ||®, ||z, < cloylog(e+ 0;1)] (15)
k—oo

where c is a positive constant.

Remark 4.3: Since the upper bound for the error can be de-
rived in a similar way as that of [21, Th. 4.2], details will be
omitted here. From this theorem, we know that when both the
observation noises v} and parameter variation A8, are small in
the “L,, sense,” 0, will be small, and consequently, the tracking
error will also be small in the L,, sense.

Remark 4.4: The result of Theorem 4.1 also holds similarly
for the ATC diffusion NLMS algorithm, namely, for any p > 1,
there exists a constant p* € (0, 1), such that for any 0 < A <
W s

{Lnn — [AF, + % — ALFL) k> 1}

is L,-exponentially stable (p > 1). Also, Theorem 4.2 holds for

@, k>1).

To obtain a more accurate tracking error bound, we assume
that the variation A@y., 1 has the following form:

A
Al = ywpy1, k>1 (16)
where +y is a nonnegative number reflecting the speed of param-
eter variation and wy, is an as yet undefined vector. Henceforth,

we denote ;. = col{wg, ... ,wi}.

Condition 4.3: For some p > 1, the initial estimation error
isbounded, i.e., [|®q||z,, < oo.Furthermore, {L;V} € My,
and {QA} S ./\/lzp.

Remark 4.5: This condition simply implies that both the
noises and parameter variations are weakly dependent with cer-
tain bounded moments.

Theorem 4.3: Assume that Conditions 4.1-4.3 are satisfied.
For any p > 1, there exists a constant p* € (0, 1), such that for
any 0 < A < u*l,,,, we have for all kK > 0,

~CTA
1©s1 |

1
L, =0 <|:\/l?+ 1 } log E +(1- anN*)kH)

i
a17)

where ay, € (0,1) is a constant which is defined as in
Lemma 5.11, “O” is a constant depends only on a.

The detailed proof of Theorem 4.3 is given in Section V.
Rather than giving upper bounds only, we may further get the
approximate value of the mean square tracking error matrix by
strengthening the conditions used in T"heorem 4.3. Now, to
approximate the true mean square tracking error matrix

~CTA

~CTA
™ = E[e,

CHNY

we define the following linear deterministic difference equation
~ CTA

for I, | [22]:

~CTA ~ CTA
k+1 — (Imn - E[Ak'])ﬂk (I'mn - ]E[Ak‘])T

+ A’E[T}] +v*Qu(k+ 1) (18)

where
Ay, =AF, + 2% - AF.X
T, =L, V,VILT
Qu(k+1) = E[Q1195,,]

~CTA
HO

~CTA

:E[@O ~CTA

(©, ).

Note that ﬁSTA can easily be calculated and examined, which
will be used to approximate the mean square tracking error
matrix HETA. For this, we need the following additional con-
ditions.

Condition 4.4: Let Fj, = a{cp;-, wj,v;-fl,i =1,...,n,j7 <
k}, and assume that A = pl,,, and for all k > 1,

E[Vi|Fi] = 0, E[Q4s1|F] = 0,E[Q 1 VI |F] =0
E[ViV{|Fi] = Py(k) >0
E[Qk+lﬂg+l} =Q. (k + 1) >0

Sl;p(HVkHLs +192%]y) < o0 (19)
and that there exists a bounded function ¢(t,p) >0 with
limy o0, 0 P(t, 1) log% =0 such that Vk >0 V¢ and p €

(0,1),
IE[F | Fr—t] — E[Fr]llL, < 6(tp).

Remark 4.6: 1f we are only interested to get an upper bound

of ®;., then some moment conditions on V', and €, are suf-
ficient, see Theorem 4.1. A refined upper bound can also be
obtained under the additional Conditions 4.3, see Theorem 4.3.
Moreover, the stronger Condition 4.4 will be only used to ob-
tain an approximate tracking performances as will be shown
in the following Theorem 4.4. Conditions 4.4 means that the
measurement noise V', and the parameter variation {2, are
of white noise characters, which are commonly used in many
works [11] and is a worst-case analysis since the future behavior
of the model is unpredictable, as mentioned in [33]. This con-
dition also means that the observation noise and the parameter
variations are uncorrelated given the past signals, but spatial
correlations of the noises are allowed. Also, (20) describes the
decaying correlation between F', and Fj,_;, which can be guar-
anteed by imposing certain weak dependence conditions on the
regressor {} }, e.g., ¢-mixing property (see [22]).

Theorem 4.4: Let Conditions 4.1-4.4 be satisfied. Then,
there exists a constant p* € (0, 1), such that forany 0 < pu < p*,
we have for all £k > 1,

(20)

~ CTA = 72
MR~ B < et Tk - o] )
where ¢ > 0, € (0, 1) are constants and

= A 21 - 1
0(p) = min {t\/ﬁlog‘ﬁ i o(t, 1) log u} :

which tends to zero as p approaches to zero.
The proof of Theorem 4.4 is given in Section V. Theorem 4.4
provides a good approximation of the mean square tracking

- TICTA By A -
error matrix IL** by II,  for small parameter variation -y
and small adaptation gain p, since 0(u) tends to zero as p
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~ CTA TP .
tends to zero. II;,  can be further simplified in the wide-sense
stationary case, as demonstrated in the following theorem.
Theorem 4.5: Let

F = E[F};] = diag{F", -
T = E[T}] = E[L, V} V] L]]
Q. =Q.(k+1).

Under the conditions of T'heorem 4.4, we have k — oo,

,F"}, with F' = FJ

B ,_YQ _ _ ,.YQ
™ = uR, + R+ O<5(u) {u + MD +o(1)

where the term o(1) tends to 0 as kK — oo, and

R, = / eiFtAaveTAaveeiFtdt
0

Rw = / e ¥ Ay Qu AaveeiFtdt
0
and A, = (limg ..A¥) ® I, with (limkﬁooAk),L-j =
alli,j=1,...,n
Remark 4.7: Since the proof of Theorem 4.5 is similar to
[20, Th. 15], here we omit it. Note that lim,, ,od(u) = 0. As a
result, we have for all small i and large k

L for
n

— ’YQ —
™ ~ uR, + ;Rw.

Consequently, by taking “trace,” i.e., Tr(), on both sides and
noticing the definition of HSTA, we have

}jwa“

which indicates that ;o should be proportional to ~, and by
minimizing the right-hand side, we get the “optimal” choice

1o =v\/Te(R,)/Tr(R,)

with the corresponding minimum value

ZIE 18, 2] ~ 291/ Te(R.) - Te(R.).

Remark 4.8: In asimilar way, one can show that Theorem 4.4

~ ATC
and Theorem 4.5 hold for {®,
ditions. In particular, H?TC provides a good approximation of

2

~ WTr(R,) + %Tr(fm (22)

k > 1} under the same con-

the mean square tracking error matrix II4T¢, where
m'c =Ee, (6, )
~ATC ~ATC
Hk+1 = (Imn - E[BkDHk (Imn - ]E[Bk])T
+ AZ (-A ® I?TL)E[T]C}(A ® Im) + 72Qw (k + 1)
and

B, =AF, +% - AF, 2.

B. Necessity of the Information Condition

In this section, we will further show that Condition 4.2 used
in this paper is not only sufficient but also necessary for the sta-
bility of the distributed algorithm under some extra conditions
on dependence, for example, the ¢-mixing condition. A ran-
dom process {¢, } is called ¢-mixing, if there exists a sequence
¢(n) — 0asn — oo, such that

[P(A|B) — P(A)] < ¢(s) Vit,s

sup

A€F® | BEF,

t+so

where F} = o{&(u),t <u < s}. As is well known, the ¢-
mixing process includes a large class of important processes, for
examples, deterministic processes, M -dependent processes, and
processes generated from bounded white noise filtered through
a stable finite-dimensional linear filter (see [21]).

Theorem 4.6: Consider the model (1) and the estimation
error (6). Let {¢} be ¢-mixing processes and suppose that
Condition 4.1 is satisfied. Then, there exists a constant y* €
(0,1), such that for any 0 < A < pu* Iy, {Lnn — [AF) +
2 — AF,Z),k>1} is L,-exponentially stable (p > 1)
if and only if Condition 4.2 holds.

Remark 4.9: The detailed proof will be given in the follow-
ing section. Note that the ¢-mixing property used in the above
theorem is just for simplicity, which can be further relaxed, see
[34] for related discussions. Similarly, for the ATC diffusion
NLMS algorithm, Theorem 4.6 is also true.

V. PROOFS OF THE MAIN THEOREMS
A. Proof of Theorem 4.1

Before proving the theorem, we first list and prove some
lemmas. The first one is about Kronecker product.

Lemma 5.1 ([35]): Let the eigenvalues of matrices X &€
R™™ and Y € R™ ™ are A\ (i = 1,...,n), A} (j=1,...,m),
respectively. Then, the eigenvalues of matrix X ® Y are
)»f()»}/,i =1,...,n,5 =1,...,m. Furthermore, if x{,...,x,
are linearly independent right eigenvectors of X corresponding
to A, ... ,)Ll)f (p <n)andyi,...,y, are linearly independent
right eigenvectors of Y corresponding to A}, ... ,)»(IY (g <m),
then z; ® y; is a right eigenvector of X ® Y corresponding to
A0 and {a; @ y;,i=1,...,n,5 =1,...,m} are indepen-
dent.

The following three lemmas are all about the properties of S°
defined by (11), which can be found in [21].

Lemma 5.2 ([21]): If two sequences o and [y, satisfy 0 <
ay < Br <1Vk >0, then {ay} € S°() implies {8} €
SY(A).

Lemma 5.3 ([21]): Let {ay.} € S°(A) and oy, < * < 1Vk
> 0 where o* is a constant. Then, for any € € (0,1), {ea;} €
S0 ()L(l—a*)e).

Lemma 5.4 ([21]): Let a = {cy., Fi. } and B = { By, Fi. } be

adapted processes, such that

ap €10,1], Elagt1|Fi] > Bk,

Then, {3} € S°(A) implies that {a} € S°(V/A).

The next three lemmas improve the results on symmetric
random matrices established in [21], and provide some further
results on asymmetric matrices, which will be shown to be

satisfied by the random matrices in (6) and (8), see Lemmas 5.8
and 5.9.

k> 0.
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Lemma 5.5: Let {A;} be a sequence of random matrices -1 9
which is adapted to {Fy }, and there exist a constant € € (0, 1), E {( Z 1| 4; 211 ||) _7:]61}
such that AT A, < (1 —¢)(Ag + A}), a.s. For any fixed inte- P
ger h > 0, denote
(k+1)h (j—k)E Z 1Az 1?1 P -1
Yo = Amin<E _ > (A + AD)|Fin| ¢ 23)
min 1 + 4(1 _ E)h 1
—kh+1 j-1
T AT 4 ..
then for k = sh + 1,s > 1, we have [k {; Zi1Ai Aizia |‘7:k_1]
Mnax{E[OT (k + h, k)U(k + h, k)| Fp 1]} il
£%s h(1 —€)E {Zz (A + AT )Zz'1|fk1]
<1-—"J (24) —
1+4(1—¢e)h =
where W(-, -) is defined as h(1 —¢)E {ZH A+ ANV 22 P Fe 1] 27
U(t+1,8) =1 — A)V(t,s), U(s,8)=1Vt>s.

Proof: For simplicity, we omit a.s. for sample paths in the
following proof. By AT A). < (1 —¢)(Ax + AL), we know that

forall £ > 0,
AR = Amax (A} Ar)
< (1= €)Amax (Ar + Af)
< (1-9))Ar + AL
< 2(1 —¢)l|Axll

then we have || A || < 2(1 — ¢). From this, we know that

- {O, 41 —¢e)h }

14+4(1—¢e)h]
We denote z;. 1 as the unit eigenvector corresponding to the

largest eigenvalue p;,_; of the matrix E[U7 (k + h, k)W (k +
h, k)| Fi.—1] and recursively define {z;,j > k} by

zj = —Aj)zj1, j>Ek. (25)
Then, 2511 = ¥(k + h, k)z,_1. Hence, we have
El|2g+n-1 ||2‘-7:k—1]
=2l \ENUT (k4 h,k)U(k + h, k)| Fr1]zr1
= pk71||zk71‘|2
= Pk-1- (26)

By (25), we have

J
Zj = Zk-1 — ZAiZifl Vj S [k‘,k‘—F h — 1}.
i=k

Hence, by AT Ay < (1 —€)(Ay, + AL) and the Cr-inequality,

Efllzj-1 — 21| Fe1]

:E[

j—1

ZAizi—l

2
|7:1c1]
i—k

By the definition of A, the Minkowski inequality, || 4; + AT || <
4(1 — £) and (27), we can obtain

VI +4(1 — e)hly

(s+1)h !

S {2Z1E|: Z (Al + AzT)lfshj| Zkl}
i=sh+1
k+h—1 %
{ [ (A + A 220 |12 Fie 1}}
i=k
k+h—1 %
{ [ I(Ai + AT 221 |1?| Fee 1}}
i=k

k+h—1 %
H{E] 0 10+ AT - s P1F |}

i=k

<[1+ViAT-oh- /A1 -2))

k+h—-1 ;,
x {E{ S +A7-,T)1/227:12|ﬂ1”

i=k

<[1+4(1-¢)h

k+h—1 %
E] D M+ AD P e
i=k
Then, we have
k+h-—1 ~
E T (A + ANz | Fry | > ——2
Y a2 ey
(29)
By (25) again, we have
[Em=k
T T
=2 p ol —Apin_1)" (I — Akyn—1)2ksh—2

T T T
=2 oI+ A 1 Akt — Akt — Apyp1) 2kt h—2

< ||Zk+h72\|2 - 521@}7,72 (Apyn + A£+hfl)zk+h72
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k+h—1

<lzal® —e > 2l (A + ATz
i=k

Za (A + Al )z

Combining this with (26) and (28), we can obtain

pr-1 = E[||zksn-1[1*|Fe-1]
k+h—1
Z ZZ'T71 (Al + A?)zi71|fk71
i=k
s
<l— ———.
=T 1441 -o)h

gl—gE{

This completes the proof. |
Lemma 5.6: Under the same conditions and notations of
Lemma 5.5, consider the equation

ap = U(kh+1,(k— Dh+ Dag1, k>ko+1  (30)

where xj, is deterministic and satisfies |zy,|| = 1. Then,
there exists a sequence {ay € [0,1],k > ko + 1} such that
oy € Frp, and

llze|| < (1 —ap)llze-all, &>ko+1 (3D
and
EVk
Elap. | Fup| > ———m . k> Lk 1. 32
[y 1| Frn] > i a(l—on "7 0+ (32)

Proof: For simplicity, we omit a.s. for sample paths in the
following proof. Let us set for any k& > ko + 1,

B {1 _ H\I/(kh+1,(k'71)h+l)l‘k,1H 1f||x]<_1|| # O
Q. =

[ET ’

(33)
1, otherwise.

By the conditions in Lemma 5.5 and || A || < 2(1 — ¢), we know
that for any k& > 0,
11 = Ag | = damax [(T = Ap)" (T = Ap)]
= Amax (I + AT Ay — Ay — AD)
< Amax[l — &(A + Ap)]
=1—cinm(Ar + A7) <1

then we have ||U(¢,s)|| <1Vt > s> 0. It is clear that oy, €
[0,1], o € Fp, and (31) is true.

Now, consider the set €, = {w : ||z;|| = 0}. Then, €
]:kh and

Io, Elagi1|Fin] = Ella, arc1]|Fin] = Lo, -

Hence, by noting v, < 1 and € € (0,1), we know that (32)
is true on the set €. Then, consider the set €2, we have by
Lemma 5.5

E[|[¥((k + 1)k + 1, kh + V)ay ||| Fin]
< AE[IW((k + 1)h+ 1, kh + Day || Fn]}
< {2 E[V" ((k+ 1)h+1,kh+1).

U((k + 1)h + 1, kh + 1)| Fyp |2z } /2
EVk

<ot 1- 1+4<1—>hH/

EVk

<<l —- — .

= { 21+ 4(1 — )] }”x’“”
Consequently, by (33) we have

EVk
Ig-E Fil>T0edl—(1— ——
s Elog 1| Fen] > Qk{ ( B[+ 401 —E)h])}
= LI .
21+ 4(1—e)h]
Hence, (32) is also true on the set 2. This completes the
proof. ]

Lemma 5.7: Let {A;} be a sequence of random matrices
which is adapted to {;; }, and there exist a constant ¢ € (0, 1),
such that A} A, < (1 —¢)(A; + A]),a.s. If there exists an
integer h > 0 such that {v;.} € S°(7),v € (0,1) where 7 is
defined by (23), then {A; } € S,(7*), where

o 8}1[1+4(€1—5)h]2 ’
) er— > 2
ThItd(nrZp: P-4

I<p<2
(34)
Proof: Now, for any t > s + h, let us define

ko = min{k : s < kh+1 <t}

k1 = max{k:s <kh+1<t}.
Then, it is clear that

(Fi+Dh+1>t (kg —1)h+1<s
and
E[[(t, s)IP] < E[[¥(kih+ 1, koh +1)]%]

where U(t,s) is defined in Lemma 5.5. Hence, for {A;} €
Sy(7”) and B = SiTTa=ap it suffices to find a constant

¢ which is free of & and kg such that, for all k&, > kg,
E[|[@(kih + 1 koh + *) < ey =for ),
Now, consider (30), we have
Ty, = \I/(k‘lh + 1, koh + 1)33;;().

To prove this, we need only to prove that for any deterministic

(35)

X, with ||z, || = 1,
E[[lzx, |[*] < ex?"othi=ho) (36)
where c is independent of kg, k1, and xy, .
Sincey;; € [0, %] and {7} € S°(7),7v € (0,1),then

by Lemma 5.3 we know that

EYk L [
{2[1 T } €S°6™).

From this, (32), Lemma 5.4 and its proof in [21], we know that

k1
E[II(I_QM]SmMthw

k=ko+1

for some constant ¢ independent of kg, k; and xy,. Then, by
(31) we know that (36) is true. Hence, {A;} € Sy (7).
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For 1 < p < 2, we use the monotonicity of thenorm || - [|,, A < u*Ijn,
Xili}llea\:f:r p > 2, we apply the inequality ||I — A;|| < 1, then (2 —)(AFYL + LFA) — (A2F2.Z + F*A?)
<4(AF +2). (39)
k H H§:i+1(l - Aj) , 1<p<2 1y fact, for any mn-dimensional unit column vector z with
H (I-A4A)| < QL}[, lz|] = 1, we have by noting || F'|| < 1 and |-Z|| < 2,
J=d b H i (I = 4y) R > 2. T2 -e)(AFL + LFA) — (A’ F>.Z + LF>A?)|z

Consequently, {A;} € S, (7*) where « is defined in (34). This
completes the proof. |

Remark 5.1: Note that Lemma 5.7 will be used to connect
the Condition 4.2 with the L,-exponential stability of the ho-
mogeneous part of the error (6).

In the following two lemmas, we will prove that the ran-
dom matrices {AF; +.¢ — AF,.%, k >0} and {AF} +
L — AZLF}, k > 0} satisfy the inequality in Lemma 5.5.

Lemma 5.8: Consider the distributed filtering error (6), and
denote A, = AF), + . — AF;. .. Thenunder Condition 4.1,
there exist constants ;* € (0,1) ande € (0, 1), such that for any
0<A < M*Imn’

AL A, < (1-¢)(Ar+ A]), as. (37)

Proof: By the symmetrical and doubly stochastic property
of the matrix A and Lemma 5.1, we know that there exists a con-
stant 0 € (0,1) such that 0 < . < 2(1 — §) 1,5, In addition,
we know that 0 < F'). < 1,,,,.

For simplicity, we omit the subscript k, the dimension mn,
and a.s. for sample paths hereafter. We first have

ATA=(AF + % - AFZL)'(AF + ¥ - AFY)
=ANF’ 4+ AFY - N’F*4 + LFA + 22
—2YAFY — LF*N> + LN’ F* .
Since ZA’F?¥ — 24 AF.% < 0, we can obtain
ATA<N’F? + ? + AFL + LFA
~NF°Y - LF?A%
Also, we have
A+ AT =2(AF + %) — (AFZ + LFA).

From this, to prove (37), we need only to prove that there exist
constants 11* € (0,1) and e € (0, 1), such that forany 0 < A <
l’l’* Im mn»s

AN F? + 27 <2(1 —e)(AF + L)+ (A*F?.2 + LF*A?)
—(2-¢)(AFZ + ZLFA). (38)

Denote p; = 2(1 — §), since 0 < Fy, < I, then for any 0 <
A < w1, we have

AN F? + 2 <ANF+2(1-6)2<2(1-6)(AF+.2)

:2(1-2) (AF + %) — 6(AF + ).

Now, we choose ¢ = g. To prove (38), we need only to prove
that there exists a constant x* € (0,1), such that for any 0 <

=2(2- s)xTAF,Zx 2T AR 2y

<202-¢)|a" A*FA*|| - || L2
+2|aT AT F2AY | - || L2

<22-o)lla" AT FE| - ||F || AR 27| 2|
+ 20" ATFE|| | F2 || AR - [L27 ) - |2

<V2(2 - o)|AT (2l ATFF| - L% )
+V2I|AT |2l AT F7| - L7 2])

<V2[(2— )AL+ AF ]| (T AFw + 2T Z2).  @40)

Here, if we choose 1 to satisfy /2(2 —¢)|AzZ | < ¢ and
V2|AT| < §

5, then (39) holds. Hence, we can choose

) 52 52/3
= {208 55 7

where § € (0, 1) is a constant which is related to the Laplacian
matrix £ of the network graph. Consequently, there exists a
constant " € (0, 1) such that for any 0 < A < p*I,,,,,, (37)
holds. This completes the proof. |
In a similar way, one can prove the following lemma.
Lemma 5.9: Consider the distributed filtering error (8), de-
note B, = AF, +.%¢ — AZF). Then, there exist constants
p* € (0,1)and e € (0,1), such that forany 0 < A < p*I,,,

BI'B. < (1 —¢)(By +Bl), as. (42)

(41)

To accomplish the proof of Theorem 4.1, we need the follow-
ing lemma.

Lemma 5.10: Denote A, = AF, +.¥% — AF;,.¥ and
Omin = min{oy,...,0,}, and suppose that Conditions 4.1
and 4.2 are satisfied. Then, there exist constants p* € (0,1)
and ¢ € (0,1), such that for any 0 < A < y*I,,,,,,, we have
e € S°(v), where

A 1 k+h ,
Y = )\mln{E |:1 T 4(1 — €)h Z (A7 + Aj )‘-7:/@:| } (43)
j=k+1
0.5, +10minit*
241y +1)(1+h)[1+4(1—e)h]’
1)th smallest eigenvalue of matrix ., which equals to the sec-
ond smallest eigenvalue of matrix L.

Remark 5.2: The detailed proofis given in Appendix A. Note
that the constant v determines the rate of exponential conver-
gence of the homogeneous part of (6). Note also that A of Condi-
tions 4.2 can be regarded as a measure of the cooperativity of the
system information, and that [,,, . | can be regarded as a measure
of the connectivity of the graph G; hence, the formula v = A"
shows explicitly how the stability of the distributed algorithms is

and vy = AV, v = 1 L+ is the (m +
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connected with the cooperativity of the system information, the
connectivity of the network topology, as well as the step-size.

Proof of Theorem 4.1: By Lemmas 5.7 and 5.10, we know
that there exists a constant p* € (0, 1), such that for any 0 <
A < /J*Imn,

{AFk +$—AF;€$} S Sp(v‘“)

where « is defined by (34). Then by Definition 3.2, it is
obvious that {I,,, — (AF, +.Z — AF,.%), k> 1} is L,-
exponentially stable (p > 1).

Remark 5.3: Since Lemma 5.10 also holds for random ma-
trices AFy + .2 — AZLF} in the ATC diffusion NLMS algo-
rithm, we know that {I,,,, — (AF}, +.¥ — AZLF}),k > 1}
is also L,-exponentially stable (p > 1).

B. Proof of Theorem 4.3

Before establishing further performance results, we first have
the following lemma.

Lemma 5.11: Suppose that Conditions 4.1 and 4.2 are satis-
fied. Then for any p > 2, there exist constants p* € (0,1),¢ €
(0,1) and M > 0, such that for all 0 < A < p*I,;,,, and Vk >
t+1>0

k
H( mn — [AFj +. 2 —AF;.Z])| < My(1— M*O‘p)k_i
j=i+1 L,
(44)
where M, and «, are positive constants depending on { F';, j >
0}, -% and p.

Proof: Denote

O.5hler+10'111i11
(24 b)) (1 +R)[1+4(1 — )R]’

By the proof of Theorem 4.1, we have

b:

{AF, +% — AF.Z} € S,(A"*"")
where « is defined in Lemma 5.7. Then by the definition of .S,
we know that

k

H ( mn

j=it1

—[AF; + £ - AF;Z))|| < M{B, """

L,
where
be
6{7 — A4h[1+4(1-2)h]%p

and [,, 1 is the second smallest eigenvalue of matrix L.
Note that 3, € (0,1). Then, there exists a constant «y, €

(0,1) such that aj, =1 — 8, =1 — A+ T . Accord-
ing to the Bernoulli inequality and since p* € (0, 1) we have
Bl = (1—a,)" <1— p*a,. This completes the proof. M

The following proof of Theorem 4.3 is similar to [19, Th. 2.2],
and we omit it here.

C. Proof of Theorem 4.4

Before proving the theorem, we first give the following
lemma.

Lemma 5.12: Let { Ay} be a sequence of random matrices
which is adapted to { F}, }, and there exists a constante € (0,1),
such that Al A, < (1 —¢)(Ay + AL),as. If {A;} € S1(A)

for some A € [0, 1), then there exists an integer & > 0 such that

(k+1)h

>

j=kh+1

E[A; + A]] 3 > 0. (45)

H}}f )Lmin

Proof: For simplicity, we omit a.s. for sample paths in the
following proof. By the conditions, we know that there exists a
suitably large integer h > 2 such that

k+h

E| [] Tnn —A)) ’ < MM <= VE>0.  (46)
j=k+1

By Lemma 5.8 we know that ||Ay|| < 2(1 —¢) Vk > 0. Let

us denote

3 (a;+47)||

j=k+1

Ve = )Vmin{E |:

and let o, be the unit eigenvector corresponding to ;. Then,

we have v, = E[ 300 of (A; + AT)oy].
Hence, if ¢t > 2, we have for any 1ntegers Jjs €+ 1,k+
hl,s=1,...,t,t <h,
[ 11 ..... Aj[ak]
Efllai Aj (|| Aj, -+ Ay, [I-[1-Aj, 0]
<200 = o) Ellag Aj, [|-]| A, o]
< 201 - o)) {Elef Ay, IP)-E[ Ay, ]}
=21 — &) H{E[a] AT A; o)) -Elaf AT A; ay]}*
<RO-2)?, max | Elof Af A0
<P -9yt -9 o max  Elad (A7 + A4 )]
<2(1-9) (1 -m

where we have used Lemma 5.8.1f t = 1, we have for any integer
B €k+1,k+hl,

Elaf Aj, ar] <E[|of [|-[|Aj, arll] < E[| A, arll
1 1

< . T < T AT A . 7
< (B4 o) < max  (Elaf AT Ajq])

1 1
1—¢)7 TAT . 7
<@-g)r  max  {Eloy (A5 +A;)on]}
1
<(1-e)Fy.
Consequently, by (46) we have
1 k+h
5 > E [a{{ I @ - Alj)}ak}
j=k+1
=1- Y ElofAj o

k+1<j1<k+h

Y Eela,

1=2 k+1<j1<...<ji <k+h

- Aj, oy

1

>1-h(1—e)7y]
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h s Hence, by the Schwarz inequality
- Z Z [2(1 - 6)} B (1 - 6)’%@ CTA ~CTA
2= 1 k+1<j1 <. <ji <k+h [is v v
h ~CTA  ~CTA CTA ;=5 CTA
>1-h(1—e) g 5 Z( ) 2(1 = &) 2(1 — ). ”E[@k+1(®k+1) -0, (O, )

— ~CTA CTA ~CTA CTA
= <[©41 = Oy e, (1041 Iz, + 19441 [12,)- (50)

Let us denote

h
ar = Z(?) 20— 2(1-2) >0, a = h(1 =) >0

t=2

then we have a;v, + as/7r > % which implies that

- \/ag + 2a; — as Vi

L
2>

2@1
or
2 2 _ 2
o > (WM> Vi (47)
2&1
Hence, Lemma 5.12 is true. |

Lemma 5.13: Suppose that Conditions 4.1 and 4.2 are sat-
isfied. Then, there exist constants M > 0, 5 € (0,1) and p* €
(0,1), such that for any 0 < A < p*I,,,,, andVk > i >0
k
II(mn—Emehf—Af;ﬂWgAﬂ1—mﬂﬁ4

j=i+1

(48)

Proof: By Lemma 5.12 and Theorem 4.1, there exist con-

stants hy > 0 and & > 0 which depend on sequence { Ay, }, such
that

(k+1)hg

>

Jj=kho+1

where A; = AF; + & — AF; 2.
Hence, by Lemma 5.5, for the deterministic sequence {E[A
F,+% — AF, %],k >0}, we have

(k+1)hg

H (Imn - E[AF

j=kho+1

+7— Aij])H

<y v
= 1140 —oho |

Itis easy to know that there exist constants 3 € (0,1)and M > 0
such that

k
II(mn—EMFrhf—AI}ﬂW§Aﬂl—y%fi
j=i+1
This completes the proof. |

Proof of Theorem 4.4: Let us define the following new se-
quence

0.} = (In, —E[AF, + £ — AF,.2))©, ™"

+ ALV — Q1 (49)

~CTA o
=0, .By(49),itisevident that
~ CTA

o,  =Eg[e; e, k>o.

Similar to the proof of Theorem 4.3, and using Lemma 5.13, it

is easy to obtain
1511 llz, = O ([ﬁw 7] log = + (1 amk“)
+ 2 \/ﬁ m
(51

where a € (0, 1) is a constant (without loss of generality, it may
be taken as the same as that in Theorem 4.3).

The remaining proof is similar to [20, Th. 13], and is omitted
here. Thus, we know that by Conditions 4.1-4.4, (21) holds.
We remark that for random matrices {AF), +.¢ — AL F}}
in the ATC diffusion NLMS algorithm, Lemma 5.13 also holds.

~ ATC
Therefore, Theorems 4.4 and 4.5 hold for {®, ,k > 1} under
the same conditions.

CTA

D. Proof of Theorem 4.6

Lemma 5.14: Let Condition 4.1 be satisfied. If there ex-
ists a constant u* € (0, 1), such that for any 0 < A < p* I,
{AF) + % — AF, £} € S, then there exists h > 0 such that

n k+h <P i)T
mfhmn{E: > { }}:>0 (52)
=5 Ll @) |17

The detailed proof of Lemma 5.14 is given in Appendix B.
We remark that the converse assertion of Lemma 5.14 may not
be true in general and this can be seen from [21, Example 2.1].
However, it will be true if we impose additional assumptions on
{¢pi.}, for example, the ¢-mixing condition.

Next, we prove Theorem 4.6.

Sufficiency: By Theorem 4.1, we know that {I,,,,, — [AF} +
£ — AF,.Z), k > 1} is L,-exponentially stable (p > 1).

Necessity: By Lemma 5.14, we can obtain (52). Since {¢p} }
EAC

=1 1+ Hso H2
Then by (52), the ¢-mixing property and [21, Th. 2.3], we know
that Condition 4.2 holds. This completes the proof.

is ¢-mixing, we know that {> 7 } is also ¢-mixing.

VI. SIMULATION RESULTS

In this section, we will construct a simulation example to il-
lustrate that for regression vectors that are generated by linear
stochastic state space models (where the regressors are strongly
correlated and satisfy our cooperative information condition),
even none of the sensors can estimate the parameters individu-
ally, the whole sensor network can still fulfill the filtering task
cooperatively and effectively. Let us take n = 3 with the fol-
lowing adjacency matrix:

2/3 1/3 0
A:<1/3 1/2 1/6)
0 1/6 5/6

then the corresponding graph is connected. We will estimate or
track an unknown 3-D signal ;. Let us consider two cases:
~v = 0 (0}, is time-invariant) and v = 0.1 (@} is time-varying)
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Fig. 1. Estimation errors of the three sensors with v = 0.

with the parameter variation wj; ~ N(0,0.3,3,1) (Gaussian
distribution) in (2). In both cases, the observation noises
{vj,,k >1,i=1,2,3} are iid. with v, ~ N(0,0.3,1,1) in
(1), where @} (i = 1,2, 3) are generated by a state space model
T, = Ay + Bi§
). = Ciz)
where {&l,k>1,i=1,2,3} are iid. with & ~ N(0,0.3,
1,1), and

12 0 0 45 0 0
A=A=[ 0 1/3 0 |, 45=[4/5 0 0
0 0 1/5 4/5 0 0
Bl = (17070)T7B2 - (l,O,O)T,Bg - (17070)T
1 0 0 0 0 O 0 0 O
ci=(0o 0 o0),co=(100),c5=(0 1 0
0 0 O 0 0 O 0 0 1

It can be verified that Condition 4.2 is satisfied with h = 2.
Moreover, it is not difficult to verify that the necessary informa-
tion condition in [21] is not satisfied for any individual sensor,
since the three subsystems are not observable.

For numerical simulations, let z{ =z} = =3 = (1,1,1)T,

6, = (1,1,1)7,8, = (0,0,0)T (i = 1,2,3), . = 0.3.  Here,
we repeat the simulation for m = 500 times with the same initial
states. Then, for sensor i(i = 1,2, 3), we can get m sequences

{116, — 6712, k=1,100,200,. ..,2000}(j=1,. .., m), where
the superscript j denotes the jth simulation result. We use

LS 16" — 617 (i = 1,2, 3,k = 1,100,200, ..., 2000)
to approximate the estimation or tracking errors with v = 0 in
Fig. 1 and with v = 0.1 in Fig. 2.

When 6. is time-invariant, the upper one in Fig. 1 is the
noncooperative NLMS algorithm in which the estimation errors
of the three sensors are all quite large because all the sensors
do not satisfy the information condition in [21]. The lower one
in Fig. 1 is the CTA diffusion NLMS algorithms in which all

the estimation errors converge to a small neighborhood of zero

S
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Fig. 2. Tracking errors of the three sensors with v = 0.1.

as k increases, since the whole system satisfies Condition 4.2.
In Fig. 2, 0} is time-varying. The upper one is the individual
situation in which the tracking errors of the three sensors keep
large, and the lower one is the distributed situation in which
all the mean square tracking errors converge nicely as k in-
creases. Moreover, we can obtain some similar results for the
ATC diffusion NLMS algorithm, which are omitted here.

VIl. CONCLUDING REMARKS

This paper has established the stability and performance of
a basic class of distributed adaptive filtering algorithms based
on diffusion strategies, under a general stochastic cooperative
information condition on the system regressor processes. This
condition is not only sufficient for stability, but also necessary
in a certain sense, which is a natural generation of the weakest
known conditional information condition for single sensor case
introduced by Guo [21], [32]. In fact, due to the difficulty in
analyzing product of random matrices, almost all of the existing
theory and analyses on distributed adaptive filtering algorithms
require such stringent signal conditions as independence and
stationarity, and thus exclude applications to feedback control
systems. Moreover, our main results also demonstrate a desired
but rarely rigorously established fact: the distributed adaptive
filters can track a dynamic process of interest from noisy mea-
surements by a set of sensors working cooperatively, in the
natural scenario where none of the sensors can fulfill the es-
timation task individually. Of course, there are still a number
of interesting problems for further investigation, for examples,
how to establish similar theoretical results for other filtering al-
gorithms, and how to combine distributed adaptive filters with
distributed control problems, etc.

APPENDIX A
PROOF OF LEMMA 5.10

For simplicity, we omit a.s. for sample paths in the following
proof. By Lemma 5.8, we know that there exist constants p* €
(0,1) and € = §/2, such that for any 0 < A < p*I,, (37)
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holds. Then by the proof of Lemma 5.5, we know that for any  Note that
e (Ovu*)’ Tk € [07 1] holds. n  k+h
By the notations in Lemma 5.8, we then have Fk [ Z Z ‘PJ S"J ‘ }
. (h+1) & 2 T+ [l
Aj+A; =2(AF; + %)~ (AF; 2 + ZLF;A). +
.. 1 " .
Similar to the proof of (40), we have —E|l—— N HI|F|. 35
: n(h+1) ; kR (55)
AF; % + LF;A <\V2|A7|(AF; + £). -
Let us now consider the following quadratic form of (54):
Then, we can obtain . .
1 n Arn = (m + )" Ax(m +n2)
A;+ AT > (2 - VI )(AF; +.2) i .
= any E[H}|Fymi + any E[H} | Fy]ne
OSAF +2) 1 [T Iy -+ an} E[H | 7]
2am; E[H . |Fy
> 0~5(0min,u*Fj + Dg/ﬂ) -+ 2am, [ k| k]772
T T
2 0.50'111111,M*(Fj _|_ g) + a/hnl 3771 + ah772 3772
T
where oy, = min{oy, ..., o, }. Denote + 2ahny L2
k+h éS1~¢-52+$3—|—S4 + S5 + Sg.- (56)

A 0.50minp”
= )Vmin E
P { L A —a)h

Since 0 < p;, < v <1, by Lemma 5.2 we know that to prove
v € S°(A), we need only to prove p; € S(1Y).

According to Condition 4.1, L has only one zero eigenvalue
whose unit eigenvector is ﬁ(l, DT e, \}1 where 1 =
(1,...,1)I .. Correspondingly, by Lemma 5.1, ¥ has m zero
eigenvalues whose orthogonal unit eigenvectors are

+$)’f4 } (53)

1»+1

1 1

61:71@)61,... 71@67”

vn vn

where e; is a unit column vector with the ith element is 1 and the

dimension is m. The other eigenvalues of .Z are [,,, ;1 < --- <

l;nn arranged in a nondecreasing order whose orthogonal unit

eigenvectors are denoted as &,,+1,...,&n,, correspondingly.

Here, for an arbitrary unit vector n € R”", it can be expressed
as

) Sm =

mn

A
Yz =mtm

j=m+1

n= ijfj +
j=1

where 37 27 + 30 L) @F = 1. Now, let

k+h ()T

Z l‘Pj ((Pji

i A
H; =
2
2 T el
A 1 n
H, =diag{H,,...,H}}.
By the definition of F'; and denote

é 0~5Uminﬂ*

T Ira1-on
we have ah < 1 and

k+h

> (

j=k+1

0-50m111ﬂ*
14+4(1—¢)h

>

A, IE[ Fj+$)‘fk}

By [14, Proof of Th. 1], we have
1
n' An > (1—-0)s) + (1 - 5) S2+s1+ 85+ (57)
where 6 > 0 can be any constant. Now, we proceed to estimate

s; one by one.
Note that

s1 = aB[n{ Hymi| 7]

:aE[(ZmJ) (Zm: o)l

= aE[XTE" HEX|F]

zm} 75: [élv"'

(58)

where X = [z1,...,
Th. 1], we have

75777] By 14 Proof of

E[E" H,E|F] = [ ZH“E] (h+1DT%.  (59)

Substitute (59) into (58), it can be deduced that

s1>a(h+1)X T X > a(h+ 1) Zx? > ahhy Zx?
Jj=1 Jj=1
(60)
Notice that
|so| < ahl|ns||? = ah Z m?

j=m+1

(61)

Since 1 = >0, 2;€; and §;(1 < j < m) is the eigenvector
corresponding to the zero eigenvalue, we have
S4 = S¢ = 0. (62)

For s5, we know that

mn mmn

s5 = ah Z lx > ahly, 1 Z x?

j=m-+1 j=m+1

(63)
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Denote y 2 doiLy a3, Since pp =
choose 0 € (0,1), we have by (56)

Amin (Ag) and here we

Y

1
pr > (1 —0)ahipy + (1 — ) ah(1 —y) + ahly 1 (1 —y)

]

{(1 — d)ahhry — (lm,+1 +1-— ;) ah} y

;) ah, y€10,1].

Here we choose 6 =1/(14 0.5l,,+1) and since A; € [0,1],
then we have for y € [0, 1]

Bl h
pk_|:05 L +1a A

+ <Zm+1 +1- (64)

E— O.5lm+1ah} y+ 0.5, s1ah. (65)

1 + 0~5lm+1
It is easy to obtain
0.50,, +1ah ln+1ah
Pk = 19 Ay = +1d Ak = CAg
1+ 0'5111L+1 2+ lrn+1
where 0 < ¢ = % 1
By Lemma 5.3 and since 1, € [0, o], h+1 and {1} €

So (), we have {p; } € S°(p), where p = A” and

O.5hlm+10'minﬂ*
(2 + l7n+1)(1 + h)[l + 4(1 - E)h]

where ¢ = §/2. This completes the proof.

v=(1- >0

a*)e =

APPENDIX B
PROOF OF LEMMA 5.14

For simplicity, we omit a.s. for sample paths in the following
proof. Let A;, = AF} +.% — AF}. . and denote

k+h
Ve = )\min{E|: Z (A] + A?):| }
j=k+1
Then since 0 < A < p*1,,,, and by Lemma 5.12, we know that

> («/a%—i—Qal—a
L > (M2 T 92

2
2) > 0 Vk. (66)
2@1

Similar to the proof of (40), for any mn-dimensional unit
column vector x, we can obtain

" (A + Al

=2"2(AF; + %) — (AF, % + ZF;\))x

=207 (AF; + L)z — 22" AF; Lz

< 2" (AF; + L)z +2|a" AT F;A7 | - | Lx|

T (AF; + L)z +V2|AT| - 2T
< (24 V2|Az]]) - 2"
< (2+V2)a" (F; + L)z

then we have

Aj+ A7

IN

<2+ V2)(F; +.2).

Denote

k+h

>

pr = Amn{E[ Pty +$)] }

Then by the definition of ~;;, we have
V&

242

which means that inf}, pr, > 0 by (66). We next show that there
exists a positive constant § such that

>0

Pk = (67)

Hhop>

i=1 j=k+1

@i(i)" }>5[
el 12~

for all £ > 0. We first prove that for any k > 0, the eigen-

. n k+h ()T

values of matrices E[ Y7, D sk 14“(;5 E

This can be done through contradiction by assuming that there

exists a time instant k£* such that the smallest eigenvalue of ma-
. n k*+h ‘P‘[ (‘P‘[ )" .

ix B[ Y0, Y50 1;‘@7} E | is 0. Denote the corresponding

} are all positive.

unit eigenvector as [, then we have

n  k'+h n  k+h
oL(3 Y B[X 3 A ])a -0 @
i=1 j=k*+1 i=1j=k+1 J

Similar to the proof of Lemma 5.9, we know that £ has
only one zero eigenvalue whose unit eigenvector is ﬁ 1 where

1=(1,...,1)I ;. Correspondingly, £ ® I,, has m zero eigen-
values whose orthogonal unit eigenvectors are

1 1
61—%1@)817... %1®em
where e; is a unit column vector with the ¢th element is 1
and the dimension is m. The other eigenvalues of £ ® I,, are
lm+1,---,lmn Whose orthogonal unit eigenvectors are denoted
as &1, - - -, Emn, respectively. Note that for an arbitrary unit
vector 7 € R™", it can be expressed as

v£m =

m mn A
n:ZIjEjJF Z ;& =M + N2
j=1 j=m+1

where >0 | 2% 4+ 377 @7 = 1. Now, let

k*+h i i
i i)’
R Ve
=k +1 ®j
Hy. = diag{H}.,...,H}.}.

By the definition of F';, we have

k*+h

> (

Ay 2 JE[
j=k*+1

F; + D%)}

= E[H; + hd). (69)
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Note that Notice that
n k*+h mn
k* 2 2
r.2E [Z > Al 1< hml=h Y 76)
L+ {5l

1j=k*+1
:]E[iHﬁc*}
i=1

Let us consider the following quadratic form of (69):

(70)

n' Apn

= (m +m2)" Ap-(m +m2)

=n{ E[Hy|m +ny E[Hy|n> + 207 E[H -0y
+ hnt Lny + hnl Zny + 20t L,

k* k*

A .
=35 + 35 +s§ + 84 + S5 + Sg.- (71)

For matrices ¢, and (5, we have following inequality:

1
2T ¢y <o¢le, + gcgcz (72)

where § > 0 can be any constant. Let

¢1 é(]E[ ])1/2"71,(:2 (E[H ) s

and substitute this into (72), it is easy to have
1
2¢1 Co = 207 E[H ]y < 6¢T ¢+ 5C2TC2

1
= on{ E[Hy]n1 + 507 E[H ],
Then, we can obtain
p 1
sy = 2m{ E[H ], < on{ E[Hy]ni + smy E[H]ny

L
5%
From (71) and (73), it is obvious that

= 5s]f + = (73)
T k* 1 k*
n' A< (1+0)s] + |1+ ; Sy + 84+ 85+ 56. (74)

Now, we will estimate 5%, 55", 54, 55 and s¢. By Lemma 5.4,
we know that

st =mn{ E[Hy|m
(See) e (ue)]

=E[XTE"H;-EX]

=K

o "
=E|=-XT Hi. X
X ()
1 T
— . XD X (75)
n
where X = [x1,..., 2,7 € R, E=[&,...,&,]

j=m+1

Since n; = >_7"; ;€5 and §;(1 < j < m) is the eigenvec-
tor corresponding to the zero eigenvalue, we have

S4 = S¢ = 0. (77)
For s5, we know that
s5=h Z i@} < hlyy, Z a? (78)
Jj=m+1 j=m+1
Denote
A m
Yy = Zx? € [0,1].
j=1
By (74)—(78) and since pg+ = Amin (Ag+), we know that for any
y €[0,1],
1+6 1

+ hlmn (1 - y) (79)

We can take X = 3y, then we have y = 1 and

which contradicts with p;, > 0 Vk > 0.

In a similar way, we can prove that all of the eigenvalues
of the above matrix must have a uniform lower bound § > 0
with respect to £ > 0. This is done through contradiction by
assuming that there exist unit eigenvectors (3 and a sequence

{ks}52, such that
n  k*+h z T
S.hfoloﬁgs{ [Z Z _|_|| i ||2]}'Bk
‘ i=1 j=k,+1 ¥j
= lim B{ o} B, =0 (80)
where oy, is the eigenvalue corresponding to the eigenvector

B, . Similar to the above proof, we can take X = 3y, , then it
is obvious that

146
lim pp, < R
n

5—00

Ji, B, T, i, =0

which contradicts with infy, p; > 0. Therefore, we conclude that
there exists a positive constant § such that

hops

1j=k+1

¢} 9";

> 01,
1+ || ¢ IIQ] N

for all k£ > 0. This completes the proof.
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