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With the development network technology, distributed adaptive filtering
has attracted more and more attention:

o Collaborative spectral sensing in cognitive radio systems.
@ Distributed noise cancelation.

o Field monitoring.

@ Target localization in biological networks.

@ Fish schooling, bee swarming, and bird flight in mobile adaptive
networks.

Lei GUO, Siyu XIE (AMSS) Distributed Adaptive Filtering NecSys'16 4 / 56



@ A fundamental problem in distributed adaptive filtering :
How to estimate or track an unknown signal process from distributed

noisy measurements in a cooperative manner?

@ There are basically two approaches: Centralized and Distributed
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Centralized processing

Drawbacks: Communication capability, energy consumption, vulnerability
in the fusion center.
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Distributed processing

Node i: {y.vL}

¥

i

@ Improve resilience to failure.
@ Privacy and secrecy considerations.

@ While each sensor is not capable of tracking the desired signal
process, the information interaction among the sensors may lead to
the desired behavior.
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Main strategies

There are three main strategies for distributed processing, namely,

@ Incremental strategies
o Diffusion strategies

o Consensus strategies
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Incremental strategies

Start from a given network topology and a cyclic trajectory that covers all

agents in the network, update the estimate one by one along the cyclic
trajectory.
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Diffusion strategies

There are two types of diffusion strategies: Combine-then-Adapt (CTA)
and Adapt-then-Combine (ATC).

Combine: the weighted average of estimates
generated by the neighbors of a given sensor.
Adapt: Adaptation using the innovation at a
given sensor and other local information.
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Consensus strategies

There is no need to select beforehand a cyclic trajectory. All the sensors
reach a common value through local communications.

At every iteration k, all agents in the network
can run their consensus update simultaneously
by using iterates that are available from the
iteration k — 1 of their neighbors.
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Overview

Distributed adaptive filtering has been studied widely in recent
years:

@ C. G. Lopes and A. H. Sayed, in IEEE ICASSP, 2006.

@ A. H. Sayed and C. G. Lopes, IEICE Trans. FECCS, 2007.

@ F. S. Cattivelli, C. G. Lopes, and A. H. Sayed, in IEEE SPAWC, 2007.

@ |. D. Schizas, G. Mateos and G. B. Giannakis, IEEE on ASSP, 2008.

@ |. D. Schizas, G. Mateos and G. B. Giannakis, IEEE TSP, 2009.

@ F.S. Cattivelli and A. H. Sayed, IEEE TSP, 2010.

M.A. Tinati, A. Rastegarnia, A. Khalili, 3rd Conference on WMMN, 2010.
A. Rastegarnia, M.A. Tinati, A. Khalili, IEEE ICCS, 2010.

A. H. Sayed, Proceedings of the IEEE, 2014.

H. Nosrati, M. Shamsi, etc., IEEE TSP, 2015.

Almost all require independency and/or stationarity conditions in the
theoretical analyses, which exclude applications to feedback systems.
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Basic theoretical problems

@ How to establish a theory on distributed adaptive filtering without
independency and stationarity assumptions?

@ What is the weakest possible information condition, under which the
distributed adaptive filtering algorithm can fulfil the estimation task,

in the natural case where any individual sensor cannot?

@ How far can we extend the existing results for single sensor to
distributed sensor networks?
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Single sensor case

For a single sensor whose signals are generated by a stochastic regression
model:

)/k=9kT<Pk+Vk, k > 0.

where

vk € R : scalar observation at time k
vk € R : scalar noise at time k
Pk € R™ : regressor

0, € R™ : an unknown signal process to be estimated
gnal p

Remark: y, can also be regarded as being approximated or predicted by a
linear combination OkTgok, with the unknown @ to be estimated adaptively.
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LMS

The most commonly used least mean squares (LMS) is a type of steepest
descent algorithm that aims at minimizing the following mean square error
(MSE) recursively:
_ T 92
ek(a) - E(Yk — Pk 9) ) k > Oa
with the following standard form:
Bi1 = Ok + pprlyk — (oi) TOk], k>0,

where 1 € (0,1) is the adaptation gain.
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NLMS

For convenience of discussions, we consider the following normalized LMS:

¢ o~
Ori1 = 9k+um[ﬂ (px)T0k, k>0,

where 1 € (0,1) is the adaptation gain.

Remark: Similar treatments apply to the unnormalized LMS, save that a

general stochastic averaging theorem is established to deal with possible
unbounded regression signals.
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A brief overview

Most literature require independency and stationarity conditions, e.g.,

e B. Widrow et al. (1976): independency
@ S. Haykin (1996): independency
@ O. Macchi (1995): M-dependency.

One exception is the work based on weak convergence where ¢-mixing
condition is used but needs vanishing adaptation gains, see e.g.,

o H. J. Kushner (1984)

In fact, how to relax these restrictions has been a long standing
problem in adaptive filtering theory.
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In the 1990s, a general theory was established by introducing a
"conditional excitation condition” which requires neither
independency/stationarity nor vanishing adaptation gains, and is
applicable to feedback systems:

o L. Guo (S/CON, 1994): Stability of NLMS, RLS and KF.

o L. Guo and L. Ljung (IEEE TAC, 1995): Performance of NLMS, RLS,
KF and beyond.

e L. Guo,L. Ljung and G.J.Wang (IEEE TAC, 1997): Necessary and
sufficient condition for stability of LMS.

These are the basis to our investigation of distributed adaptive filtering.
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Error equation

Let us denote N
Ok = O — O,
Ok = Ok—1 + ywi,

then the estimation error equation can be written as

.

- exel \z PrVi

01 = (/ —u>0k+,u——*ywk, k>0,ue(0,1).
T ekl 1+ [lpkl?

Remark: .

The product of random matrices [](/, — u%) plays a key role.

Lei GUO, Siyu XIE (AMSS) Distributed Adaptive Filtering NecSys'16 23 / 56



Definitions

e A sequence {/ — Ay, k > 0} is called L,-exponentially stable if
A = {Ag, k > 0} belongs to the following family

{a

where || - [[,= {E || - [P}7 and € [0,1).

k

1T ¢-A)

j=it+1

< NN Wk >i>0,3N > o},

Lp

e For a scalar sequence a = {ay, k > 0} with a,x € [0, 1] we denote

k

S0\ = {a B[] (1—a) <N, Vk>i>03N > o}.
j=i+1

Remark: If a scalar random sequence in [0, 1] is uniformly bounded from
below by a positive constant, then obviously it belongs to the family S%(\).
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Conditional excitation condition

There exists an integer h > 0 such that {\,, k > 0} € S%()\) for some
A € (0,1), where )\ is defined by

k+h

1 ()T
AkéAmm{E{h . ‘f’(‘p’)_Hz]fk]}.

and where F = o{pj, wj,vj_1,j < k}.

Remark: This condition allows more interesting stochastic cases where no

lower bound to A\, exists. It can be verified for the following typical
situations:

@ ¢-mixing processes.

@ Signals generated by linear and non-linear state space stochastic
models.

@ Time varying linear stochastic models.
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Stability for single LMS

Theorem.

Assume that the conditional excitation condition is satisfied. Then for any
€ (0,1) and any p > 1,

-
PkPk . :
I — u} is L,-exponentially stable.
{ " ekl ? g

Question : Can we generalize this result to sensor network case?
Lei GUO, Siyu XIE (AMSS)
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Sensor network

For a network with n sensors,
consider the signal model at each
sensor i:

: , : -
vi = () "0k +vi, k=>o0. il

¥ € R : scalar observation of sensor i at time k
v € R : scalar noise of sensor i at time k
@) € R™ : regressor of sensor i

6, € R™ : an unknown signal process to be estimated
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Centralized adaptive filtering

A natural centralized algorithm may be deduced by minimizing the
following MSE recursively

5(6) = {Z[yk TR k0.
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Centralized adaptive filtering

Centralized NLMS algorithm

i -y ~
05 = 65+ {33 1P (el ToE
* z:1+-||90’||2
where 1 € (0,1) is the adaptation gain.
Denote g,fe” = é\,fe” — Oy, we have the error equation

elii?l :{/m IU Sok((pk) } cen H Z (p;.(V/i

T o o YWkt
= 1+ [ o IIP T 1+ el |12
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Cooperative information condition

There exists an integer h > 0 such that {)\,, kK > 0} € S%()\) for some
A € (0,1), where )\ is defined by

A%{[ i%%%\ﬂ
B O GRS T+ ol

=k+1

and where Fj = a{cpj,wj, ' j<k,i=1,...,n}

Remark: This condition is a natural extension of the single sensor case

k+h T
A 1 (1)
= )\m,-,,{IE[ 5 ‘]—“k .
h+1 4= 1+llejl

where n is taken to be 1.
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Stability of centralized LMS

Theorem:

Consider the centralized NLMS algorithm. If the cooperative information
condition holds, then for any € (0,1) and any p > 1,

n i (i \T
{/m _# M} is L, — exponentially stable.
21t | |

Question : Can we establish the same result for distributed adaptive

filtering under the same cooperative information condition as in the
centralized case?
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Distributed adaptive filtering

The network connections are modeled as a weighted undirected graph

G =(V,€&, A). The adjacency matrix A = {a;j} reflects the interaction
strength among neighboring nodes and the set of neighbors of each sensor
k is denoted as

N ={l€V|(k, ) €&}
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Distributed adaptive filtering

Each sensor i tries to minimize the following performance index composed
of local information:

ﬂm:E{['%%‘W]+uZth— },

1+ | ¢ IEN;
k>0,i=1,....n

Remark: The first part corresponds to the usual NLMS, while the second
part tries to minimize the weighted distance between the estimate of the
agent i and its neighboring estimates.
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Distributed adaptive filtering

The consensus type distributed NLMS algorithm :

‘Pi i iNT pi
— Ky, — 7]

-~

. :@w{

error correction term

—yza,,-(éié,’()}, k>0,i=1,....n.
IeN;

consensus term

where 1 € (0,1),v € (0,1) are adaptation gains.

Lei GUO, Siyu XIE (AMSS) Distributed Adaptive Filtering NecSys'16

35 / 56



Error equation: vector form

Okr1 ={lmn — 11k + V(L ® Im)[}Ok + plicVye — 741
=(Imn — 1GR)Ok + bk Vi — ¥y 1.

where N
O, =col{h},...,07}, where 0] = 0. — 0,
AN AN
G =F+v(L® 1), Fi =L@/,
1 n
AL Pk Pk
Lk:dlag{ e },
1+ [ o} |12 1+ | ok 112
VAN
@ = diag{pk, - Pi},
A 1 n A
Vk = CO|{Vk, ey Vk}, Qk+1 = col{wk+1, AN 7wk+1}.
—_———
n
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Conditions on topology and information

e Condition 1: The graph G is connected.

e Condition 2 (Cooperative Information Condition): There exists an
integer h > 0 such that {\, k > 0} € S°()\) for some X € (0,1),

where \j is defined by

Akéxmin{ [ ] )Zn: kf ﬁrsjoilP‘ k]}

=k+1

and where F) = O'{QOJ,L«JJ, ' j<k,i=1,...,n}.
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A key lemma

Lemma 1: For any i € (0, %),1/ € (0,1), suppose that the graph G is
connected and the cooperative information condition is satisfied, then
pr € S%(p), where

A 1 k+h
:)\min E G‘ )
Pk {|:1+h,§ M_/‘;k:|}
j=k+1

and p = )\ e = Whhﬂ - Om+14V, Omy1 is the m 4+ 1-th eigenvalue of
L& Iy

Remark: Transform the stochastic property of "summation” to that of
"product” of the random matrices under cooperation.
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Stability result

Theorem 1: Suppose that the graph G is connected and the cooperative
information condition is satisfied. Then for any

pe(0,3),re(0,1),p>1, we have
{lmn — pGg, k > 1} is L, — exponentially stable.
Furthermore, if for some p > 1and 5 > 1,
7p = sup |cklog” (e + &)1, < o0, o], < oo
hold where & = ||V || + ||Q2«+1], then we have
limsup |©4l|1, < cloplog(e+a,M)],

k— o0 a

where ¢ is a positive constant.
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Necessity result

Theorem 2: Let {cp}(} be ¢-mixing processes and suppose that the graph
G is connected. Then for any p € (0, 3),v € (0,1),

{Imn — uGg, k > 1} is L,-exponentially stable (p > 1) if and only if the
cooperative information condition is satisfied.
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Further investigation

A random sequence x = {xx} € Mp(p > 1), if there exists a constant C
depending only on p and the distribution of {xx} such that for any k > 0,

k+h

>

i=k+1

< Cihz, Vh>1.
Lp

e Condition 3: For some p > 1, the initial estimation error is bounded,
i.e. [[@®olr,, < oo, . Furthermore, let {LxVx} € My, and
{Qk} S sz.
Remark:

This condition simply implies that both the noises process and parameter
variations are weakly dependent in a certain sense.
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Further result

Theorem . Assume that Conditions 1-3 are satisfied, then for any k > 0
and p € (0,1),v € (0,1), we have

(Bl = O v+ -+ (- )

where a € (0,1) is a constant.
Remark:

The upper bound roughly indicates the tradeoff between noise sensitivity
and tracking ability. More accurate results will be given below.
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Performance approximation

Theorem 3: Under some further mild conditions on the observation noise
and parameter variation, we have for any k > 1, u € (0, %),I/ € (0,1)

2
5 & = < gl
IE[©k+1© k1] — icia ] < cb(p) |1+ (- o),

where ¢ > 0, € (0,1) are constants and 6(y) tends to zero as u — 0 and
I, ;1 is the main term of the estimation error covariance, which can be
calculated recursively by

1/_\Ik+1 =(lmn — NE[Gk])ﬁk(lmn - ME[Gk])T
+ PEL VAV L]+ VPR 11 Q0]
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Simplifications

Let the regressors be (wide-sense) stationary, and let us denote

F = E[F,] = diag{F},--- ,F"}, G=F+v(L® ),

T =E[Ty] = E[LVAVIL]], Qu=Qu(k+1) = E[Q19[]-

Then the "main term” can be simplified as
_ 42 - V2
M1 = iR, + 2R+ 03[+ 2] ) + otw),
where “o0(1)" tends to zero with exponential rate as k — oo, and

_ oo _ o0
R, :/ e C'Te Sdt, R, :/ e 6tQ, e Ctdt.
0 0
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Performance " optimization”

Note that /imuﬁog(u) = 0. As a result, we have for all small i and large k

_ 72 _
Hk ~ ,UfRV + FRU.H

which indicates that u should be proportional to v, and by minimizing the
right-hand-side, we get the "optimal” choice p* = v+/trR,,/trR, with the
corresponding minimum value:

n
> E[6;]? ~ 2y trR,, - trR,.
i=1
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Simulation examples

Example 1. We construct an example to illustrate the cooperative
property of the distributed adaptive filtering :

@ No individual sensor can estimate the parameters by itself, but the
whole distributed sensor network can.

Let us take n = 3 with a connected graph. We will track an unknown
3-dimensional signal @. Let the variation be w, ~ N(0,0.1,3,1)
(Gaussian distribution), the observation model

vi = (¢4) 70k + vi(i = 1,2,3) with noises v} ~ N(0,0.1).
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Simulation results

Let i (i = 1,2,3) be generated by

xj =  Ax_;+ B,
P = Cix

where & ~ U(—1,1) (uniform distribution), and

1/2 0 0 4/5 0 0
Al=As=|0 1/3 0 |,A=[4/5 0 0],
0 0 1/5 4/5 0 0
By = (1707 O)T7 By = (17070)7_1 B3 = (17070)7—’
1 00 0 0O 0 0O
G=(oo0o0o].=[100],G=[01 0
0 0O 0 0O 0 01
Lei GUO, Siyu XIE (AMSS) Distributed Adaptive Filtering
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Simulation results

Let x§ =x3 =x3 =(1,1,1)7,680 = (1,1,1)7,8] = (0,0,0) ", u = 0.3, =
0.8, plot the tracking error covariances.

ive LMS algorithm
\ o sensort
» 2570 " sensor2 | |
2 v - -0- - sensor3
g 2t
i \
S50\
2 \
E 1l b-o —e--o
7
i
05
0 . . . . . . . .
0 200 400 600 800 1000 1200 1400 1600 1800 2000
time,
[ LMS algorithm
—o—sensor
» 20 - v sensor2 | |
2 - -0- - sensor3
£ 2 — 4
i
§15
T
£ 4
7
i
05
0
0 200 400 600 800 1000 ~ 1200 1400 1600 1800 2000
time, k

Figure: Tracking error covariances with v =0
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Simulation results
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Figure: Tracking error covariances with v =1
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Simulation results

Example 2. We construct another example to show that the full rank
property 3 of the matrix is necessary. We assume that A;, Bi(i = 1,2,3)

remain the same but with
1 00 1 00 0 00

Gi=10 0 0),G=10 0 0),Gs=11 0 O

0 00 0 00 0 00

It is not difficult to verify that the related matrix in the cooperative
information condition has rank 2 (not 3).
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Simulation results

We select the same initial states as in the first example.

errors of LMS algorithm with gamma=0
[——sensort|
25 ... seNSOr2 | |
¢ “ o= sensors
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&
05 -
) 200 400 600 800 1000 1200 1400 1600 1800 2000
time,
2 Tracking errors of LMS algorithm with gamma=1
sensord
=l SENSOr2
g | == - sensors | |
2
&
210 4
=
g
g
5 1
[ 200 400 600 800 1000 1200 1400 1600 1800 2000

time,

Figure: Tracking error covariances of the consensus LMS algorithm
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Conclusions

@ We have presented a weakest possible cooperative information
condition, under which the distributed adaptive filtering algorithm can
fulfil the estimation task, even when any individual sensor cannot.
This gives a rigorous justification for the cooperation property of
distributed filtering.

@ This general cooperative information condition does not exclude
applications of the distributed filtering theory to stochastic feedback
systems, a desirable property that has rarely been achieved before.
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Conclusions

@ The cooperative information condition is also necessary for the
stability of distributed adaptive filtering algorithm, for the commonly
used ¢-mixing processes.

@ We have also shown that the actual tracking error covariance matrix
can be well approximated by a simple linear and deterministic
difference matrix equation which can be easily evaluated, analyzed,
and even “optimized”.
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Further problems

@ To extend the stability theorems to other distributed strategies and
other adaptive filtering algorithms (e.g., RLS, KF based filters).

@ To combine distributed adaptive filtering with distributed adaptive
control problems.

@ To expand the scope of applications to more complex dynamical
systems.
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THANK YOU!
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